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ABSTRACT. The triangle inequalityjx + y|| < (|[x|| + [[y|)) is well-known and fundamental.

Since the 8th General Inequalities meeting in Hungary (September 15-21, 2002), the author has
been considering an idea that as triangle inequality, the inequiadity y ||> < 2(||x||? + ||y |?)

may be more suitable. The triangle inequality + y||* < 2(||x|* + ||y]|*) will be naturally
generalized for some natural sum of any two memgo$ any two Hilbert space® ;. We shall
introduce a natural sum Hilbert space for two arbitrary Hilbert spaces.
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1. A GENERAL CONCEPT

Following [1], we shall introduce a general theory for linear mappings in the framework of
Hilbert spaces.

Let H be a Hilbert (possibly finite-dimensional) space. [kebe an abstract set afddbe a
Hilbert H-valued function or¥’. Then we shall consider the linear mapping

(1.1) f(p) = (£, h(p)n, feH

from H into the linear spac& (E) comprising all the complex-valued functions éhn In order
to investigate the linear mappirg (IL.1), we form a positive mditix, ¢) on E defined by

(1.2) K(p,q) = (h(q),h(p))n onE x E.

Then, we obtain the following:

(I) The range of the linear mapping (L.1) byis characterized as the reproducing kernel
Hilbert spaceH i (E) admitting the reproducing kernél (p, q).
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(I In general, we have the inequality

1y < (1€l
Here, for a membef of Hy (FE) there exists a uniquely determinéde H satisfying

f(p) = (f*,h(p))y o E

and
et 2y = N7 -
() In general, we have the inversion formula jn (1.1) in the form
(1.3) f—f

in () by using the reproducing kernel Hilbert spakig; (E). However, this formula is,
in general, involved and intricate. Indeed, we need specific arguments. Here, we assume
that the inversion formula (1.3) may be, in general, established.

Now we shall consider two systems
(1.4) fip) = (£, h;(p))n;. £ € H;

in the above way by usingH;, £, h;}3_,. Here, we assume thdi is the same set for both
systems in order to have the output functigin®) and f,(p) on the same set.
For example, we can consider the usual operator

fi(p) + fa(p)

in F(E). Then, we can consider the following problem:

How do we represent the sufia(p) + f2(p) on E in terms of their inputs; andf, through
one system?

We shall see that by using the theory of reproducing kernels we can give a natural answer to
this problem. Following similar ideas, we can consider various operators among Hilbert space
(seel[2] for the details). In particular, for the product of two Hilbert spaces, the idea gives gen-
eralizations of convolutions and the related natural convolution norm inequalities. These norm
inequalities gave various generalizations and applications to forward and inverse problems for
linear mappings in the framework of Hilbert spaces, see for examplel [3, 4, 5]. Furthermore,
surprisingly enough, for some very general nonlinear systems, we can consider similar prob-
lems. For its importance in general inequalities, we shall refer to natural generalizations of the
triangle inequalityl|x + y||2 < 2(||x||> + ||ly||?) for some natural sum of two arbitrary Hilbert
spaces. And then, we may consider this inequality to be more suitable as a triangle inequality
than the usual triangle inequality.

2. SuMm

By (), f1 € Hk,(F) andf, € Hg,(F), and we note that for the reproducing kernel Hilbert
spaceH, . i, (E) admitting the reproducing kernel

Ki(p,q) + Ka(p,q) ONE,
Hyg, .k, (F) is composed of all functions

(2.1) f(p) = filp) + f2(p); f; € Hi,(E)
and its norm| f ||y, «, (&) is given by
(2.2) 1 B, s = 0 iy ) + el o
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where the minimum is taken ovgy € Hy, (E) satisfying ) forf. Hence, in general, we
have the inequality

(2.3) |1 + f2|’12HK1+K2(E) < ||f1||fHK1(E) + ||f2H12LIK2(E)'
In particular, note that for the sant¢, and K5, we have, fork;, = Ky = K

|f1 + f2||§{K(E) < 2(||f1||§{K(E) + ||f2||§{K(E))'

Furthermore, the particular inequalify (R.3) may be considered as a natural triangle inequality
for the sum of reproducing kernel Hilbert spadég, (E).
For the positive matri¥<; + K, on E/, we assume the expression in the form

(2.4) Ki(p.q) + Ka(p. q) = (hs(q), hs(p))ns ONE x E
with a Hilbert spacé+s-valued function or¥’ and further we assume that
(2.5) {hs(p); p € E} is complete irHs.

Such arepresentation is, in general, possible ([1, page 36 and see Chapter 1, 85]). Then, we can
consider the linear mapping frofis onto Hy, i, (E)

(26) fS(p) = (fSa hS(p))Hs7 fS S HS
and we obtain the isometric identity

2.7) sl e, ey () = sl

Hence, for such representatiofns [2.4) wjth|(2.5), we obtain the isometric relations among the
Hilbert space$s.
Now, for the sumf;(p) + f2(p) there exists a uniquely determinggde H g satisfying

(2.8) fi(p) + fa(p) = (fs,hg(p))ns ONE.

Then, f5 will be considered as a sum 6f andf, through these mappings and so, we shall
introduce the notation

(2.9) fg = fi[+]fs.
This sum for the members € H; andf, € H, is introduced through the three mappings
induced by{H,, E, h;} (j = 1,2) and{Hs, E, hg}.
The operatof, [+]f; is expressible in terms df andf, by the inversion formula
(2.10) (f1, hi(p))w, + (£2, ha(p))n, — fi[+]E2
in the sense (Il) fronH, ; k,(E) ontoHs. Then, from (I1) and[(2]5) we obtain the beautiful
triangle inequality
Theorem 2.1. We have the triangle inequality
(2.11) £ [+l < If2ll3, + 123,

If {h;(p); p € E'} are complete int{; (j = 1,2), then’H; and Hg, are isometrical, respec-
tively. By using the isometric mappings induced by Hilbert space valued fundiipfys= 1, 2)
andhg, we can introduce the sum spacetof and’H, in the form

(2.12) Hi[+]Ho

through the mappings. Of course, the sum is a Hilbert space. Furthermore, such spaces are
determined in the framework of isometric relations.
For example, if for some positive number

(2.13) K, < v*K, onE
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that is, ify2K, — K, is a positive matrix orf7, then we have

(2.14) Hg, (F) C Hk,(F)
and
(2.15) | fill ey ) < YN fill g, () fOr f1 € Hi, (E)

([1, page 37]). Hence, in this case, we need not to introduce a new Hilbert Bfgaard the
linear mapping[(2]6) in Theorem 2.1 and we can use the linear mapping

(f27h2(p))7'l27 f2 € HZ
instead of[(2.6) in Theorem 2.1.

3. EXAMPLE

We shall consider two linear transforms

(3.0 5(0) = | BORERp0am), pe £
wherep; are positive continuous functions @n
(3.2) / I(t, p)Pps()dm(t) < oo onp € E
T
and
(3.3) [ 1B P 0dm() < .
T

We assume thath(t, p);p € E} is complete in the spaces satisfying {3.3). Then, we consider
the associated reproducing kernelsfon

K;(p.q) = / h(t, p)CE, Py (£)dm(8)

and, for example we consider the expression

(3.4) Ki(p,q) + Ka(p,q) = / h(t,p)h(t,p)(p1(t) + pa(t))dm(t).

T

So, we can consider the linear transform

(35) fp) = / FORTED) (pr(8) + pa(t))dm(t)

for functionsF satisfying

[ IP@OF ) + pa(0)dm(e) < .
T
Hence, through the three transforms3.1) (3.5) we have the sum
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4. DISCUSSIONS

e Which is more general the classical one and the second triangle inequality (2.11)? We
stated: for two arbitrary Hilbert spaces, we can introduce the natural sum and the second
triangle inequality[(2.1]1) is valid in a natural way.

e Which is more beautiful the classical one and the second one (2.11)? The author believes
the second one is more beautiful. (Gods love two; and 2 is better than 1/2).

e Which is more widely applicable?

e The author thinks the second triangle inequality (2.11) is superior to the classical one as
a triangle inequality. However, for the established long tradition, how will be:

— for the classical one, the triangle inequality of the first kind and
— for the second inequality (2.]11), the triangle inequality of the second kind?
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