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Abstract

We modify the definition of the weighted integral mean so that we can com-
pare two such means not only upon the main function but also upon the weight
function. As a consequence, some inequalities between means are proved.
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A mean(of two positive real numbers on the intervglis defined as a function
M : J? — J, which has the property

min(a,b) < M(a,b) < max(a,b), Va,be J.

Of course, each meal is reflexive, i.e.

M(a,a) =a, VYaelJ

which will be used also as the definition df (a, a) if it is necessary. The mean
is said to be symmetric if

M(a,b) = M(b,a), Va,be J
Given two meang/ and N, we write M < N (onJ ) if
M(a,b) < N(a,b), Va,be€ J a+#b.

Among the most known examples of means are the arithmetic Medre
geometric meany-, the harmonic mea#/, and the logarithmic meah, defined
respectively by

a+b

A(a,b) = 5 G(a,b) =Va-b,
2ab b—a
H(a,b) = L(a,b) = — b
(a,0) a+b’ (a,0) Inb—1Ina’ a,0>0,
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and satisfying the relatiotH < G < L < A.

We deal with the following weighted integral mean. Lgt: J — R be
a strictly monotone function andg : J — R, be a positive function. Then
M(f,p) defined by

2 (@) - pla)de
fab p(x)dx

gives a mean od. This mean was considered i#] for arbitrary weight function
pand f = e, wheree,, is defined by

{x”, ifn£0

Inz, ifn=0.

M(fm)(a,b):f‘l( ) Va,be J

en(T) =

More means of typel/(f,p) are given in ], but only for special cases of
functionsf.

A general example of mean which can be defined in this way is the extended

mean considered ir]:

r b°—a’

Brofat) = (-

s br—ar

_1
) | , s#0,r#s.
We haveE, ; = M(es_r, €,-1).
The following is proved inf].

Lemma 1.1. If the function f : R, — R, is strictly monotone, the function
g : R, — R, is strictly increasing, and the composed functipn f~! is
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convex, then the inequality

M(f,p) < M(g,p)

holds for every positive functign

The meansA, G and L can be obtained as means(e,,, 1) forn =1, n =

—2 andn = —1 respectively. So the relations between them follow from the
above result. Howevet/ = M ey, e_3), thus the inequality? < G cannot be
proved on this way. Inequalities for General Integral
_ _ M
A special case of integral mean was definedh [Let p be a strictly s
. : : . : . o S Gl
glcreasmg real function having an increasing derivagiven J. ThenM, given osnt Samdor
y
b /
x-p'(z) - dr
M,(a,b) = /a m, a,beJ Title Page
defines a mean. In fact we havé, = M(e,, ). (IS
In this paper we use the result of the above lemma to modify the definition of <« >
the meanV/( f, p). Moreover, we find that an analogous property also holds for < >
the weight function. We apply these properties for proving relations between
some means. Go Back
Close
Quit
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We define another integral mean using two functions as above, but only one
integral. Letf andp be two strictly monotone functions oh ThenN(f, p)
defined by

N p)(ab) = ( [ er e s+ a-o -p(bndt)

is a symmetric mean o. Making the change of the variable Inequalities for General Integral
Means
t = M Gheorghe Toader and
[p(b) — p(a)] Jozsef Sandor
we obtain the simpler representation
Title Page
N(f.p)ab) = |7 ( Ji E’bf_”(f);“) | Contents
— a
) PP 4« 3
Denotingf o p~! = g, the meanV( f, p) becomes < >
p(b) Go Back
4 g(x)dx
N'(g,p)(a,b) =p tog™! / ——— |
(9,p)(a,b) (@) p(b) — pla) Close
. . . it
Using it we can obtain again the extended méanasN’(e;/,_1, €;). Qui
Also, if the function p has an increasing derivative, by the change of the Page 6 of 12
variable
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the meanV( f, p) reduces ab/(f, p’). For such a functiop we haveN (e;, p) =
M,. ThusM, can also be generalized for non differentiable functipas

M,(a,b) = /01 p 't-pla) + (1 —1)-p(b)]dt, Va,beJ

or o
p(
pl(s)ds
M(a,b):/ , Va,be J,
: p(b) — p(a)
which is simpler for computations. Inequalities fol\rAGeneral Integral
eans
Example 2.1.For n # —1,0, we get
Gheorghe Toader and
n bn+1 . an+1 Jozsef Sandor
M., (a,b) = . , fora,b>0,
n+1 br — an
which is a special case of the extended mean. We obtain the arithmetic mean Title Page
A for n = 1, the logarithmic mear. for n = 0, the geometric mea& for Contents
n = —1/2, the inverse of the logarithmic meas?/L for n = —1, and the
harmonic mear forn = —2. 14 dd
Example 2.2. Analogously we have S %
b-eb —a- e Go Back
— —1= >
Mexp(a,b) " 1= FE(a,b), a,b>0 p——
which is an exponential mean introduced by the authors/jn We can also Quit
give a new exponential mean Page 7 of 12

. b— . a
Ml/exp(aab):a ‘ b-e +1:<2A—E)(6L,b)7 a,bZO.

eb — eo
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Example 2.3. Some trigonometric means such as

b-sinb—a-sina a+b
Msin ,b = . . —t ) >b 07 27
(a,0) sinb — sina an 2 a,b € (0,7/2]

_VI-—V1-a?

Marcsin (Cl, b) . . )
arcsina — arcsin b

a,b e [0,1],

b-tanb — a - tana + In(cos b/ cos a)

Mtan(au b) = tanb — tana , a,b S [0,7'('/2)
and
Inv1+862—Inv1+a?
Marctan(aa b) = = i = ta , a, b> O,

arctanb — arctan a
can be also obtained.
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In [5] it was shown that the inequality/;, > A holds for each function

p (assumed to be strictly increasing and with strictly increasing derivative). We
can prove more general properties. First of all, the result from Lefdiaolds

also in this case with the same proof.

Theorem 3.1.If the function f : R, — R, is strictly monotone, the function
g : R, — R, is strictly increasing, and the composed functipn f~! is

convex, then the inequality Inequalities fo'\r/IGeneraI Integral
eans

N(f> p) < N(g,p) Gheorghe Toader and

Jozsef Sandor

holds for every monotone functign

Proof. Using a simplified variant of Jensen’s integral inequality for the convex Title Page
functiong o f~! (see []), we have Contents
1 44 44
wor ) ([ (Fertie s+ -0 at) —1
0
1
_ _ Go Back
S/<gof Do (fop)[t-pla) + (1 —1)-p(b)]dt. —
0 Close
Applying the increasing function—! we get the desired inequality. O Quit
Page 9 of 12
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Theorem 3.2.If p is a strictly monotone real function ahandq is a strictly
increasing real function ooy, such thatq o p~! is strictly convex, then

N(fvp) <N(f7q> OnJ,

for each strictly monotone functioh

Proof. Let a,b € J and denotep(a) = ¢, p(b) = d. As qop~ ! is strictly
convex, we have

Inequalities for General Integral

(qop [te+ (1 —t)d] <t-(gop™)(c)+ (1 —1)-(gop™t)(d), Vte(0,1). Means
As ¢ is strictly increasing, this implies Gheorghe Toader and

Jozsef Sandor
p7Ht-pla) + (L =1)-p()] < g '[t-gla) + (1 =) -q(b)], Vte(0,1).

. _ . . L . Title Page
If the function f is increasing, the inequality is preserved by the composition
with it. Integrating on[0, 1] and then composing with f~*, we obtain the Contents
desired result. If the functiorf is decreasing, so also ig~! and the result is P Y
the same. O
| >
Corollary 3.3. If the functiong is strictly convex and strictly increasing then Go Back
O bac
Mq > A Close
Proof. We apply the second theorem for= f = ¢, taking into account that Quit
Me, = A. 0 Page 10 of 12

Remark 1. If we replace the convexity by the concavity and/or the increase by
the decrease, we get in the above theorems the same/the opposite inequalities. ” 'nea: Pure and Appl. Math. 7(1) Art. 13, 2006
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Example 3.1. Takinglog, sin respectivelyarctan as functiong, we get the in-
equalities
La Msim Marctan < A

Example 3.2. However, if we takexp, arcsin respectivelytan as functiong,
we have
E: Marcsim Mtan > A

Example 3.3. Takingp = e,,q = ¢,, and f = ey, from Theoren3.2we deduce
that form - n > 0 we have

M., < M., , ifn<m.
As special cases we have
M, > A, forn>1,

L<M, <A, forO<n<l,
G< M, <L, for—-1/2<n<0,
H< M, <G, for—-2<n<-1/2,

and
M., < H, forn< —2.

Applying the above theorems we can also study the monotonicity of the
extended means.
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