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ABSTRACT. Using the generalized Maligranda-Orlicz's Lemma we will show &} ) ([a, b])
is a Banach algebra.
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1. INTRODUCTION

Two centuries ago, around 1880, C. Jordan (see [2]) introduced the notion of a function of
bounded variation and established the relation between these functions and monotonic ones.
Later, the concept of bounded variation was generalized in various directions. In his 1908 paper
de la Vallée Poussin (s€€ [4]) generalized the Jordan bounded variation concept. De la Vallée
Poussin, defined the bounded second variation of a fun¢tmman intervala, b] by

ft) = F@)  f@) — f(t-1)

tj—i-l — tj tj — tj—l

n—1
V() = V(£ [o0]) = sup Y
j=1
where the supremum is taken over all partitidhs a =t < t; < -+ < t,, = b of [a,b]. If
V2(f,la,b]) < oo, the functionf is said to be of bounded second variation[@rb]. The class
of all functions which are of bounded second variation is denoteB%Y¥([a, b]).
In 1970 the above class of functions was generalized with respect to a strictly increasing
continuous functionx (see [3]):

Let f/ be a real function defined dn, b]. For a given partition of the formtl : a« = t; <
-o- < t, = b, we set

[\

n—

o2, 1) = > |falty, tia] = faltiv, tivall,
=1
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where
falp,d] = alq) —alp)

and
Ve (f: [, 0]) = Vie,oy (f) = sup 02,0 (f-10),

where the supremum is taken over all partitidhsf [a, b].
If Vio,a)(f) < oo, thenf is said to be of2, «)-bounded variation.
The set of all these functions will be denoted BY/, . ([a, b]).
A function f is a-derivable at, if

LI~ i)
t—to a(t) — a(tp)

If this limit exists, we denote its value b¥ (¢,), which we call then-derivative of f att,.
The classBV|, +)([a, b]) is @ Banach space equipped with the norm

1118V ey = [F (@] + [fala)] + Viza) (f)-

Using the generalized Maligranda-Orlicz’s Lemma (see Thegrein 3.1 of the present paper)
we will show thatBV/, »)([a, b]) is a Banach algebra.

exists.

2. DEFINITION AND NOTATION

We begin this section by giving a definition and several simple lemmas that will be used
throughout the paper.

Definition 2.1. A function f : [a,b] — R is said to ben-Lipschitz if there exists a constant
M > 0 such that

|f(x) = f(y)] < Mla(z) - aly)],
for all z,y € [a,b], z # y. By a-Lip[a, b] we will denote the space of functions which are
a-Lipschitz. If f € a-Lipla, b] we define

Lip,(f) = inf{M > 0: |f(z) — f(y)| < M]a(z) — a(y)|.x #y € [a,b]}
and

Lip’a(f)zsup{ rr#y€ [a,b]}-

Itis not hard to prove that
Lip,,(f) = Lipg(f)-
a-Lipla, b] equipped with the norm
1/ lla-Lipfa) = |f(@)] + Lipa(f)

is a Banach space.
Lemma 2.1.If f € BV|3,4)([a,b]), then there exists a constamt > 0 such that
fz2) = f(z1)

azz) — alwr)| |falzy, 2] < M

for all 21,25 € [a, b].
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Lemma 2.2.
1 Flla-tiplasl < IF1Bvis.osasys | € BVizay([as b))
and
BV(3,4) — a-Lip|a, b].

Lemma 2.3. a-Lip[a, b] — BV|[a,b] — Bla,b).

3. GENERALIZED MALIGRANDA -ORLICZ 'S LEMMA

The following result generalizes the Maligranda-Orlicz Lemma which is due to the authors
(seel1)).

Theorem 3.1.Let (X, || - ||) be a Banach space whose elements are bounded functions, which
is closed under pointwise multiplication of functions. Let us assumefthate X such that

gl < 1A llollgll + 1AMl + KNLAANgll &> 0.

Then(X, || - ||1) equipped with the norm
1flly = 1Ifllec + KN, f € X,

is a Banach algebra. 1K' — BJa, b], then|| - ||, and|| - || are equivalent.

4. BV (2. ([a,b]) AS A BANACH ALGEBRA

The following result shows us th#tV, .([a, b]) is closed under pointwise multiplication of
functions.

Theorem 4.1.1f f,g € BV(2.4)([a,b]), thenf - g € BV(3 o) ([a,b]).

Proof. LetIl : a = 1 < 22 < - < x, = b be a partition ofa, b]. Then

o0 (f-g.10) = Z |(f9)alzs, tj1] — (F9)almjs1, Tj42]|

n—2
= | f(25) - galwjs wiaa] + 9(wje0) - falrs, ]

j=1
- f($j+1) : 9a[%‘+17 $j+2] - 9($j+2) : fa[fjﬂ, $j+2”
n—2
< Z ‘f(xj) 'ga[mj7xj+l] - f(%‘) : ga[%+1,9€j+2]

+ f(25) - Galzjsr, Tyl — f(@is1) - Galzjsr, Tjsol|
n—2

+ Z |9(zj11) - falg, 2] = 9(@541) - falzjin, 200]

j=1
+ 9(zj41) - falrjen, o] — g(j12) - falzjs, ffj+2]|-

Sincef andg are bounded, we havé(z;)| < |||l and|g(z;+1)| < |9 -
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Hence

U(z,a)(f : 9>H) < Hf”oo Z ‘ga[xjaxj+l] - ga[$j+1>33j+2]’
+ Z |f($j) - f($j+1)’ ’ |9a[xj+1a %’HH
n—2
+lglloo D | falwjswia] = falwjn, @ipo]]
j=1
+ Z |g<37j+1) - 9(%’+2)| : ‘foc[q;jJrlu 17j+2]|

= [Ifllee - 0@.0) (9, D) + llgloo - 2.0 (f, TT)

S |f () — f(xj+1)| l9(z41) — 9(zj42)] |
" j=1 la(z;) — Oé(l'jﬂ)’ la(zj41) — axji0)] |az;) — @i

2
9(xj41) — 9(@j42)| [flzj1) — [@j40)]
: a\T; — (T .
> Jalusn) —aleye)] Jalagn) — aleye)] 2 ~ 02
By Definition[2.1 and Lemmia 2.1 we obtain

|f($j) (xj+1)| = e n =
() — a(zj)] <Lip,(f)j=1,2,---, 1

and |
TR OIS
Thus
ol 9.T1) < Sl -9 1) + gl - 010
i (L) 300310~ e+l o)

By Lemmd 2.2 we haveip,,(f) < +oo andLip,, (g ) < +o00. Moreover

> (alee2) — alay)) = al +Z alez11) ~ al)) ~ ala)

< 2(a(b) — a(a)).

Then

02,0 (f - 6,11 < || flloo - 02,0)(9: 1) + [|9loo - o(2,0) (f, 1)
+2(a(b) — a(a))(Lip,(f))(Lip,(9))

for all partitionslI of [a, b].
Hence

Vi) (f - 9) < [[flleeViza) (9) + [[9lloc Viz.a) (f)
+ 2(a(b) — eo(a))(Lip, (f))(Lip,(g)) < +oo.
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Thereforef - g € BV{2,4)([a, b]).
This completes the proof of Theor¢gm}4.1. O

Corollary 4.2. If f,g € BV(3,0)([a,b]), then

1~ 9l Bvig (0l < 1 lscllgll BV (o)) + 19 lloo 1S | BV 0y (0
+ 2(a(b) — @) ||| BV o (b)) 191l BV o ([0t -

Proof. Note that

Lip, (f) < [[flla-tinat) < 1fI1BVa.0 (b))
and

Lip,(9) < [l9lla-Lip(at) < 191 Bvig.0 (b))
by Lemmd 2.2.

From Theorenm 411 we have
Ve (f - 9) < [fllscVizay(9) + llgllsc Viz.a (f)
+2(a(d) = ()| fl| BV 0 (i) 191 BVis 0 (la) -
On the other hand,
[(fg)(a)l < 2[f(a)]-g(a)] < Ifllslg(a)l + llgllocl f(a)]
((fo)ala)l < [f(a)] - ga(a) +19(a)| - | fola)]
< [ fllsclga(@)] + lgllol fola)-

Adding we obtain

[(f9) (@) +|(fg)al@)] + Vi) (f - 9)
< [flls(lg(a)l + g6 (@)l + Viza)(9)) + [l9llo (1 (@) + | fo(@)] + Viza) (f))
+2(a(b) — a(@) 1| Bvig.a) (0t 191 BV o0 (lab))-
Therefore

1~ 9l Bvig ay (atl) < 1 lscllgll BV y (at)) + 19 llso L | BV 0y (.t
+ 2(a(b) — (@) [ £l V(g0 (0t 191 BVis. o (1) -
This completes the proof of Corolldry 4.2. O

5. MAIN RESULT

Theorem 5.1. BV »)([a, b]) equipped with the norm

1 1 Bvi oy = N flloo + 2(@(b) = ala) | f |8V oty £ € BViza([a,b])
is a Banach algebra and the noris || sy, .., (.t @nd || - H}B%’a)([a’b]) are equivalent.

Proof. First of all, we need to check the hypotheses from Thedren 3.1. Siide[a,b] —
Bla, b], by Lemmg 2.2 we hav8V(s o)([a,b]) C Bla,b]. Next, from Theorem 4]1 we see that
BVi3.0)([a, b]) is closed under pointwise multiplication of functions. Now observe that if we
take K = 2(«(b) — a(a)), the inequality given in Corollary 4.2 coincides with the one given in
Theoreni 3.]1. Also note that

BV(3.0)([a,b]) — a-Lipla, b] — Bla, b|
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and
[flloe < max{T, (a(b) = a(a)) | fll8visa o> | € BViza([a,b]).
Therefore, invoking Theore@.l we have tHEL BV(z.a)([a. b))+, | b, . (as)) 1S @
Banach algebra and the norms|| gy, .., (a5 @nd|| - ||}9V(2 o (lap]) € equivalent.
This completes the proof of Theor¢gm[5.1. O
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