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ABSTRACT. The objective of the present paper is to give some characterizations for a (Gaussian)
hypergeometric function to be in various subclasses of starlike and convex functions. We also
consider an integral operator related to the hypergeometric function.
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1. INTRODUCTION

Let T" be the class consisting of functions of the form:
(11) f(Z) =z = Zanzn (an = O)a
n=2

which are analytic and univalent in the open unit disc= {z : |z| < 1}. Let T'(\, «) be the
subclass of’ consisting of functions which satisfy the condition:

()
&2 rel a7

forsomea (0 <a < 1), A(0 <A< 1)andforallz € U.
Also, letC'(\, o) denote the subclass dfconsisting of functions which satisfy the condition:

P+ ()
(-3) S Ferse el S

forsomea (0 < a < 1), A(0 <A< 1)andforallz € U.
From (1.2) and([L.3)), we have
(1.4) f(z) e C\ o)< 2f(2) e T(\ ).
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We note that/'(0,«) = T*(«), the class of starlike functions of order (0 < o < 1) and
C(0,a) = C(«), the class of convex functions of order(0 < a < 1) (see Silvermari [6]).
Let F'(a, b; ¢; z) be the (Gaussian ) hypergeometric function defined by

(1.5) F(a,b;c;2) = Z EZ;:Ef;nz”,

wherec # 0, —1, -2, ..., and(0),, is the Pochhammer symbol defined by

3

n=0

1, n=>0

(9)n =
6@ +1)---(@+n—-1) ne N={1,2,..}.
We note that”'(a, b; ¢; 1) converges foRe(c — a — b) > 0 and is related to the Gamma function
by

I'(e)l'(c—a—0)
F'(c—a)l(c—10)

(1.6) F(a,b;c;1) =

Silverman [7] gave necessary and sufficient conditions:fofa, b; c; z) to be inT*(«) and
C(«), also examining a linear operator acting on hypergeometric functions. For other interest-
ing developments oaF'(a, b; c; z) in connection with various subclasses of univalent functions,
the reader can refer the to works of Carlson and Shatffer [2], Merkes and[Scott [4], Ruscheweyh
and Singhl[5] and Cho et al.][3].

2. MAIN RESULTS

To establish our main results, we need the following lemma due to Altintas and Owa [1].

Lemma 2.1.
(¢) Afunctionf(z) defined by[L.1)) is in the classI'(\, «) if and only if

(2.1) Z(n—)\an—a—i—)\a)an <1-a.

n=2

(¢¢) Afunctionf(z) defined by(L.1]) is in the class”'(\, ) if and only if

(2.2) Z n(n —Aan —a+ A\v)a, <1—a.

n=2
Theorem A.
(1) Ifa,b > —1,c > 0andab < 0, thenzF(a, b;c; z) isin T(\, «) if and only if
(1 — Aa)ab
l—a
(i) If a,b > 0andc > a+ b+ 1, thenFi(a,b;c; 2) = z[2 — F(a,b;¢; 2)] isinT(\, «) if
and only if
L)' (c—a—10) (1 — Aa)ab
< 2.
Me—arc—b) |' T U-a)ecca—b-1)] =2

(2.3) c>a+b+1—

(2.4)
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Proof. (i) Since

2 Flabes) ==+ 7Y (agi)ﬁ_ 2_%13?_2 '

_|e
C

@+ Dpo(d0+1)ns ,
2 (c+ Dpo(Dns

according ta(;) of Lemmd 2.1, we must show that

(2.6) Z(n —dan — a+ ) (a(ii>;;5(f<1_>i)?_2 < é (1—a).

Note that the left side diverges ifc < a + b + 1. Now

g(” Ao =+ aa e e
o Do 0 - R
(- el o
e ey

Hence,(2.6)) is equivalent to

e+ DI'(e—a—b—1)
I(c—a)l'(c—0)

2.7) (1—a)(c—a—b—1)}

[(1—/\04)—1- s
asaflsfr]-o

Thus, ([2.7) is valid if and only if
(1-—a)ic—a—b—1)

(1—Xa)+ 2 <0,
a
or equivalently,
1 — da)ab
a+b+1— ( a)a
11—«
(1) Since
- 1)
Fi(a,b;c; 2) (@)n "
o (€)n-1 1 Jn—1

by (i) of Lemmg 2.1, we need only to show that
Z(” —dan —a + AQ)M <

n=2
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Now,
(2.8) i(n —lan —a + Aa)—gz))n_l(bgn_l
N 11— a4 (1 — o @t (O
_nzz[( (1 =)+ (1 — ) Oy
_ - (@)n(b)n B = (@)n(b)n
(1—2a) > 1)n+(1 );(C)nmn

o oS

Noting that(6),, = 6((6 + 1),—1 then,(2.8)) may be expressed as

ab — Jne1(b+ 1)1 — ()5 (b)n
1‘“?; c+1n11>n1 ““”;(c)n(l)n

R Er IV e it [Z .0 1]

abl(c+I'(c—a—b—1)

= (1= Aa) c [(c—a)l(c—0)

I'(e)l'(c—a—1b) ab(l — \a)

Te—are—n |1~ ooy 79
But this last expression is bounded abovelby « if and only if holds. O
Theorem B.

(1) fa,b > —1,ab < 0,andc > a + b+ 2, thenzF(a, b; ¢; z) is in C(\, «) if and only if
(2.9) (1 —Xa)(a)2(b)2+ (B3 -2 a—a)ablc—a—-b—-2)+(1—a)(c—a—b—2)y; > 0.
(73) If a,b > 0andc > a+ b+ 2, thenFi(a,b;c;z) = z[2 — F(a,b;c; z)] isin C(\, «) if
and only if

Fe)'(c—a—10) (1 = Xa)(a)a(b)s
@10 o=y {H (I—a)(c—a—b—2),

n 3—2)\a—« ab <9
1—a c—a—b—1 -

Proof. (i) SincezF(a,b;c; z) has the form(2.5), we see from(ii) of Lemma[ 2.1, that our
conclusion is equivalent to

= (a+1)p—2(b+ 1)
(2.11) ;n(n—)\an—a—l—)\a) T Doa s _‘ab’ (1—-a).

Note that forc > a + b+ 2, the left side of(2.11)) converges. Writing

(n+2)[(n+2)(1 — ) — a(l = N)]
=n+1)’1-Aa)+(n+1)2—-a—-I)+(1—a),
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we see that
o
R
Hemee i Tt i el

= (a+1), (b+1 - b+1)
HRmamd)2, T m, e Z e Tl
_ - (a+ 1)n(b + 1) = b + 1)
—(1—/\oz)nz:%n ct )0, + ( ;
(a4 1)1 (b+ 1)py
Hl_o‘); (et D (D),
(1-2a)(a+1)(b+1) i (a+2),(b+2)
(c+1) — (c+2)n(1)p
Z(a+1),(b+1), ¢ = (a)n(b
+(3—a—2)\a); T 0.0, 1—&%; Ol

= _2) — — A )la
s T oy { (1= Aa)(a+1)(b+1)

(1—-a)c
ab

+(3—a—2)\a)(c—a—b—2)—|—(1;ba)(c—a—b—2)2} -

This last expression is bounded above| 8y (1 — «) if and only if

(1—)\a)(a+1)(b+1)+(3—a—2)\a)(c—a—b—2)+%(c—a—b—ZhSO,

which is equivalent t@2.9)).

(1) In view of (ii) of Lemmd 2.1, we need to show that

(
2 n(n — Aan — a + Aa) Oy =

Now

(212) ZW —Aan—adt M)%

S e @aa )
= 2 2lln 2= o) =l = NIG
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- Cl n+1 (b)nJrl - CL (b)nJrl
(1 - o) n+2 — n+2—.
;% C)n+l 1)n+l ; C n+1 (1>n+l
Writing (n + 2) = (n + 1) + 1, we have
= (@)ns1(0)ni1 G (@)ny1(D)nia G (a)ns1(D) n+1
2.13 n+2)-—————= n+1 +
( ) 2( )(C)n+1<1)n+1 ;( )(C) (Dt — (ns1(Dnsa
o (@n1(0)ns1 | (@) (b)n+1
— - 7 - _|_ - 7/ -~ 7 -
0 (©)nt1(L)n 0 (@)n+1(L)n+1
and
= (@)nt1(b) g1
(2.14) n 4 2) AT
2 2 D
= a)n—‘rl n+1 a)n—i—l n+1 = Cl b n+1
= +1) + 2 + ——
gn Cn+1 Z Cn-l-l ; C” 1"+1
= n+1 b n+1 a)n—i—l b) +1 a n(
= —|— 3
Z n+1 Z<Cn+11n Zlcnln
Substituting(2.13) and([2.14)) into the right side of2.12), yields
- a)n+2 n+2 - a)nJrl (b)n+1
(2.15) + (3 -2 a—« —
202, 12 (D

2 (a)n (D),
+i-a) Z:; Ec))n((lin
Since(a),+x = (a)i(a + k), we may write(2.15)) as
F(e)(c—a—0) [(1 —=Aa)(a)2(b)2 = (3 —2 a—a)ab
T(c—a)T(c—b) {(c—a—b—2)2 (c—a—b—1) +(1_0‘)} —(1-a)

By a simplification, we see that the last expression is bounded abole-byy) if and only if

[2.10) holds. O

Putting\ = 0 in (i) of Theorenj B, we have:

Corollary 2.2. If a,b > —1,ab < 0,andc > a + b + 2, thenzF(a, b;c; z) is in C(«) if and
only if
(a)2(b)a+ (B—a)ablc—a—-b—2)+ (1 —a)(c—a—b—2)y 2 0.

Remark 1. Corollary[2.2, corrects the result obtained by Silverman [7, Theorem 4].

3. AN INTEGRAL OPERATOR

In the theorems below, we obtain similar results in connection with a particular integral op-
eratorG(a, b; ¢; z) acting onF'(a, b; c; z) as follows:

(3.1) G(a,b;c;z):/ F(a,b;c;t)dt.
0
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Theorem C. Leta,b > —1,ab < 0 andc > max{0,a + b}. ThenG(a, b; c; z) defined by(3.1])
isinT(\, «) if and only if

Flc+DI(c—a—-b) [1-Av) a(l-AN(c—a-1D) a(l=XN)(c—1)
2 et | e | e <
Proof. Since
o ab| S (@t Dna(b+ UHzn
G(a,b;c;z) =z . nz; e+ Doa(D ,
by (i) of Lemm4 2.1, we need only to show that
> (a+ )n 2(b+ )
;(n—)\an—a+)\a) (Do) _‘ab‘ (1—-a).
Now
- (a4 1)p_2(b+1)n
;[n(l — ) —a(l —\)] et Do),
o) - (@4 a0+ Dn 0 (@t Da(b+ 1)y
. Z MRS e G\ Dy vy
> b+1) (a4 1)1 (b+ 1)y
Z C + 1 >n+1 1 Bl ; C + 1)n 1(1>n+1
- Jn—1(b+ 1), ¢ (@)n(b)n
nzl Sy U D iy
— (1 - )a)< — (@)n(b)n —all =N — (0)n(D)n
BT Sy ey P Dy e
_ ¢ | (@)n(b)n
=(1- )\a)% LZ:O BRONE 1]
IOV Gt VIR N VIS RS VY
NG -1k 2y @ DaDs
_ e+ 1)I(c—a—b) {(1 —A)  a(l=AN)(c—a— b)}
I(c—a)l'(c—10) ab (@—1)2(b— 1)
al=N(—-1)2 (1-a)
(@—1)2(b—1) ab
which is bounded above bt — «) || if and only if holds. O

Now, we observe that(a, b; c; z) € C(\, «) ifand only if zF'(a, b; ¢; z) € T'(A, ). Thus any
result of functions belonging to the clag$\, «) aboutzF'(a, b; ¢; z) leads to that of functions
belonging to the clas§'(\, «). Hence we obtain the following analogous result to Thedrém A.

Theorem 3.1.Leta,b > —1,ab < 0 andc > a + b+ 2. ThenG(a, b; ¢; z) defined by(3.1) is in
C(A, o) if and only if
¢ atbg1- LA
l—«

Remark 2. Putting\ = 0 in the above results, we obtain the results of Silverman [7].
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