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ABSTRACT. We use the results of Zhang [15,/16] and Davi€s [7] on the behavior of the heat
kernelp(t, z,y) on a bounded>!:! domain D to find again the result of Grunau-Sweers [9]
concerning the estimates of the iterated Greens funcions (D). Next, we use these estimates

to characterize, by means pft, z,y), the Kato clasgx,, (D) and we give new examples of
functions belonging to this class.
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1. INTRODUCTION

Let D be a bounded’™! domain inR", n > 3 andp (¢, z,y) be the density of the Gauss
semigroup onD. Combining the results of Zhang [15], [16] and those of Davies or Davies-
Simon [7], [8] a qualitatively sharp understanding of the boundary behaviop(tof, v) is
given as follows: There exist positive constantsc, and)\, depending only o such that for
allt >0andx,y € D,

o (500 ()2

lo—y|?

d(x) ) ( d(y) ) P L :
<pt,z,y) < Al A1 n ;
<p(tz,9) <\/Z/\1 VEAL cqts

whered(z) denotes the Euclidean distance frarto the boundary oD.
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2 HaBIB MAAGLI AND NOUREDDINE ZEDDINI

Let G(z,y) be the Green'’s function of the laplaciénin D with a Dirichlet condition on
0D. Thend is given by

(1.2) G(z,y) —/ p(t,z,y)dt, forx,y € D.
0

For a positive integem, we denote by, ,, the Green’s function of the operator— (—A)™u
on D with Navier boundary conditiond’u = 0 ondD for 0 < 5 < m — 1. ThenG,, = G
andG,, , satisfies form > 2

Gmm(x,y):/D/DG(x,z)GmLn(z,y) dz.

Using the Fubini theorem and the Chapman-Kolmogorov identity, we show by induction that
for eachm > 1 andz ,y € D we have

1 o0
1.3 Grmn =—— [ t"Ipt dt.
(1.3) n(2,9) (m—l)!/o p(t,z,y)

In this paper we will usg (I]1) anfl (1.3) to find again the result of Grunau and Sweers in [9]
concerning the sharp estimates(éf, ,,. More precisely we will give another proof for the case
n > 3 of the following theorem.

Theorem 1.1(seel[9]) On D? we have

( Wmin(l,%) if n > 2m,

Log (1 n —ﬂf};ﬁz)) if n = 2m,
Gmn(T,y) ~ Hpn(2,y) = { \/3(2)d(y) min (1 , fﬁ’;<y>) ifn=2m—1,
5(x)3(y) Log (2 + —m_yP;&(m)é(y)) if n — 2m — 2,
[ d(x)0(y) if n <2m —2,

where the symbol is defined in the notations below.

As a second step we will also uge (1.1) gnd](1.3) to give new contributions in the cage:
to the study of the Kato clask, ,,(D) defined in [11] form = 1 and in [2] form > 2 as
follows.

Definition 1.1. A Borel measurable functiog in D belongs to the Kato clask, (D) if ¢
satisfies the following condition

. d(y)
(1.4) limy sup /D . 5(z) (@ 9)laly) dy = 0.

We note that in the cases = 1, the classk ,,(D) properly contains the classical Kato
classK, (D) introduced inl[1] as the natural class of singular functions which replaces’the
Lebesgue spaces in order that the weak solutions of the Shrédinger equation are continuous and
satisfy a Harnack principle. More precisely, it is shownlin/ [11] that the fungiidg) = 5a1(y)
belongs tok (D) ifand only if« < 2 butforl < o < 2, p, ¢ K,(D).

Our second contribution here is to exploit estimates of Theprem 1.1 on the one hand, to give
new examples of functions belonging to the cléSs ., (D) and to characterize this class by
means of the density of the Gauss semigrou@ion the other hand. In particular we will
prove the following results for the unit ball.
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Proposition 1.2. For A, u € Randy € B(0,1) we put
1

(1= Iy [Log(2)]"

p)\,u@/) =

For m > 2 we have
Prp € Knn(B(0,1)) ifandonlyif A <3or(A=3andu > 1).

Theorem 1.3.Letn > 2m and ¢ be a Borel measurable function iR. Then the following
assertions are equivalent:

1) ¢ € Kpnn(B(0,1))
2) iy (sup,e Jy J 54 5™ 'p(s, 2, y)la(y)] dyds) =0

We also note that in the case = 1, similar characterizations have been obtained by Aizen-
man and Simon in_[1] for the Kato clags,(R") and by Bachar and Maagli in![4] for the half
spaceR” , where they introduce a new Kato class that properly contains the classical one. This
was extended fom > 2 by Maagli and Zribi [12] to the clask,, ,(R") and by Bachar[3] to
the clasd,, ,,(R" ). The density of the Gauss semigroup in the cas®’"adndRR"} are explicitly
known, but this is not the case for a bounded domain even ifD is an open ball .

In order to simplify our statements, we define some convenient notations.

Notations.

i) Forz,y € D, we denote by(x) the Euclidean distance fromto the boundary oD,
[z,9]? = |z — y|* + §(x)d(y) andd is the diameter oD.
ii) Fora,b € R, we denote by: A b = min(a, b) anda V b = max(a, b).
iii) Let f andg be two nonnegative functions on a set
We say thatf < g, if there exists: > 0 such that

flz) <cg(x) forallz e S.

We say thatf ~ g, if there exista” > 0 such that
Eg(x) < f(z) < Cg(x) forallx e S.
The following properties will be used several times
iv) Fora,b > 0, we have

ab ab

. < mi <
(1.5) a+b_mm(a’b)_2a—l—b
(1.6) (a+b)P ~a”+b" forpeRY.
(1.7) min(1, a) min(1,b) < min(1,ab) < min(1, a) max(1,0b)

a

. — <

(1.8) 1+G_Log(1+a)
v) Letn, v > 0and0 < v < 1. Then we have

(1.9) Log(l+t) =t fort > 0.
(1.10) Log(l +nt) ~ Log(1+wvt), fort >0.
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Finally we note that since for eaeh> b > 0 andc > 0 we have

(a+D)b+1) _pap a+b\ _(pa
1+ ab ¢ N 1+1+ab ¢

. 2&—1—5 —cg2?
N <1+1+a(a+§))6

< @248 <.

Then, using|L.5)) we deduce that for each, y € D and0 < ¢ < 1 we have

< min (220 ) min (22 1) e

So, using this fact(1.7) and the fact thaD is bounded we deduce that estimafes|(1.1) can be
written as follows:
There exist positive constantsC' and A such that

1
(111) Eh%’)\(t’x7y) §p<t7x7y) < Chc,,\(t,x,y),
where
lz—y|?
o [ S(x)d(y) e ¢ 1 . <
(1.12) hc,x(t,x,y) = min < t 1) - F , 1fo<t<1

5(x)o(y)e M, if t > 1.

Throughout the paper, the lett€rwill denote a generic positive constant which may vary from
line to line.

2. PROOF OF THEOREM [1.1

First we need the following lemma.

Lemma 2.1. For eachz,y € D we have
a) Forn > 2m

0(z)d(y) < min (1 5(96)5(3/)) qn-2m+2

Vo —yl? ) | —ynm

§(x)0(y) < d* min <1 , T{Eﬁ(sﬁ ) < 2d% Log (1 + Tixzéz(;@) ,

Now we will give the proof of Theorein 1.1. More precisely, using](1.3) and [1.11) we will
prove that for each > 0, we have

/ t" M he(t, z,y)dt ~ Hyn(2,y) -
0
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Without loss of generality we will assume that= 1, ¢ = 1 and denote by, ;(¢,z,y) =
h(t,z,y). Hence, using a change of variable, we obtain

- 1 —le—ul®
/ t" I h(t, z,y)dt = C5(x)0(y) +/ t™ ! min (6(@5@), 1) ‘ e dt
0 0 °
=Co(x)o(y) + |z — y|2m_n/ 727 ! min (5(33)5@2) T, 1) e "dr.
p— |z =yl

Since we will sometimes omit” and we need to integrate the functions- 2! andr —
r2~™ near zero or neaso, we will discuss the following cases

Case 1.n > 2m. Using [1.7) we obtain

N (5(56)5(1/) 1) min(r, 1) < min (5(33)5(31) - 1)

z—y>’ [z —y[?
min 0(2)o(y) max(r

Hence the lower bound follows from the fact that

[e.9] oo
/ min(1,7)r2""" e "dr > min(1,r)r2"" e "dr = C
|z —y|? d2

and the upper bound follows from Lemina|2.1.

Case 2.n = 2m. In this case

/ T Ut 2, )t = O 6(2)0(y) + / T min (5(@5@) ,1) e dr.

0 |z—y|? ‘(L’ - y‘Q r

So using[(1.b) and the fact that

|z — y” + (2d” + 1)d(x)d(y)
1+(z)d(y)

> |z —y* +6(x)d(y),

we obtain

/ Tt )t > / M §(2)d(y)

0 oy2 1T —Y|> +1d(x)d(y)
e (s s it
= C'Log ( 1z — y[2(1 + 6(2)d(y)) )
> C'Log (1 n 5@)5@) :

- |z —y|?
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To prove the upper inequality we uge (1.5), (1.11) &nd {1.10) to obtain

[ i (R0 1Yy
|z—y|? ‘:U - y‘ r

< @)
= C/x_w S+l "

i 3(2)d(y) S@)dy) [
SO 3@+ e T g / e

g (12— UP @4 D) |, 0()5)
‘CLg( T P11 5)0(y)) )*C[x,m

(& 1 1)5(2)5(y) 5(2)3(y)
= Cloe (1 LT 5<x>5<y>>) TP o5y
gOL%(1+ﬁfi$).

Hence the result follows from Lemma®.1.

Case 3.n = 2m — 1. In this case
/ t" 1 h(t, 2, y) dt
0

=Co(x)d(y) + |z — v b r~2 min (5(x)5(y) 1) e "dr

|z—y|? |x - y|2 r
S =)
|z —y| 0 |z =yl

On the other hand, an integration by parts shows that

|z — y| % min (6(1:)5(y) 1) e "dr

|z—y|2 |ZE - y|2 T
5(2)5(y) LI S
s z)o(y

gC—y / Pz dr + |x — y| r2e " dr

v =l e
< CVo( +|x—y|[ e } o_a?

P 5@

< CV/é(z)o(y).

Hence

/ (U (t, 2, y)dt < C min ( 52)5(y), 5(""“)5(9)) |
0 |z -yl
For the lower inequality we discuss two subcases

e If §(x)0(y) < |z — y|>. Then from[(1.7) we have

/ t" I h(t, z,y)dt > |r — y| min (1, 5@)5@)) / r2e""dr

0 |z —y|? 1+d?
_ o d@)ty)
|z -y
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o If [z —y|? <46(x)d(y). Then

d?|e—y|?

[gono (5(3;)5(3,) 1) o

AN—|r ze "dr
lz—yl> v

/ t"h(t, @, y)dt > |z — g

0 |z—y|?
y|?

2|
NRICOL) /d
|z —yl |

x yl2
‘2

PLICILIC) /W g
|

|ZL‘ - y| z—yl?

> C'o(x)d(y) [% - 1]

> C'\/(x)d(y) [Qd — 5(35)5(9)]
> C'\/6(x)0(y).

Case 4.n = 2m — 2. In this case, we usg (1.5) to deduce that

/OO t" I h(t, z, y)dt
= Cowpt) + ey [ (M

|z—y|? 7“’.73 - y’2

~ 3@+ 0@ [ (5 s e ) ¢

lz—y2 \T (5(37)(5(3/)7” + |‘T - y|2

To prove the upper estimates we remark first that

5<w>5<y>305<x>6<y>Log(z+ ! )

and we discuss the following subcases

o 1t 1 <8(@)aly) (1+ 5ip ). Thenl + sk <4+ ;25 So

/|Oo| (1 - 5(;,;)5[;()%7; = yl2) coars /|OO| (1 - 6<Z<>i)+( ra)c - yrz) o

—Log(

)
< Log2—i—Log<

= CLOg( ! [w,y]2> '
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o If 5(2)6(y) (1+ ! ) < L. Thend(2)d(y) ([z,y? + 1) < L[z, y}2, which implies

[:E,yp - 2
thatd(x)d(y) < |z — y|? and consequently:, y]* < 2|z — y|*. Hence

Aiw(%_émﬁgﬁﬁﬁ_yp)f%h

o0

o " o~ le—yl? 0 : e "dr
< C'Log (14 6(x)d(y)) +C/;ng(&@&mex—MJ !

o0

< C'Log(1 + d? e lz—ul? + C/ Lo ( ! ) e "dr
Bl +d) o B\ =P

o0 1+ d*)r B
< C’/ Lo ( ( )e "dr

lo—yl2 E\S@)y)r + |z —yP?

o0 (1+d®*)r ) 3
< C/ Log( e "dr

— |z —yl2 (1 +d(z)o(y))

1+ d? o0 1
< (CL L 1, — -r
=¢ Og(u—w)” Og(1+6<x>6<y>7")e ar

|z —y|?

2 00
< C'Log <ﬂ> +C Log(r)e™ "dr

|l’ - y|2 |z—y|2

2 00
< C'Log drd +C Log(r)e™"dr
|z —y|? 1

1+d? 1
<0+ Oton (1) < Otes (24 1)

Hence

/0 T Ut 2, )t < O 6(2)0(y) Log (2 + [x,ly]2> |

Next we prove the lower estimates.

Awﬂ%%@$WMW“&@Mw+5@ﬁ@X%w <1_ 5(z)3(y) )e”m

v\ S0yt oy
ML @)y .
(r 6(w>6<y>r+!x—y!2)d

2d%(1 + 6(x)d(y)) )
—y|? +2d*(x)o(y) )

> C6(2)0(y) + C6(2)d(y) /

|z —y|?

= C6(x)d(y) + Co(x)d(y) Log (]m

Leta > 1 such thatv;2- > 2[z,y]2 + 1; Y,y € D. Then we have

2ad*(1 + 6(x)d(y)) 20 d? 1

T — 4P +2020(2)0(y) ~ L+ 2By - [y

J. Inequal. Pure and Appl. Math8(1) (2007), Art. 26, 17 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

ITERATED GREEN FUNCTIONS 9

Hence

/ t" L h(t, z, y)dt
0

> O5(2)6(y) {Log a + Log (

2d%(1 + 6(x)d(y)) )1
[z — y[* + 2d*5(x)d(y)

200d?(1+ 0(x)d(y)) )
|z = y|? + 2d*5(2)d(y)

> O5(2)d(y) Log (2 + ﬁ) .

Case 5.n < 2m — 2. In this case we need only to prove the upper inequality.

|z — y|2m_”/ 7%~ min (—5(:6)5@) 1) e "dr
\

> 05(2)3(y) Log (

2y v —yl* ' r
"R -,
< 6(z)o(y)|z — y\2m‘”‘2/ re e o — y|2m_”/ r2=mlgy
lz—yl2 g2 Je=ul?
3(x)o(y)

< g3 [1 - (5($;§(y))mlg] W ENLOLUN

2 S()oly) + (“”“”)W  5@)st)

“2m-—n-—2 d?(2m —n) d?
< Co(x)d(y).
This completes the proof of the theorem. O

Now using estimates of Theorém 1.1 and similar arguments as in the proof of Corollary 2.5
in [5], we obtain the following.

Corollary 2.2. Letrg > 0. For eachz,y € D such thalz — y| > ro, we have

o(z)o(y
1) Gl ) < XY
0
Moreover, onD? the following estimates hold
5(x)AI(y)

forn > 2m

‘x_y|n+l—2m )

0(2)0(y) = Grn(z,y) = {
dx)ANd(y), forn<2m—1.

3. THE KATO CLASS K, (D)
To give new examples of functions belonging to this class we need the following lemma

Lemma 3.1. For \,u € Randx € D, letp, ,(z) = m . Then
)| Log(502y

pr, € LY(D) ifandonlyif X <1lor(A=1landyu>1).
Proof. Since for\ < 0 the functionp,_, is continuous and bounded Inwe need only to prove

the result for\ > 0.

SinceD is a bounded’! domain and the functiot— L is decreasing nedrfor

A > 0, then the proof of the lemma on page 726.in [10] can be adapted. O
Proposition 3.2. Letn > 2 andp € [1, 00]. Thenp, ,(-)LP(D) C K,, (D), provided that:
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) Forn > 2m —1, wehaveA<2+2(m 1)——and Ty < P

i) Forn:2m—2,wehave/\<2+T—5andr<p
iii) Forn <2m —2, we have\ <3 — .

Proof. Leth € LP(D) andq € [1, o] such tha% + % = 1. Forz € D anda € (0, 1), we put

I=1(z,0) = /B o %Gm,n(w, Y)px,u(y)h(y) dy.

Taking account of Theorem 1.1, we will discuss the following cases:

Case 1.n > 2m — 1. In this case we have

h(y) d
= /B(x,amD |z — ?J|"gi2(m_1) 3y [Loyg (az_dﬂu

It follows from the Hdlder inequality that

1 dy

=i, | | LI _
P | B@anp [ =y 5y [Log<%d>)]

< p then\—2 < 2 — 222U andg <

ml)

Since) < 2+ 2m=b 1 Land; -ty . Hence

n—?(?n—l)
and(A —2)g <1— 5= L.

1)

T

we can choosg > max (1, m) so thaty ¢’ < m

We apply the Holder inequality again and Lemimg 3.1 to deduce that

1
qr

dy n—(n—2m+2)qq’

/D 5(y)(>\—2)qr [LOg (%)}qw o

Hencesup I (z,a) — 0 asa — 0.
zeD

=L,

Case 2.n = 2m — 2. Assume thah < 2 + % — - and ;"3 < p, thenA —2 < . — - and
q <n.
Using (1.9, (1.6) and the Holder inequality we obtain

= /B(x,a)ﬂD (1 i [xaly]) 5(y) 2 [}i(jg) (2_d>]“dy

a(y)

a(y)

1 h(y)
= /B(m,a)ﬂD |z =y 5(y) 2 [Log <2_d>]“dy

Q=

1 1
= Ikl / q A ady
B(z,0)ND ‘x - y‘ 5(y)( —2)q [LOg (%)}

Let us choos@’ > 1 andr = —% such thayg’ < n and(A —2)qr < 1. Then, using the Hélder
inequality again and Lem E! 1 we obtain
d R
I j Hth / Yy Oénqu .

D 6(y)()\—2)qr [Log (%>}qrﬂ
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Hencesup /(z,a) — 0 asa — 0.
€D

Case 3.n < 2m — 2. Using Theorem 1|1 and the Hélder inequality we obtain

h(y)
I= /B(x,a)m Sy [Log (M))rdy

Qe

1

/ — qp
peeine o0 [Los (5]
As in the preceding cases we chogse- 1 so that(A — 2)q¢’ < 1 to deduce from the Hélder
inequality and Lemm.l thatip /(x, ) — 0 asa — 0.

zeD

= |IAll,

dy

This completes the proof of the proposition. O
Next, we will prove Proposition 1.2. So we need the following results

Lemma 3.3(seel[5]) Letz,y € D. Then the following properties are satisfied:
1) If 6(z)d(y) < |z — y|* then

max(3(z) , 8(0)) < Y20y
2) If |z — y|> < &(x)d(y) then
B 512 < a1 < B

Lemma 3.4. Letq € K,,,(D). Then the function z — 6*(z)q(z) isin L' (D).

Proof. Letg € K, (D). Then by[(1.4), there exists > 0 such that for alt: € D we have
J(y)
Ax—yﬁa)ﬂD (5(37)

Letzy,25,...,2, € D suchthatD c J/_, B(z;,«). Then by Corollary 2]2, there exists
C > 0suchthatv'y € B(x;,a) N D we have

6@50%%mmw

Hence

/whzmﬂcz/ mm G la(9) dy

<(Cp< 0.
O

Proof of Proposition 121t follows from Lemmag 3]1 and 3.4 that a necessary condition for
pa, u to belong tok, ,,(B) is thatA < 3 or (A =3 andp > 1). Let us prove that this condition
is sufficient.

For A < 2 the results follow from Propositidn 3.2 by takipg= co. Hence we need only to
prove the results foz < A < 3 or (A =3 andy > 1).
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Forz € D anda € (0,4e7%), we put

I=1(r,a):= /B(w,a)m %Gm»"(xv?/)/)x,u(y) dy
= van('x>y) ‘
/B(Z’a’“D 5()d(y) [Log (@)]M v

Taking account of Theorem 1.1 we distinguish the following cases.

Case 1.n > 2m — 1. Then we have

1 1
[ j n—2(m—1) a dy
B(z,a)NDy |$ - y| (5<y)))\72 [Log (ﬁ)}

1 1
i /B(ac,a)ﬂDg N L [Log (@)} m
=L+ 1,
where
Di={zeD:|lv—y?<6@x)(y)} and Dy={xc D:§x)iy) <|r—yl*}.
e If y € Dy, then from Lemma 3|3, we havéz) ~ §(y) and sojz — y| < d(y). Hence

1
5L j/ fi
B(z,c) |CL’ _ y|n—2m+)\ |:L0g ( c >i|

|z—y]
a  p2m—(A+1) p
-< T /N b
—f[ma%rr

which tends to zero as — 0.

e If y € Dy, then using Lemm.3, we hawenx(d(z),d(y)) < ”f]:c — y|. Hence,

1 -1
" do(w) )
I, < dt |
= [ ey T B (T U i

whereo is the normalized measure on the unit sphgte! of R”.
Now by elementary calculus, we have

/ do(w) - 1 < 20m=1)-n_
gn-1 |x — tw|r2m=1) = (|x| v t)n—2m-1) —

dy

So

1 t2m_3
I, < dt
2‘[4w®@—w*@%uar’

which tends to zero as tends to zero.
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Case 2.n = 2m — 2. In this case we have
1

1
I= / Log (2 + ) dy
B(z,0)NDy [ZL‘, y]Q 5<y>/\_2 [Log <$>i| !
1

o (2 7) 507 s ()|

3(y)
- Il + IQ.

e If y € Dy, it follows from the fact thal.og(2 + t) < v/t for t > 2 that
1

" /me 2= 9l(3()) [Log (5%)]
1

< / u
T )
« Tnf)\

< | ——dr

—K[Maw“r

which tends to zero as tends to zero.
e If y € Dy, then

dy

dy

1

1
b= /B<x,a>mD2 o (2 e - y|2> o(y)*? [Log (i)r 5

a(y)

IA

tn 3
/ A—2 4 H dt’
a5y (1 —1)2=2 [Log (1%)]
which tends to zero as tends to zero.

Case 3.n < 2m — 2. In this case
1

i« :
Baanp (5(y)* |Log (g5 ) |

Hence the result follows from Lemma 8.3, using similar arguments as in the above cases.
O

In the sequel we aim at proving Theorém]|1.3. Below we present some preliminary results
which we will need later.

dy.
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Proposition 3.5.
a) Foreacht > 0and allz,y € D, we have

t
/ smflp(s,x,y) ds = Gz, y).
0

b) Let0 <t <landz,y € D. Then

t
Gmn(T,7y) j/ s™ (s, x,y)ds,
0

provided that
) n>2mand|z —y| <Vt or
i) n=2mand[z,y]*> <t;or
i) n=2m—1and|z —y|*> +25(z)d(y) < t.
Proof.
a) Follows from [1.3).

b) We deduce fron{ (1.11) anfd (1]12) that
t 00
/ s (s, x,y) ds ~ |v — y[Qm"/ min <5(x)5(y) r, 1) r2 ey
0

le—yl? |z —y[?

Next, we distinguish the following cases

i) n > 2m. In this case the result follows fron (1.7) and Theofen 1.1.
ii) n =2m. Using [1.5) we have

t : 6(2)3(y)
m-1 ds > /ﬁ d
feenaz e [ s
2,y +0(x)oly) ¢ )
> (C Lo :
- g( @I il
Now since [z, y]* < t and the functiort — is nondecreasing, then the result
follows from Theoreni T]1.
i) n =2m — 1. As in the proof of Theorern 1.1 we distinguish two cases
o If 5(2)d(y) < |z — y|>. In this case the result follows frorp (1.7).
o If 5(2)d(y) > |z —y[®. Then

5(1)6(y)+t

t Jo—y>
/ s"p(s, @ y)ds>0w/é()”rédr.
0

|z —y| Jiz=w

Since|x — y|*> + 26(x)d(y) < ¢, then

1 |z —y| [z — ] |z —y|?
((1 )xf———‘ ¢') = @iy

Hence
L ey ds > OB9W) |z —yl
A pls, ) ds 2 O o)
= C/d(z)é(y)

> C Gn(z,9).
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Proposition 3.6. Letq € K,,, ,(D). Then for each fixed > 0, we have

(3.1) prw/;ywmjﬁQ@xym<ﬂ@):wmm<w.

t<1 zeD

Proof. Let0 < ¢ < 1,¢ € K, »(D) and0 < o < 1. Then using[(1.71) andl (1]12) we have
i(y) 1 2 -
St Wl S s [ #e

/(|x y|>a)ND 5( ) t2 2t (lz—y|>a)ND

e_QT
< — *(y)lay)| dy.
7 [ Fwlw)

Hence the result follows from Lemma 8.4. O

(y)| dy

Proof of Theorer 1|32) = 1) Assume that

nm@w//“ mlsammww@)=0
t—0 xED

Then by Propositiop 3|5, there eX|$TS> 0 such that forx > 0 we have

5(y) " 5(Y) e
| S Cnalelamldy < [ 7S s e dsdy

z—y|<a)ND 5(‘7:)
which shows thay satisfieg(L.4).
1) = 2) Suppose thaj € K,, (D) and lete > 0. Then there exist8 < a < 1 such that

supA MGm,n(ﬂﬁ,y)lq(y)l dy < e.

z€D J(|Jz—y|<a)ND 5(3:)

On the other hand, using Proposit[on|3.5 #Bd)), we have fo) < ¢ < 1

l//a " Up(s, @, y)|q(y)| dsdy
B /(a: y<a)ﬁD/ %Sm "p(s, 2, y)lq(y)| dsdy

YY)
i /(xy>a)mD /0 ms p(s,z,y)|q(y)| dsdy
= /( Mvan(l’, Y)la(y)| dy

z—y|<a)ND 6( )

t//il)Déi<smmm>MMy
(Je—y|>a)N

<e+tMa
This achieves the proof. O
Next we assume that = 1 and we will give another characterization of the cl&ss,(D).

Corollary 3.7. Letn > 3 andq be a measurable function. Far > 0, put

x) = /D/OOO e_as%p(s,x,yﬂq(yﬂ dsdy, forz e D
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and

SUP/ / y (s,z,y)|a(y)| dyds.
zeD $

Then there exist€’ > 0 such that
—a(a) < |Gagll, < Cala),

where [|Gaqll,, = SUP|GaC]( )|-

In particular, we have
q € Kin(D) <= lim [|Gagll,, =

Proof. Let & > 0. Then using the Fubini theorem, we obtain foe D

Gaila) = [~ ae [/ [ 5ot et dus]
)
(=)

/ [/ / zpsg;y]q()\dyds]dt.
Hence,! a(a) < [|Gaqll,

On the other hand if we denote by the integer part of, then we have

Gugle) < [~ Z/Hl/(gi (5., )laly >|dyds] i

S/Oooet Z// i <s+—:cy> q(y)dyds] dt.

Now, using the Chapmann-Kolmogorov identity and the Fubini theorem we obtain

/oi/ %p (‘HE r y) la(y)|dyds

:/ (// Z (5,2, 9)lq(y )|dyds>% <a,x,z)dz
ga(a)/DW;p(g“)dz

Since the first eigenfunctiop; associated te-A satisfiesp; () ~ é(x) and

/D plt, 2, 2)pr(2)dz = e My (2) < u(a),

then
1Gadll, < Cala).

So, the last assertion follows from Theorgm| 1.3.
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