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Abstract: Using the generalized Maligranda-Orlicz’s Lemma we will show that
BV(2,q)([a, b]) is a Banach algebra.
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1. Introduction

Two centuries ago, around 1880, C. Jordan (8ertroduced the notion of a func-

tion of bounded variation and established the relation between these functions and
monotonic ones. Later, the concept of bounded variation was generalized in various
directions. In his 1908 paper de la Vallée Poussin (dPegeneralized the Jordan
bounded variation concept. De la Vallée Poussin, defined the bounded second varia-
tion of a functionf on an intervala, b] by

ft) = f(ty)  f) = f{t—1)

tj+1 — tj tj - tj,1

n—1

VE(f) =V(f,[a,b]) = s%pz

7j=1

where the supremum is taken over all partitibhsa = ¢, < t; < --- < t, = b of
[a,b]. If V2(f,[a,b]) < oo, the functionf is said to be of bounded second variation
on[a, b]. The class of all functions which are of bounded second variation is denoted
by BV?([a, b]).

In 1970 the above class of functions was generalized with respect to a strictly
increasing continuous functian(see B)):

Let f be a real function defined o, b]. For a given partition of the form:
M:a=t <---<t,=0>b, weset

n—2
0 (fiI1) = Y [falty tyea] = falti tyeal,
j=1
where Ja)— 1)
flo—f
fa[pv Q] - OZ(C]) o a(p))
and

‘/(Q,a)(f> [CL, b]) = ‘/(2,a)(f) = Slép U(2,a)(f7 H)7
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where the supremum is taken over all partitidhsf [a, ].
If Vioa)(f) < oo, thenf is said to be of2, «)-bounded variation.
The set of all these functions will be denotedBY(, ) ([a, b]).
A function f is a-derivable at if

lim f(t) — f(to)

exists.
t—to at) — a(to)

If this limit exists, we denote its value b (o), which we call thex-derivative of f
atiy.

The classBV|, . ([a, b]) is @ Banach space equipped with the norm

118V ey = [ (@] + [fala)] + Viza (f)-

Using the generalized Maligranda-Orlicz’'s Lemma (see Thedrémf the present
paper) we will show thaBV{, .,([a, b]) is a Banach algebra.
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2. Definition and Notation

We begin this section by giving a definition and several simple lemmas that will be
used throughout the paper.

Definition 2.1. A functionf : [a,b] — R is said to ben-Lipschitz if there exists a
constant) > 0 such that

|f($> _ f(y)| S M|Oz(l’) _ a(y)|, Maligranda-Orlicz’s Lemma

René Erlin Castillo and
Eduard Trousselot

forall x,y € [a,b], x # y. By a-Lip|a, b] we will denote the space of functions which
are a-Lipschitz. Iff € a-Lip[a, b] we define

Lip, (f) = mf{M >0 |f(z) — f(y)| < M|a(z) — a(y)l,x # y € [a, 0]}
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Title Page
and
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la(z) — a(y)] <« >
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Lemma 2.3.

| flla-tipfay) < 1 f1BVi.0y(ats [ € BViza(la,b])

and
BV(3,) — a-Lip[a, b].

Lemma 2.4. a-Lip[a, b] — BV[a,b] — Bla,b].
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3. Generalized Maligranda-Orlicz’'s Lemma

The following result generalizes the Maligranda-Orlicz Lemma which is due to the
authors (seel]).

Theorem 3.1.Let (X, || - ||) be a Banach space whose elements are bounded func-
tions, which is closed under pointwise multiplication of functions. Let us assume
that f - ¢ € X such that

gl < Wfllsellgll + LA MNglloe + KT S Hlgll, K> 0.

Then(X, | - ||1) equipped with the norm
1l = fllee + KA f € X,

is a Banach algebra. IX — Bla, b], then|| - ||; and|| - || are equivalent.
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4. BV (3, ([a,b]) as a Banach Algebra

The following result shows us th&tV/, ., ([a, b]) is closed under pointwise multipli-
cation of functions.

Theorem 4.1.1f f,g € BV(2.4)([a,b]), thenf - g € BV(3 o)([a,b]).

Proof. Letll : a = 21 < 2 < - < z,, = b be a partition ofa, b]. Then Maligranda-Orlicz’s Lemma
René Erlin Castillo and

Eduard Trousselot
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Title P
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Jj=1 Contents
- f($j+1) '9a[$j+1, $j+2] - 9(95j+2) * fa [$j+1, $j+2]| <« »
n—2
< | f(2)) - galzj, mjs1] — [(2)) - Galzjr1, Tj42] < >
=t Page 8 of 13
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Go Back
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Hence

0@a) ([ 9T < | flloe D 9alts, j41) = galwji, 7542]|

£ 2015 @) = fla)| - galeyin, o)
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n—2

-+ Z |g($j+1) — g(.ﬁlﬁj+2)‘ . ’fa[xjﬂ, Z’jJrQH Title Page
j=1
Contents
= [[flloc - 02,0 (9: 1) + [|glloc - O2,0) (f, I1) » o,
n—2
+ |f<$3) (xj-i-l)‘ |g(IJ+1) g(l’ )| ‘CK(LL’ ) a(x- 1)’
— Ja(z;) — alzj)| Ja(zin) — alze)] a ¢ >
Page 9 of 13
+ Z |g<xj+1 l']+2)| . |f(l'j+1) - f(xj+2)| |Oé($ 1) N a(x- 2)|
la(zj41) — 04(%+2)| (1) — alz42)| a a Go Back
Full S
By Definition 2.1 and Lemma&2.2we obtain o Sereen
Close
| f(x5) = f(x41)]
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la(z;) — a(xjp)| — po(f) J =12, m journal of inequalities
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Thus

0(2,a)(f -g,1I) < Hf”oo : 0(2,01)(97H + g/l - U(Za)(f» H)

+ (Lip, (/) (Lipa(9))

3

j
By Lemma2.3we haveLip,(f) < +

Then

n

.

[\

1

[\

(1) — ) + (@j42) — a(xj41)).

oo andLip,(g) < +o0c. Moreover

n—2

((zj42) — afz;)) = a(b) + ) _(a(zjn) — alz;)) — ala)

02,0 ([ 9, 11) < || flloo - 02,0)(9,I1) + [|g]lo0 - 2.0y (f, 1)

for all partitionsII of [a, b].

Hence

+2(a(b) — afa))(Lip,(f))(Lipa(g))

Viza) (f - 9) < ([ fllooVizey (9) + l9lloo Viz.ay (f)

+2(a(b) — a(a))(Lip, (f))(Lip,(g)) < +oo.

Thereforef - g € BV{2,4)([a, b]).
This completes the proof of Theoreinl.

Corollary 4.2. If f, g € BV(3,4)([a, b)), then

1S+ 9l BV .0y (tat) < 1 oo ll91BVig 0y (at)) + 9 lloo [ f 1BV ) la,b])
+ 2(a(b) — a(@) ||l 8V, (2t |91 V(o 0 ([a.b)) -
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Proof. Note that

Lip, (f) < [[flla-Liptas) < [1f11BVi.a) (ai)
and
Lip,(9) < [l9lla-Lip(asn < 191l Bvig.0 (b))
by Lemma2.3.
From Theorem!.1we have

Ve (f - 9) < 1 fllooViza) (9) + 119]loc Viz,a) ()
+ 2(a(b) — a(@)[| | 8V, (0D |91 BVz. 0 ([a.8]) -
On the other hand,

(fg)(a)] < 2[f(a)| - g(a)] < Ifllclg(a)l + llgllclf(a)]
((f9)a(a)l < 1f(a)l - Iga(a)l +1g(a)] - [ fa(a)]
< [ fllsolga(@)l + llgllocl fo(a)].

Adding we obtain

[(f9) @) + [(fg)ala)] + View ([ - 9)
< llse(lg(@)] + [gala)l + Vi (9)) + llglloo (1f ()] + [fa(@)] + Vizw (£))

+ 2(a(b) — a(@) | 1| BV, (00D 191 BVz. 0 ([a.0])-

Therefore
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5. Main Result

Theorem 5.1. BV »)([a, b]) equipped with the norm

1 vy 0ty = I lloo + 2(c(b) = @) 1f|BVis 0y (at)s | € BViza([a,0])

is a Banach algebra and the normis| sv,, .., (a5 @nd|| - ||}3V(2 (a) @r€ equivalent.

Proof. First of all, we need to check the hypotheses from Theoken Sincea-
Lip[a,b] — Bla,b], by Lemma2.3we haveBV, ) ([a,b]) C Bla,b]. Next, from
Theorem4.1we see thaBV(, . ([a, b]) is closed under pointwise multiplication of
functions. Now observe that if we talié = 2(a(b) — a(a)), the inequality given in
Corollary4.2 coincides with the one given in Theoréirl. Also note that

BV(3,4)(la,b]) — a-Lip[a, b] — Bla, b]
and
[ flloe < max{1, (a(b) = )} | fll By a at), [ € BVi2.m([a;b]).

Therefore, invoking Theoref 1we have thatR, BV(3 »)([a, b]), +, -, ||- ||113v<2 o (lat])
is a Banach algebra and the norfng| v, ., (s and|l - Iy, _ (a4 are equivalent.
This completes the proof of Theoréiml. ’ O
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