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functions. We also consider an integral operator related to the hypergeometric Close
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1. Introduction

Let T be the class consisting of functions of the form:
(1.1) f@)=2=) a2 (4, >0),
n=2

which are analytic and univalent in the open unitdise- {z : |z| < 1}. LetT'(\, «)
be the subclass d@f consisting of functions which satisfy the condition:

fe { NT) if;(lz)— NIG) } e

forsomea (0 < a < 1), A(0< A< 1)andforallz € U.

(1.2)

Also, letC'()\, a) denote the subclass @f consisting of functions which satisfy

the condition:
ACESTACRTON
(1:3) Re{f’(z)ﬂsz’(z) -

forsomea (0 <a < 1), A(0< A< 1)andforallz € U.
From(1.2) and(1.3), we have

(1.4) f(z) e C(\a) s 2f(z) e T(\ ).

We note thafl'(0, o) = T*(«), the class of starlike functions of order(0 < a < 1)
andC(0,a) = C(«), the class of convex functions of order(0 < o < 1) (see
Silverman p]).

Let F'(a, b; ¢; z) be the (Gaussian ) hypergeometric function defined by

(1.5) F(a,b;c;2) = Z EZ)):((SZ,Z”,
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wherec # 0, —1, -2, ..., and(0),, is the Pochhammer symbol defined by

1, n=~0
(G)n:{
6@ +1)---(@+n—1) ne N={1,2,..}.

We note thatF'(a, b; ¢; 1) converges folRe(c — a — b) > 0 and is related to the
Gamma function by

L(e)T(c—a—10)

['(c—a)l(c—1b)

(1.6) F(a,b;c;1) =

Silverman [] gave necessary and sufficient conditions £6i(«a, b; c; z) to be in
T*(«) andC(«), also examining a linear operator acting on hypergeometric func-
tions. For other interesting developments:@f(a, b; ¢; z) in connection with various
subclasses of univalent functions, the reader can refer the to works of Carlson and
Shaffer p], Merkes and Scott], Ruscheweyh and Singb][and Cho et al. 3].
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2. Main Results

To establish our main results, we need the following lemma due to Altintas and Owa

[1].

Lemma 2.1.
(i) Afunctionf(z) defined by1.1) is in the classl'(\, «) if and only if Study on Suarlke and
onvex rProperties
0 A. O. Mostafa
(2.1) Z(n —dan —a+ Aa)a, <1—a. vol. 10, iss. 3, art. 87, 2009
n=2
(27) Afunctionf(z) defined by(1.1) is in the class”' (), «) if and only if Title Page
o0 Contents
2.2 —Aan — Aa)a, <1—a.
(2.2) ;n(n an — a+ Aa)a, < « « "
< >
Theorem A.
Page 5 of 16
(7) fa,b > —1,¢ > 0andab < 0, thenzF(a,b; c; z) isin T (A, «) if and only if
Go Back
1 — Aa)ab
(2.3) c>a+b+1— %. Full Screen
Close
(i7) If a,b > 0@andc > a + b+ 1, thenFy(a,b;¢;2) = z[2 — F(a,b;c;z)] isin
T(\, «) if and only if journal of inequalities
in pure and applied
(2.4) L(l(c—a=b) [ n (1 — Aa)ab <9 mathematics
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Proof. (i) Since

ab = (a+1),_a(b+1),_9
2.5 zF(a,byc;2) = 2+ — 2
( ) ( ) C ; (C + 1)n72(1)n71

ab
c

= 2 —

i (a+1),_o(b+ 1)n_22n

! (c+ 1D)n-2(1)n ’

according ta(7) of Lemma2.1, we must show that

(e}

I S Rt i e

Note that the left side of2.6) diverges ifc < a + b + 1. Now

- (a+1)n2(b+1)n 2
g(n —Aan —a+ ) T Doa s

—Aa)

0 1) a—|—1 (b+1)n+(1_a)§:(a+1)n(b+1)n

SMS

+ Dn(Dnta — (et Dn(D)nt

=(1-\a) Z (a+1)n(b+ 1)y, i (1 ;ba)c Z (@)n(b)n

"e0 (c+ Dn(1)n — ()n(Dn
Fec+1)I'(c—a—-b—-1) (1 —-a)c[T'(c)I'(c—a—0)
G e iy A [r(c “aT(e—b)
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Hence,(2.0) is equivalent to

c+ DIl (c—a—-b—-1)
[(c—a)l'(c—0)

e U (1- o)+

(1—aﬂc&f—b—1q

<-05]+ 5]

Thus,(2.7) is valid if and only if

(1_)\Oé)+(1—a)(c;ba—b—1) <0

or equivalently,
1 —
¢>atbi1— LAV
11—«
(7i) Since

a)p—1 bnfl n
Fl(a,b;c;Z)ZZ—z;Ec;n_l%Z ’

by (i) of LemmaZ2.1, we need only to show that

oo

(@)n-1(b)n—1
;(n —dan —a+ )\a)—(c)n_l(l)n_l <1l-a.

Now,

(2.8) i(n —Xan —a+ AQ)M

n=2
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n=1

)
@l (= (@ald),
SED D w iy G DIy w e

n=1

— (@)n(b)n — (@)n(b)n
chnln O‘);(C)nu

Noting that(¢),, = 6((6 + 1), then,(2.8) may be expressed as

(10 3 DBty 1)y e

c = (c+ 1)n,1(1)n, n(Dn

ab <= (a + )n(b—i-l) = (a)n(b),
:(1—Aa)?; crm, Tae) [Z< o ]

n=0

= (1 _/\a)a_br(ch DI(c—a—-b-1)

_ T(e)T(c—a—0b) L ab(l1—Aa) | L
_r(c—a)r(c—b)[<1 )+(c—a—b—1)} (1=a).

But this last expression is bounded abovelby « if and only if (2.4) holds.

Theorem B.

(7) Ifa,b > —1,ab < 0,andc > a+ b+ 2,thenzF(a,b;c; z) isin C(\, «) if and

only if

(2.9) (1 —Xa)(a)2(b)2 + (3 — 2 a — a)ab(c —a — b — 2)

+(l—a)c—a—b—2)y >

c ['(¢c—a)l'(c—10) +{1-a) [F c—a)l'(c—10)
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(i7) If a,b > 0andc > a + b+ 2, thenFi(a,b;¢; 2) = z[2 — F(a,b;c; z)] is in
C(A, o) if and only if

()I'(c—a—1b) (1 = Aa)(a)2(b)2
(2.10) (c—a)F(c—b){1+(1—oz)(c—a—b—2)2

n 3—2)\a—« ab <9
1—a c—a—b—1 -

Proof. (i) SincezF(a,b;c; z) has the form(2.5), we see from(ii) of LemmaZ2.1,
that our conclusion is equivalent to

(2.12) Z n(n —Aan —a + ) (a(—gi);)_j_(fa—)ik_Q < ’é’ (1—a).

Note that forc > a + b + 2, the left side of(2.11) converges. Writing

(n+2)[(n+2)(1 — ) — a(l —N)]
=+ 1)*1-Aa)+(n+1)2—a—ra)+(1—a),

we see that
- ) — a1 — (a+1),(b+ 1),
;(m 2)l(n+2)(1 = Aa) = a1 = N2 —

s y(a+1),(b+1),
1—)\ 1
« Z e, (1)%1

n=

—a—)\az Jn(b+ D

c—|— 1) (Dn+1 ! (c+ Dn()nt1

n=

TR S CR N CE Y
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S

"L (3-a—22a)) G +i)f)(b+ -

ab ab

(D 2w D),
+-a) fj e e

_ (- /\oz)(ca—:—S (b+1) 2 (a(Jcr ?5;%2)”
+(3-a-2\ i(ajln )U 1—04%”2 Z:f

_ I ;(?if};(‘i = Z)‘ 2) { C(1-Aa)(at )b+ 1)
+B—a—22a)(c—a—b—2)+ (1_a)(c—a—b—2)g] _(=a)e

This last expression is bounded above|§yf (1 — «) if and only if

(I-Xa)(a+1)(b+1)+(3—a—2 a)(c—a—b—2)+ (1 ;b&) (c—a—b—2)y <0,

which is equivalent t@2.9).
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(7) In view of (i7) of Lemma2.1, we need to show that

(o) (a)n_l(b)n—l
n:2n(n—/\an—a+/\a)m <(l1-a).
Now
o) o —a o (a)n_l(b)n—l
212) 3 n(n=Aan—atda) = ne

= i(” +2)[(n+2)(1 = Xa) — a1l — )\)]M

nt1 (a1
— (1-)\a S n 2(a)n+1(b)n+1_a B - " (@)ns1(b)nst
— (1-A )nzzo( H2P G —all A)HZ:O( o)

Writing (n 4+ 2) = (n + 1) + 1, we have

(2.13) i(n—|—2%)”+1¢:i( +1)(an bn+1+§:a—bn+1

Jnt1 (D1 =2 (@Dns1(Wnt1 2= (Dns1(Dnta
N a>n+1 = <a>n+1<b>nﬂ
nz: (©)nta( i =0 (©)n+1(Dnt
and
(2.14) nZ(n +2) R

o . a')n-‘,-l a)n—‘rl n+1 & CL b n+1
= Z n+1 +2 Z + Z C—

(C n+1 (C n+1 1 n+1

n:0
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[e.9]

an—‘,—lbnl anl nl - a)n(b)n
ZC 1 ; +SZ )+ + +ZEC))R<(1;H'

n=1 (C n+1 n=1

Substituting(2.13) and(2.14) into the right side of2.12), yields

(2.15) (1 - Aa) Z 2%22 n+2 3 9\ — Z C(lZnHl n+1
n=0 n+ n— n+
(@)n(b)n
1 _ n
a Z EXOm

n=1
Since(a)n 1k = (a)r(a + k), we may write(2.15) as

Fe)l(c—a—0b) [(1—=Xx)(a)2(b)2 (3 —2 a—a)ab a1
I“(c—a)l“(c—b){(c—a—b—Z)2 c—a—b_1) +(1 )} (1—-a).

By a simplification, we see that the last expression is bounded aboye-byy) if
and only if(2.10) holds.

PuttingA = 0 in () of Theorem3, we have:

Corollary 2.2. If a,b > —1,ab < 0, andc > a + b+ 2, thenzF'(a,b;c; z) is in
C(«) if and only if

(a)2(b)a + (B—a)ablc—a—b—2)+ (1 —a)(c—a—b—2)y > 0.

Remarkl. Corollary?2.2, corrects the result obtained by Silverma@nhTheorem 4.

Study on Starlike and
Convex Properties

A. O. Mostafa
vol. 10, iss. 3, art. 87, 2009

Title Page
Contents
44 44
< >
Page 12 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:adelaeg254@yahoo.com
http://jipam.vu.edu.au

3. An Integral Operator

In the theorems below, we obtain similar results in connection with a particular inte-
gral operatoG(a, b; c; z) acting onF'(a, b; ¢; =) as follows:

(3.1) G(a,b;c;z):/ F(a,b;c;t)dt.
0

Theorem C. Leta,b > —1,ab < 0 andc¢ > max{0,a + b}. ThenG(a,b;c; 2)
defined by(3.1) isin T'(\, «) if and only if

(3.2)

I'(c+1)I(c—a—10) {(1—/\04) a(l—=XN)(c—a—Db)

T'(c—a)T(c—b) ab  (a—1)2(b—1),

a(l = A)(c—1)

< 0.
(@—1)2(b—1)y —
Proof. Since
> Cl—l—l n 2 b+1)n 2
b; =z — "
G(a,b;c;z) =z . E ct Doa () 2",

n=2

by (i) of LemmaZ2.1, we need only to show that

o0

Z(n— Aan — o+ Aa)

n=2

(a+1)n2(b+1)n2
(c+1Dn2(l)n

(1—-a).
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Now

o0

(a+1)na(b+1)p
;[n(l —Aa) — a(l—N)] e Do,

=(1-2) Y (n+2) (a4 Db+ 1)n

n=0 (C+ 1>n(1)n+2

_ - (a+1)a(b+ 1), X (a+ Dpa(b+ 1)y
_(I_M); (c+ Dn()nt1 _a(l_A); (¢4 1)p_1(Dny1
(@)n(b)n

(a4 1)1 (b4 1)py @)n(O)n
= (a3 R a1 - N Z (©n (D

-0 (¢ + Dn(Dnte

ab <= (¢)n(1)n ab “— (c)n(1)nt1
¢ | = (a),(b),
= (1= )a)— [; Ec))n((lgn — 1]
(c—1)s = (a—1),(b—1),
SV -1 2y G- 1,0,
_ I'(c+1I'(c—a—10) [(1 —Aa)  a(l=A)(c—a— b)]
['(c—a)l'(c—10) ab (@—1)2(b—1),

a(l=AN(c—=1)p ([A-a)
(CL — 1)2<b — 1)2 ab ’
which is bounded above ki — «) |-<| if and only if (3.2) holds.
Now, we observe that(a,b;c;z) € C(\ «) if and only if zF(a, b; c; 2)

—a(l—)\)z(a+1>n(b+ 1)n

]

S
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T (), «). Thus any result of functions belonging to the cla$3, o) aboutz F'(a, b; ¢; 2)
leads to that of functions belonging to the cl@ss\, «). Hence we obtain the fol-
lowing analogous result to Theorem

Theorem 3.1.Leta,b > —1,ab < 0 andc > a + b+ 2. ThenG(a, b; ¢; z) defined
by (3.1) isin C(\, «) if and only if
(1 — Aa)ab

l—a

Remark2. Putting\ = 0 in the above results, we obtain the results of Silvern¥n [

c>a+b+1—
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