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Abstract

In the present investigation, the authors derive necessary and sufficient condi-
tions for spirallikeness and convex spirallikeness of a suitably normalized mero-
morphic p-valent function in the punctured unit disk, using convolution. Also we
give an application of our result to obtain a convolution condition for a class of
meromorphic functions defined by a linear operator.
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Key words: Meromorphic p-valent functions, Analytic functions, Starlike functions,

Convex functions, Spirallike functions, Convex Spirallike functions,
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1. Introduction
Let Σp be the class ofmeromorphicfunctions

(1.1) f(z) =
1

zp
+

∞∑
n=1−p

anz
n (p ∈ N := {1, 2, 3, . . .}) ,

which areanalyticandp-valent in the punctured unit disk

E∗ := {z : z ∈ C and 0 < |z| < 1} = E \ {0},

whereE := {z : z ∈ C and |z| < 1}.
For two functionsf andg analytic inE, we say that the functionf(z) is

subordinate tog(z) in E and write

f ≺ g or f(z) ≺ g(z) (z ∈ E),

if there exists a Schwarz functionw(z), analytic inE with

w(0) = 0 and |w(z)| < 1 (z ∈ E),

such that

(1.2) f(z) = g(w(z)) (z ∈ E).

In particular, if the functiong is univalent inE, the above subordination is equiv-
alent to

f(0) = g(0) and f(E) ⊂ g(E).

We define two subclasses of meromorphicp-valent functions in the follow-
ing:
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Definition 1.1. Let |λ| < π
2

andp ∈ N. Letϕ be an analytic function in the unit
diskE. We define the classesSλ

p (ϕ) andCλ
p (ϕ) by

Sλ
p (ϕ) :=

{
f ∈ Σp :

zf ′(z)

f(z)
≺ −pe−iλ [cos λ ϕ(z) + i sin λ]

}
,(1.3)

Cλ
p (ϕ) :=

{
f ∈ Σp : 1 +

zf ′′(z)

f ′(z)
≺ −pe−iλ [cos λ ϕ(z) + i sin λ]

}
.(1.4)

Analogous to the well known Alexander equivalence [2], we have

(1.5) f ∈ Cλ
p (ϕ) ⇔ −1

p
zf ′ ∈ Sλ

p (ϕ) (p ∈ N).

Remark 1.1. For

(1.6) ϕ(z) =
1 + Az

1 + Bz
(−1 ≤ B < A ≤ 1),

we set
Sλ

p (ϕ) =: Sλ
p [A, B] and Cλ

p (ϕ) =: Cλ
p [A, B].

For λ = 0, we write

S0
p(ϕ) =: S∗p(ϕ) and C0

p(ϕ) =: Cp(ϕ),

S0
p [A, B] =: Sp[A, B] and C0

p [A, B] =: Cp[A, B].

For 0 ≤ α < 1, the classesSλ
p [1 − 2α,−1] andCλ

p [1 − 2α,−1] reduces to
the classesSλ

p (α) andCλ
p (α) of meromorphicp-valentlyλ-spirallike functions
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of orderα and meromorphicp-valentlyλ-convex spirallike functions of order
α in E∗ respectively:

Sλ
p (α) :=

{
f ∈ Σp : <

{
eiλ zf ′(z)

f(z)

}
< −pα cos λ (0 ≤ α < 1; |λ| < π

2
)

}
,

Cλ
p (α) :=

{
f ∈ Σp : <

{
eiλ

(
1 +

zf ′′(z)

f ′(z)

)}
< −pα cos λ (0 ≤ α < 1; |λ| < π

2
)
}

.

The classesS0
p [1− 2α,−1] andC0

p [1− 2α,−1] reduces to the classesS∗p(α)
andCp(α) of meromorphicp-valently starlike functions of orderα and mero-
morphicp-valently convex functions of orderα in E∗ respectively.

For two functionsf(z) given by (1.1) and

(1.7) g(z) =
1

zp
+

∞∑
n=1−p

bnz
n (p ∈ N) ,

the Hadamard product (or convolution) off andg is defined by

(1.8) (f ∗ g)(z) :=
1

zp
+

∞∑
n=1−p

anbnz
n =: (g ∗ f)(z).

Many important properties of certain subclasses of meromorphicp-valent
functions were studied by several authors including Aouf and Srivastava [1],
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Joshi and Srivastava [3], Liu and Srivastava [4], Liu and Owa [5], Liu and Sri-
vastava [6], Owaet al. [7] and Srivastavaet al. [9]. Motivated by the works of
Silvermanet al. [8], Liu and Owa [5] have obtained the following Theorem1.1
with λ = 0 for the classS∗p(α) and Liu and Srivastava [6] have obtained it for
the classesSλ

p (α) (with a slightly different definition of the class).

Theorem 1.1. [6, Theorem 1, p. 14] Letf(z) ∈ Σp. Then

f ∈ Sλ
p (α) (0 ≤ α < 1; |λ| < π

2
; p ∈ N)

if and only if

f(z) ∗
[

1− Ωz

zp(1− z)2

]
6= 0 (z ∈ E∗),

where

Ω :=
1 + x + 2p(1− α) cos λe−iλ

2p(1− α) cos λe−iλ
, |x| = 1.

In the present investigation, we extend the Theorem1.1 for the above de-
fined classSλ

p (ϕ). As a consequence, we obtain a convolution condition for the
functions in the classCλ

p (ϕ). Also we apply our result to obtain a convolution
condition for a class of meromorphic functions defined by a linear operator.
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2. Convolution condition for the classSλ
p (ϕ)

We begin with the following result for the general classSλ
p (ϕ):

Theorem 2.1. Let ϕ be analytic inE and be defined on∂E := {z ∈ C : |z| =
1}. The functionf ∈ Σp is in the classSλ

p (ϕ) if and only if

(2.1) f(z) ∗ 1−Ψz

zp(1− z)2
6= 0 (z ∈ E∗)

where

(2.2) Ψ :=
1 + p

{
1− e−iλ[cos λ ϕ(x) + i sin λ]

}
p {1− e−iλ[cos λ ϕ(x) + i sin λ]}

(|x| = 1; |λ| < π

2
).

Proof. In view of (1.3), f(z) ∈ Sλ
p (ϕ) if and only if

zf ′(z)

f(z)
6= −pe−iλ[cos λ ϕ(x) + i sin λ] (z ∈ E∗; |x| = 1; |λ| < π

2
)

or

(2.3) zf ′(z)+pe−iλ[cos λ ϕ(x)+ i sin λ]f(z) 6= 0 (z ∈ E∗; |x| = 1; |λ| < π

2
).

Forf ∈ Σp given by (1.1), we have

(2.4) f(z) = f(z) ∗ 1

zp(1− z)
(z ∈ E∗)
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and

(2.5) zf ′(z) = f(z) ∗
[

1

zp(1− z)2
− p + 1

zp(1− z)

]
(z ∈ E∗).

By making use of the convolutions (2.5) and (2.4) in (2.3), we have

f(z) ∗
[

1

zp(1− z)2
− p + 1

zp(1− z)
+

pe−iλ[cos λ ϕ(x) + i sin λ]

zp(1− z)

]
6= 0

(z ∈ E∗; |x| = 1; |λ| < π

2
)

or

f(z) ∗

[
p
{
e−iλ[cos λϕ(x) + i sin λ]− 1

}
zp(1− z)2

+

[
1 + p

{
1− e−iλ[cos λϕ(x) + i sin λ]

}]
z

zp(1− z)2

]
6= 0

(z ∈ E∗; |x| = 1; |λ| < π

2
),

which yields the desired convolution condition (2.1) of Theorem2.1.

By takingλ = 0 in the Theorem2.1, we obtain the following result for the
classS∗p(ϕ).

Corollary 2.2. Let ϕ be analytic inE and be defined on∂E. The function
f ∈ Σp is in the classf ∈ S∗p(ϕ) if and only if

(2.6) f(z) ∗ 1−Υz

zp(1− z)2
6= 0 (z ∈ E∗)
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where

(2.7) Υ :=
1 + p (1− ϕ(x))

p (1− ϕ(x))
(|x| = 1).

By takingϕ(z) = (1 + Az)/(1 + Bz), −1 ≤ B < A ≤ 1 in Theorem2.1,
we obtain the following result for the classSλ

p [A, B].

Corollary 2.3. The functionf ∈ Σp is in the classSλ
p [A, B] if and only if

(2.8) f(z) ∗ 1−Υz

zp(1− z)2
6= 0 (z ∈ E∗)

where

(2.9) Υ :=
x−B + p(A−B) cos λe−iλ

p(A−B) cos λe−iλ
(|x| = 1).

Remark 2.1. By takingA = 1 − 2α, B = −1 in the above Corollary2.3, we
obtain Theorem1.1of Liu and Srivastava [6].
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3. Convolution condition for the classCλ
p (ϕ)

By making use of Theorem2.1, we obtain a convolution condition for functions
in the classCλ

p (ϕ) in the following:

Theorem 3.1.Letϕ be analytic inE and be defined on∂E. The functionf ∈ Σp

is in the classCλ
p (ϕ) if and only if

(3.1) f(z) ∗ p− [2 + p + (p− 1)Ψ]z + (p + 1)Ψz2

zp(1− z)2
6= 0 (z ∈ E∗)

whereΨ is given by (2.2).

Proof. In view of the Alexander-type equivalence (1.5), we find from Theo-
rem2.1thatf ∈ Cλ

p (ϕ) if and only if

zf ′(z) ∗ 1−Ψz

zp(1− z)2
= f(z) ∗ z

(
1−Ψz

zp(1− z)2

)′

6= 0 (z ∈ E∗)

which readily yields the desired assertion (3.1) of Theorem3.1.

By takingλ = 0 in the Theorem3.1, we obtain the following result of the
classCp(ϕ).

Corollary 3.2. Let ϕ be analytic inE and be defined on∂E. The function
f ∈ Σp is in the classf ∈ Cp(ϕ) if and only if

(3.2) f(z) ∗ p− [2 + p + (p− 1)Υ]z + (p + 1)Υz2

zp(1− z)2
6= 0 (z ∈ E∗)

whereΥ is given by (2.7).
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4. Convolution conditions for a class of function
defined by linear operator

We begin this section by defining a classTn+p−1(ϕ). First of all for a function
f(z) ∈ Σp, defineDn+p−1f(z) by

Dn+p−1f(z) = f(z) ∗
[

1

zp(1− z)n+p

]
=

(zn+2p−1f(z))
(n+p−1)

(n + p− 1)!zp

=
1

zp
+

∞∑
m=1−p

(m + n + 2p− 1)!

(n + p− 1)!(m + p)!
amzm.

By making use of the operatorDn+p−1f(z), we define the classTn+p−1(ϕ) by

Tn+p−1(ϕ) =

{
f(z) ∈ Σp :

Dn+pf(z)

Dn+p−1f(z)
≺ ϕ(z)

}
.

When

ϕ(z) =
1 + (1− 2γ)z

1− z

where

γ =
n + p(2− α)

n + p
(0 ≤ α < 1),
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the classTn+p−1(ϕ) reduces to the following classTn+p−1(α) studied by Liu
and Owa [5]:

Tn+p−1(α) =

{
f(z) ∈ Σp : <

(
Dn+pf(z)

Dn+p−1f(z)
− n + 2p

n + p

)
< − pα

n + p

}
.

By making use of Corollary2.2, we prove the following result for the class
Tn+p−1(ϕ):

Theorem 4.1.The functionf(z) ∈ Σp is in the classTn+p−1(ϕ) if and only if

(4.1) f(z) ∗ 1 + [(n + p)(1− Ω)− 1]z

zp(1− z)n+p+1
6= 0 (z ∈ E∗; |x| = 1),

whereΩ is given by

(4.2) Ω :=
1 + (n + p)(ϕ(x)− 1)

(n + p)(ϕ(x)− 1)
(|x| = 1).

Proof. By making use of the familiar identity

z(Dn+p−1f(z))′ = (n + p)Dn+pf(z)− (n + 2p)Dn+p−1f(z),

we have

z(Dn+p−1f(z))′

Dn+p−1f(z)
= (n + p)

Dn+pf(z)

Dn+p−1f(z)
− (n + 2p),

and therefore, by using the definition of the classTn+p−1(ϕ), we see thatf(z) ∈
Tn+p−1(ϕ) if and only if

Dn+p−1f(z) ∈ S∗p

(
n + 2p

p
− n + p

p
ϕ(z)

)
.
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Then, by applying Corollary2.2for the functionDn+p−1f(z) , we have

(4.3) Dn+p−1f(z) ∗ 1− Ωz

zp(1− z)2
6= 0,

where

Ω =
1 + p

[
1−

{
n+2p

p
− n+p

p
ϕ(x)

}]
p
[
1−

{
n+2p

p
− n+p

p
ϕ(x)

}]
=

1 + (n + p) (ϕ(x)− 1)

(n + p) (ϕ(x)− 1)
, |x| = 1.

Since

Dn+p−1f(z) = f(z) ∗
[

1

zp(1− z)n+p

]
,

the condition (4.3) becomes

(4.4) f(z) ∗
(

g(z) ∗ 1− Ωz

zp(1− z)2

)
6= 0

where

g(z) =
1

zp(1− z)n+p
.

By making use of the convolutions (2.5) and (2.4), it is fairly straight forward
to show that

(4.5) g(z) ∗ 1− Ωz

zp(1− z)2
=

1 + [(n + p)(1− Ω)− 1]z

zp(1− z)n+p+1
.
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By using (4.5) in (4.4), we see that the assertion in (4.1) follows and thus the
proof of our Theorem4.1 is completed.

By taking

ϕ(z) =
1 + (1− 2γ)z

1− z

where

γ =
n + p(2− α)

n + p
(0 ≤ α < 1)

in our Theorem4.1, we obtain the following result of Liu and Owa [5]:

Corollary 4.2. The functionf(z) ∈ Σp is in the classTn+p−1(α) if and only if

f(z) ∗ 1 + [(n + p)(1− Ω)− 1]z

zp(1− z)n+p+1
6= 0 (z ∈ E∗; |x| = 1),

whereΩ is given by

Ω =
1 + x + 2p(1− α)

2p(1− α)
(|x| = 1).
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