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Abstract

We introduce inequalities involving multipliers for complex-valued multivalent
harmonic functions, using two sequences of positive real numbers. By spe-
cializing those sequences, we determine representation theorems, distortion
bounds, integral convolutions, convex combinations and neighborhoods for such
functions. The theorems presented, in many cases, confirm or generalize var-
ious well-known results for corresponding classes of multivalent or univalent Inequalities Involving

harmonic functions. Multipliers For Multivalent
Harmonic Functions
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A continuous complex-valued functigh= u+iv defined in a simply connected
complex domairD is said to be harmonic iB if both « andv are real harmonic
in D. Such functions admit the representatipn= h + g, whereh andg are
analytic inID. In [5], it was observed thaf = h + g is locally univalent and
sense preserving if and only|i§’(z)| < |h/(2)|, z € D.

The study of harmonic functions which are multivalent in the unit dise
{z € C : |z| < 1} was initiated by Duren, Hengartner and LaugesdnHlow-
ever, passing from harmonic univalent functions to the harmonic multivalent
functions turns out to be quite non-trivial. In view of the argument principle
for harmonic functions obtained ], the second author and Jahangir; 7]
introduced and studied certain subclasses of the fafbily:), m > 1, of all
m-valent harmonic and orientation preserving function&inA function f in
H(m) can be expressed ds= h + g, whereh andg are analytic functions of
the form

(11) h (Z) =2z" + Z an+m—12n+m717
n=2
g(z) = an+m_1z”+m_1, |br| < 1.
n=1

The classH (1) of harmonic univalent functions was studied by Clunie and
Sheil-Small ].
Let SH(m,a), m > 1 and0 < a < 1 denote the class of functiorns =
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h + g € H(m) which satisfy the condition

(12) < (ara(7(re”))) = mo.

for eachz = re?, 0 < 0 < 27, and0 < r < 1. A function f in SH(m, a) is
called an m-valent harmonic starlike function of orderAlso, letT H (m, ),
m > 1, denote the class of functiorfs= h + g € SH(m, «) so thath andg
are of the form

(1.3) h(z)=2"— Z [
n=2

2) = Z bpm1 |2 |b] < 1.

The classl'H (m, «) was studied by second author and Jahangiriljr’]. In
particular, they stated the following:

Theorem A. Let f = h + g be given by 1.3). Thenf is in TH(m, «) if and
only if

(1.4) Z { - +m ) )\an+m—1| + n_:nzrlni(;; a)|bn+m—1’ <2,

wherea,, = 1 andm > 1.

Analogous tdl'H (m, «) is the clasgds H (m, «) of m-valent harmonic con-
vex functions of order, 0 < o < 1. More precisely, a functiorf = h + g,
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whereh andg are of the form {.3), is in K H(m, «) if and only if it satisfies

the condition 5 5
0 >
5 <arg (aef(re ))) > ma,

for eachz = ¢, 0 < § < 27, and0 < r < 1.

Theorem B ([4]). Let f = h + g be given by 1.3). Thenf isin K H(m, «) if
and only if

n+m — 1
(1.5) Z (n—1+m(l = a))laniml
+(n =1+ m(l+a)|burm-l] <2,
wherea,, = 1 andm > 1.

Inequalities {.4) and (L.5) as well as several such known inequalities in the
literature are the motivating forces for introducing a multiplier family
Fo.({chtm-1},{dnim-1}) form > 1. Afunction f = h+ g, whereh andg are
given by (L.3), is said to be in the multiplier family,,,({c,+m-1}, {dnsm-11})
if there exist sequencds,, .., 1} and{d,.,_1} of positive real numbers such
that

= Cn m— dn m—
(1.6) Z{ T o]+ = bl | < 2,

n=1

Cm = My Aoy | by | < M.
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The multipliers{c, .1} and{d,.._1} provide a transition from multivalent
harmonic starlike functions to multivalent harmonic convex functions, including
many more subclasses Hf(m) and H(1). For example,

7 F, ({n—1+m(1—oz)}’{n—1+m(1+a)}) = TH(m,a),

l—« l—«

(L&l%(pn+m_?$;i§mﬂ—@»}

m+m—1)(n—-1+m(l+ «a)) _ o
\ m(i—a) ) =snma
19 FE.({n+m-—-1},{n+m—1}) =TH(m,0) :=TH(m),
(1.10)  F, ({ (n + L 1)2} , { (n+ “ Dl }) — KH(m,0)
= KH(m),
(1.11) Fi({n},{n}) = TH(1,0) = TH,
(1.12) Fi({n*},{n’}) = KH(1,0) := KH,
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(1.13) B({n"},{n"}) == F({n"},{n"}), p>0,

(114) Fl({cn}7 {dn}) = F({Cn}a {dn}>
While (1.7), (1.9 and (.1]) follow immediately from Theorenf\, (1.8), — _
(1.10 and (.12 are consequences of Theor&n Note thatl"H and K H in Mu'lrt‘fqua"“es Involving
i . N . pliers For Multivalent
(1.17) and (.12 were studied inq] as well as [(]. Also, by lettingm = Harmonic Functions

L,a=0,¢, =d, =nPforp>0andb; =0, the classes’({n"}, {n"}) were
studied in E]. Finally, (1.14) follows from (1.6) by settingm = 1 which was

H. Ozlem Giiney and Om P. Ahuja

studied in [].
In this paper, we determine representation theorems, distortion bounds, con- Title Page
volutions, convex combinations and neighborhoods of functions in Contents

Fo.({chim-1},{dnim-1}). As illustrations of our results, the corresponding

results for certain families are presented in the corollaries. « dd
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If (n+m—1) <cpymorand(n+m —1) < d,im_1, then by Theorem we
have
Fo({cnim-1},{dnym-1}) C TH(m).

Consequently, the functiors,, ({¢,+m-1}, {dntm—1}) are sense-preserving, har-
monic and multivalent ifJ. We first observe that if

. .m n+m—1 =n+m—1 | lities Involvi
fil2) = 2" = 3 N1 [T D 1|2 Multplers For Multvalent
n=2 n=1 Harmonic Functions
and H. Ozlem Giiney and Om P. Ahuja
fQ(Z) = Zm - Z |a2(n+m71) |Z:n—"_7n_1 + Z |b2(n+'m71) |§”+m_1
n—2 o Title Page
are inF,,({¢htm-1}, {dntm-1}) @and0 < X < 1, then so is the linear combina- Contents
tion Afi + (1 — ) f2 by (1.6). Therefore o\, ({¢nsm—1}, {dn+m—11}) is @ convex
family. « dd
Next we determine the extreme points of the closed convex hull of the family < >
Fo.({chim-1}, {dnim-1}), denoted byelcoF,,,({cnim-1}, {dnim-1})- F—
Theqrem 2.1. A functionf :_h +gisinclcoF,,({chim-1}, {dpntm—1}) if and Close
only if f has the representation _
Quit
< P f21
(21) f(Z) = Z(/\n+m—1hn+m—l(z) + un+m—lgn+m—1(z))7 — 8o
n=1
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where

(n+m—1) < cpim1,

[e.e]
Hntm—1 > 0; Z()\nﬂnf
n=1
m
hpim-1(2) = 2™ —
Cn+m—

(n +m — 1) S dnerfla )\n+m71 2 07
1+ /fln+m71) = 17 hm(z) = va

—2"" 1 and  guyimo1(2) = 2"+ M ntm—1,
1 dn—l—m—l

In particular, the extreme points df,,({¢rim-1}, {dnim-1}) are {hpsm-1},

{gn+m—1}-

Proof. For functionsf of the form @.1) we have

f(z) =

n=1

Z )‘n+m

Then

Z )\ner 11—

Cn+m—1

z) + Z Argm—1 (Zm -
n=2
+ Z Mn4m—1

m

Cn4+m—1

n+m—1)

m _ _
(Zm + Zn+m
dn+m71

)

m
n+m 1
11— + E Hn+m— ld
Cn4+m—1 n+m—1
m
Cn4+m—1 + E Hn+m— ld dn+m71

n+m—1

Zn—l—m—l ]

= Z MAptm—1 + Zmﬂn+m—1 <m,

n=2 n=1
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and sof € clcoF,,({¢chim-1},{dnim-1})-
Conversely, supposge clecoFy,({cnim-1}s {dnim-1}). We set

Cn4+m—1

)\n-i—m—l = |an+m—1|a (n =2,3,... )7

dn+m— 1

MHntm—1 = |bn+m71’7 (n: 172737"')7

and . .
)\m =1- Z )\n—l—m—l - Z,un—i-m—l‘
n=2 n=1

Therefore, by using routine computatiorfsgan be written as

o0

f(z) = Z(/\n+m—lhn+m—1<z) + Mntm-19ntm-1(2))-

n=1

In view of (1.7), Theoren®.1lyields:

Corollary 2.2 ([7]). A functionf = h + gisin clcoT H(m, «) if and only if f
can be expressed in the for@ 1), where

m m m(l—a) n+m—
hi(2) = 2", hppm-1(2) = 2 _n_1+m(1_a)2+ t (n=2,3,...

m(l — «)
n—1+m(l+ «)

m

Gnim—1(2) = 2 el (n=1,2,3,...)
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and

o0

Z()\n—i—m—l + Mn+m—1) = 1a )\n—i—m—l Z 07 Mntm—1 Z 0.

n=1

Our next result provides distortion bounds for the functionSift{ ¢, +m-1},
{dn+mfl})'

Theorem 2.3.Let{c, 1} and{d,,_1} be increasing sequences of positive

real numbers so that

Cmi1 < dpy1, (m+m—1)<cpm and (n+m—1) <d,im-1

foralln >2.1f f € F,,({¢him-1}, {dntm-1}), then

R e [

Cm+1

< If) < (L bl + (w) L

Cm+1

The bounds given above are sharp for the functions

m — dp|bp|

f(z) =2 £ |bn|z2™ + < ) 2" b < 1.

Cm+1

Proof. Let f € F,,({¢chtm-1},{dnsm-1}). Taking the absolute value gf we
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obtain

o0 [e.o]

|f (Z) | = |z™ — Z |an+m_1|zn+m—1 + Z |bn+m—1|2n+m_1

n=2 n=1

0o 00
S rm + Z ‘an+m71|7ﬁn+m71 + Z ’bn+m71|rn+m71

n=2 n=1

= (14 [bp])r™ + Z(|an+m—1| + b |t

n=2

Inequalities Involving
Multipliers For Multivalent
Harmonic Functions

< (14 |bpw])r™ +

[e's)
Zchrl(‘anerfl‘ + ’anrmfl’)rerl
n=2

Crn+1 H. Ozlem Guiney and Om P. Ahuja
m n=2
oo Contents
m m—+1
< (T [bm])r™ + P ZQ(Cn-i-m—lmn-&-m—l’ + dnym—1|bnym—1|)7 <« NS
m m—+1 ‘ ’
< (1 + |by])r™ + (m — dp|by|)r™ .
Cmt1 Go Back
We omit the proof of the left side of the inequality as it is similar to that of the Close
right side. O
Quit

Corollary 2.4. If f € TH(m, «), then Page 12 of 21
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and (1—a—(1+a)b)
2 (1= by = TS el

where|z| =7 < 1.

The following covering result follows from the left hand inequality in Theo-
rem2.3.

Corollary 2.5. Let f be as in Theorerd.3. Then

Inequalities Involving
Multipliers For Multivalent

1 . !
{w : |w| < : (cm+1 —m — (Cm—H — dm)|bm|)} C f([[j) Harmonic Functions
mtl H. Ozlem Giiney and Om P. Ahuja

Corollary 2.6. If f € TH(m,«), then

' 1+ (2ma — 1)[by| Title Page
w: ]w[ 1+ m(l _ a) f(U)' Contents
Remark 1. For a = 0, the corresponding results in CorollaB/4and Corollary « dd
2.6were also found inT]. < >
In the next result, we find the convex combinations of the members of the Go Back
famlly Fm({cn+m—l}7 {dn-l-m—l})- Close
Theorem 2.7.1f (n+m — 1) < ¢pomor @nd(n +m — 1) < dpqp—y for Quit

al n +m —1 > 2, thenF,,({¢hsm-1}, {dntm-1}) is closed under convex

. . Page 13 of 21
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Proof. Consider

o D
fz(Z) = M _ Z |ain+m,1 |Zn+m—1 + Z |bin+m—1 ’2n+m_1
n=2 n=1

fori=1,2,....If f; € F,,({chem-1},{dnsm_1}) then

22) D npmatlti | D dgmalbi, | <m, i=12,
n=2 n=1

o 4 . Inequalities Involving
ForZi:l ti=1, 0<t;<1 we have Multipliers For Multivalent
oo Harmonic Functions
Z tJ;(z) H. Ozlem Giiney and Om P. Ahuja
=1
o0 (o] o0 (o]
-1 = -1 i
SR 3] 0 S0 EEEED of 0 oY) ERY
n=2 \i=1 n=1 \i=1 Contents
In view of the above equality an@ ), we obtain % o
o) [e.e] o0 oo
Z Cntm—1 Z tl ‘a'in+m71 } + Z dn+m71 Z tz ‘bin#m*l | < >
n=2 i=1 n=1 =1 Go Back

oo

o o
SDIE) SYNSRTRNED SYASINN]. Close
i=1

n=2 n=1

Quit
o
< Ztim =m. Page 14 of 21
=1
Hencezzl tifi c Fm({cn_i_m_l}’ {dn+m_1})’ by an app"cation Of:(.6). ] J. Ineq. Pure and Appl. Math. 7(5) Art. 190, 2006
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In view of relations {.7) to (1.10, we have the following results:

Corollary 2.8. The familyT'H(m, «), KH(m,«), TH(m) and K H(m) are
closed under convex combinations.

For harmonic functions

(23) f (’Z) = 2" = Z ’an+mfl Zn+m71 + Z ’bn+m71|2n+m71
n=2 n=1

Inequalities Involving

and Multipliers I_:or Mult_ivalent
Harmonic Functions
(2_4) Ia (Z) — M _ Z |An+m—1 |Zn+m_1 + Z |Bn+m—1 |§n+m—1 H. Ozlem Giiney and Om P. Ahuja
n=2 n=1
. . . Title Page
define the integral convolution gfand /" as
Contents
(2.5) (foF)(z)=2"— i st Antmot] e « "
~ ntm-— 1 > N
= |b +m—1Bn+m—1|
+ Z n . grtm-l Go Back
— n—+m—
Close
In the following result, we show the integral convolution property of the class Quit

Fon({ensm-1} {dnym-1})-

Theorem 2.9.Let(n+m —1) < ¢y and(n+m —1) < dp 1 forall

n—+m — 1 Z 2. |f f andF are in Fm({cn+m—1}7 {dn—l-m—l}); then SO |Sf o F. J. Ineq. Pure and Appl. Math. 7(5) Art. 190, 2006
http://jipam.vu.edu.au

Page 15 of 21



http://jipam.vu.edu.au/
mailto:
mailto:ozlemg@dicle.edu.tr
mailto:
mailto:oahuja@kent.edu
http://jipam.vu.edu.au/

Proof. Since F,,({¢hsm-1}, {dnsm-1}) € TH(m) andF € F,({crim-1},
{dnim_1}), it follows that|A,, 11| < 1 and|B,im-1| < 1. Thenfo F €
F.({cnim-1},{dnsm—1}) because

00
Cn4+m—1

— m(n+m—
> C

< n+m—1 n+m 1 b

—; (n+m |an+m 1‘+Z n+m )|n+m 1’

& 1 1
<Z n—:ﬂ: - 1|+Z n—;;n |bn+m 1|<2

n=1

dner 1
n—l—m

)|an+m 1An+m 1| + Z ) |bn+m—an+m—1|

3

]

Corollary 2.10. If fandF areinTH(m,«), KH(m,«), TH(m)andK H(m),
thensoisf o F.

Thed—neighborhoodaf the functionsf = h+gin F,,({(n+m—1)cpim-1},
{(n+m —1)d,+m-1}) is defined as the sé{;(f) consisting of functions

0o
n+m—1 —n+m—1
+ § (An—i-m—lz +Bn+m 1< )
n=2

F(z)=2"+ B,,z"

such that

o0

[(n +m— 1)(|an+m—1 - An+m—1| + |bn+m—l - Bn-i-m—lm

n=2

+ mby — Bp| <6, &> 0.
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Our next result guarantees that the functions in a neighborhood of

Fo({(n+m —1epima}, {(n+m—1)dnym-1})

are multivalent harmonic starlike functions.

Theorem 2.11.Let {c¢, 1} and {d,..,—1} be increasing sequences of real

numbers so that,,,1 < dyi1, (R+m—1) < cpimaand(n+m—1) <
dpim—1 foralln > 2. If

m
0= ——(Cms1 — 1 = (Cmy1 — dm)|bml),
cm—&-l

then

Ns(Frn({(n+m = D)enym b, {(n+m = D)dnym-1})) CTH(m).
Proof. Suppose

f=h+ge Fa({tn+m—1)cprma}, {(n+m—1)dnim1})
Let F = H + G € Ns(f) where

H(Z) =M 4 ZAner*lZ’“rm*l and G(z) — Z Bn+m712n+m71.

n=2 n=1

We need to show that’ € T'H(m). It suffices to show thaf" satisfies the
condition

o0

M(F):=> (n+m=1)(|Aprm| + [Busm-1]) + m|Bp| <m

n=2
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Note that

Z n+m— 1 |An+m 1= CLn—&-m—1| + |Bn+m—1 - bn+m—1”
n=2

+m| By = b| + D (04 m = 1)(|anmi| + i) + mbn]
n=2

<6+ m|bm| + Z(n +m = 1)(|anstm-1] + [batm-1])

n=2
=0+ mlby| + - D (emir(n+m = 1)|anim-1]|
m-+1 n—=2
+ Cerl(n +m— 1)‘bn+m*1‘)
<6+ mlby,| + ( (n+m—1)cprm-1|tnim-_1
Cm+1

n=2
+ (n +m — 1)dn+m—1|bn+m—1|)

(M1 = di|bm]))-
But, the last expression is never greater thaprovided that

L (1 = dy b))

m—+1
(cmr1 =1 = (cmy1 — dm)|bm]).-

1
<0+ m|by| +
Cm+1

(5§m—m]bm\—c

m

Cm+1
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Corollary 2.12. If
m — (m — 2m?a)|b,,|
1+ m(l— )

thenNs;(K H(m,«a)) C TH(m).

5:

Y

Lettinga = 0 andm = 1, Corollary 2.12yields the following interesting
result.
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