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Abstract

Let H be a partitioned tridiagonal Hermitian matrix. We characterized the pos-
sible inertias of H by a system of linear inequalities involving the orders of the
blocks, the inertia of the diagonal blocks and the ranks the lower and upper
subdiagonal blocks. From the main result can be derived some propositions on
inertia sets of some symmetric sign pattern matrices.
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Define thanertia of ann xn Hermitian matrixH as the tripldn(H) = (7, v, ),
wherer, v andé = n — 7 — v are respectively the number of positive, negative,
and zero eigenvalues. Wheris given, we can specifin(H), by giving justr
andv, as(m, v, *).

In the last decades the characterization of the inertias of Hermitian matrices
with prescribed x 2 and3 x 3 block decompositions has been extensively
investigated. In the first case, after the paper§ and [?] in 1981, Cain and

The Inertia of Hermitian

Marques de Sa established the following result. Tridiagonal Block Matrices
Theorem 1.1 ([3]). Let us consider nonnegative integers ;, ; such that ST R S
m+v; < n,fori =1,2,and let0 < r < R < min{ny,ny}. Then the
following conditions are equivalent: Title Page
() Fori = 1,2, there exist; x n; Hermitian matricesH; and ann; x n, Contents
matrix X such thatin(H;) = (m;, v;, %), r < rankX < R and <« >
< 4
(1.1) H = { )H<1 g ]
2 Go Back
has inertia(, v, *). Close
() Letk € {1,2}. LetW, be any fixed Hermitian matrix of order, and Quit
inertia (7, g, *). (1) holds withH, = Wyy. Page 3 of 21

(1) LetW be any fixedv; x ny, matrix withr < rankW < R. (I) holds with
. J. Ineq. Pure and Appl. Math. 5(3) Art. 56, 2004
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rk =1,2, let Wy, be any fixe, x n, Hermitian matrix with inertia
(IV) For k 2, let Wy, b fixech Hermiti ix with inerti
(7Tk, Vg, *) (l) holds W|thH1 =W anng = Wha.

(V) The following inequalities hold:

7w > max {my, T, T — V1,7 — Vg, M + T2 — R},

7/ZmaX{Vl,VQ,T_Tfl,T_ﬂ'Q,Vl+V2—R},
7T§Hlin{n1+7T2,7T1+n2,7T1+7T2+R},
v <min{n; + vo,v; + ng, 1 + 5 + R},

The Inertia of Hermitian
Tridiagonal Block Matrices
T—v<m s
S T T, C.M. da Fonseca
v—m <+ Uy,

Title Page
7T+I/27T1+I/1+71'2—|—V2—R,
T+v<min{n; +ng,m + vy +no+ R,ng + 7+ 1o+ R}. Contents
44 44
In this important theorem we can see how much influence thempaif, < >

of complementary submatrices and the off-diagonal bl&ckave on the iner-
tia of H. In particular, if H; = Hy, = 0 in (1.1), then the inertias of{ are Go Back
characterized by the sétk, k,n — 2k) | k = rank X }.

Haynsworth, [ 5], established several links connecting the inertia tripl&of Close
with the inertia triples of certain principal submatricestof In 1992, Cain and Quit
Marques de Sa {]) extended the methods given by Haynsworth and Ostrowski Page 4 of 21
in [16], for estimating and computing the inertia of certain skew-triangular
block matrices. Later this result was improved in]j which can have the 3. Ineq, Pure and Appl. Math. 5(3) Art, 56, 2004
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Theorem 1.2.Let us consider nonnegative integets;, v; such thatr; +v; <
n;, fori = 1,2,3, and let0 < Tii+1 < Ri,i—i—l < min {ni,niﬂ}, fori = 1,2.
Then the following conditions are equivalent:

() Fori = 1,2,3, andj = 1,2, there existn; x n; Hermitian matricesH;
andn; x n;;; matricesXj ;,, such thatin(H,) = (m;,v4, %), jj41 <
rankXMH S Rj,j+1 and

H Xp 0
H - Xikz HQ X23
0 X3 Hs

has inertia(m, v, ).

(I) Letk € {1,2,3}. LetWy be any fixedw, x n; Hermitian matrix with
inertia (g, vg, *). (1) holds with Hy, = W

() Letk € {1,2}. LetWj 41 be any fixedh;, x ngy1 matrix withry, ;g <
rankthH < Rk’,k—i—l- (l) holds WitthJH_l = Wk,k’—i—l-

(IV) For k = 1,2, 3 let W}, be any fixedw, x n, Hermitian matrix with inertia
(7Tk, Vg, *) (l) holds W|thH1 = Wi1, Hy = Wys andH3 = Wis.

(V) Let(i,j, k) = (1,2,3) or (2,3,1). LetWy, be any fixedw x n, Hermitian
matrix with inertia(ry, vk, *) and letWW;; be any fixed; x n; matrix with
Tij < rank VVZ'J' < RU (l) holds W|tth = Wik andXZ'j = VVU

(V1) The following inequalities hold:
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T > max { T2, 12 — V2, 23 — Vo,
Ty + To3 — Vg — Rig, T + 723 — 13, T3 + 112 — 11,
T3 + 1o — Vo — Ro3, M + T — Rig, m1 + 73,
Ty + 5 — Rog, M + To + T3 — Rig — Ra3 }

v > max { Vg, 712 — T, I'ag — Ta,

V1 + To3 — T — Rig, v + To3 — 73,
The Inertia of Hermitian

V3 +T1p — 71, V3 + T12 — o — Ras, Tridiagonal Block Matrices

V1 + vy — Ryg, vy + 13,15 + V3 — Rag,
v+ s+ vy — Rig— Rog }

C.M. da Fonseca

Title Page
7 <min{ ny + m + ng, ™ + 72 + 73 + Riz + Rag, Contents
7T1—|—7T2+7L3+R12,7T1+n2+7T3,n1+7TQ+7T3+R23}, <« b
) | >
v <min{ ny + vy +ng,v1 + vy + v3+ Rig + Ras,
v+ Ve +ng+ Rio, vy +ng +v3,n1 + 10+ 15+ Rog Go Back
Close
T+v 2> max{m + V1 + T + Vo —R12,7TQ+I/2+7T'3+V3 —R23, Quit
T+ v+ T+ Vo + T3+ v3 — Rig — Ras, Page 6 of 21

7T1+I/1+27’23—7T2—V2—R12,
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7+ v <min{ ny + ng + ng, ™ + 141 + ng + n3 + Ry,
ni+ 7o + Vo + N3 + R + Rag,
ny + ng + m3 + v3 + Ros,
T + vy + o + Vo + n3 + 2Rz + Ros,
T+ v+ ne + 73+ vz + Rig + Ras,
Ny + Ty + Vo + T3 + V3 + Rig + 2Ro3 }

m—v <min{ m + 7 + 73,

T+ Mo+ 73 — v + Rig, M + Mo+ 75 — V3 + Ros }
v—m <min{ v + v+ vs,

vi+vy v — A+ Rig, v+ Vo +vs — T3+ Rz |

Recently, Cohen and Dancis |5, 7, €] studied the classification of the ranks
and inertias of Hermitian completion for some partially specified block band
Hermitian matrix, also known as laordered matrix in terms of some linear
inequalities involving inertias and ranks of specified submatrices. Several con-
sequences have been also considered.
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With a routine induction argument, based on the partitions developed in the
proofs of the Theorem 2.1 of/] or Theorem 3.1 of 1], after an analogous
elimination process of redundant inequalities is possible to generalize the The-
orem1.2to any tridiagonal block decomposition. Clearly Theorérs gives
n = 3. (The case: = 2 is given by the Theorerf. 1)

Let us consider the set, = {m;, 7i01 — Vi, 11 —vi | @ = 1,...,p}
and, byrv—duality, v, = {v;, 741 — 7, ri1s —m | @ = 1,...,p}. Denote
by 7I¢ the complementary of and byI,. (or J,.) a subset of(1,...,p} of
non-consecutive elements.

Theorem 2.1. Let us assume that

n>0,m5>0,v,>0, m;+v;,<n;, fori=1,...,p,
and

0<riis1 < Riir1 <min{n;n;1}, fori=1...,p—1.
Then the following conditions are equivalent:

() Fori e {1,...,p},andj € {1,...,p— 1}, there existy; x n; Hermitian
matricesH; andn; x n;; matricesX; ;; such thatin(H,;) = (m;, v;, *),
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(1)

D)

Tji+1 < ranka,jH < Rj,j+1 and

[ H, X i
X}y Hy Xos
(2.1) T, = X35
. Xp-1p
L X; 1,p Hp u

has inertia(r, v, ).

Let 7 be any subset dfl, ..., p} and J be any subset of non-consecutive
elements of1,...,p — 1}, suchthatj,j + 1 ¢ I, foranyj € J. LetWy,

be any fixedh, x n, Hermitian matrix with inertia(ry, v, *), for k € I,
and letlV; ; 1, be any fixech; x n;;; matrix withr; ;11 < rank W, ;44 <
Rj,j—i—ll forj e J. (|) holds Wltth = W ande,jH = Wj,j+1-

The following inequalities hold:

(2.2) 7r>maX{Z7T* ZRZJUC{l ~-ap}},

IxI

(2.3) 1/>max{21/* ZR”|]C{1 ..,p}},

IxI

(24) 7 < min an‘i‘zﬂ'z Z Rz]|IncC{17>p} )

Inc IgCXIEC
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(2.5) v < min Znﬁ—Zui—l— Z Rz’j-[ncc{]-a-"7p}}7

Ine I’r?c IT?CXIT?C
(2.6) T+v
p—1
Z maX{Zn,iH, {Z(ﬂ'—l-y)* —ZRZ] | IC {1,,])}}} s
=1 I IxI
2.7) m+v
S min{Zni+Z(m+w+Rm+1 +R,‘_1’Z’) | I C {1,...,]?}} s
I Ic
28) m—v
p
< min ZWH— Z Rij+2ui—21/,- | e NV Tpe 0
i=1 I,nCCXI,,?C Inc Jnc
9 v—nm
p
< min Zm—i— Z Rij‘i‘Zﬂ'i_Zﬂ'i | Lne N Jpe # 0
i=1 IgCXIgC Inc Jnc

In fact, suppose the result is true foy defined in .1). For7,,; we may

set H 0 ~ 1 0
Hp+1=[ ’(’)“ O] where Hp+1=[ A } .

Vp+1
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This allows us to partitioff},,; as
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[ ) X
X7y Hy Xos
Xo3
Tp+1 = " Xp—l,p

X:,, H, |Y Z

Y* | Hyy 0
i z* 0 0]

whereX,,,; = [ Y Z ]. Consider now the nonsingular matricésand V/
such that
0 I
UZV = [ 0 0 } .
ThenT,,, is conjunctive to
[ H, Xy
Xy Hy Xy
X33
0 Xp—lvp
0 0 0 00

Xpqy 0 H | Xy O

0 X:o0 | Hyni 0
0 0

_ L 0 0 0
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and, therefore, is conjunctive to the direct sum

= ~ 0 I
Tp@HpJ'_l@[ :|7

I, 0
where
[ Hy Xy i
Xi, Hy Xy
T, = X3
L Xp—kvz:l N
L X;—l,p Hp_Xp,pHHerlX;,pH -

We only have to apply now the induction hypothesedjptaking in account
the variation of the rank,,_, , which is estimated in the Claim of]. The set

of inertias of , — Xp-1,H, X, is characterized by the Corollary 2.2 of
[L1].

Remark 2.1. We point out that in the first two inequalities of the Theotaf
the indices of-;;’s in the summation are always disjoint. By conventiBp,, 1,
Ro 1, rpp+1 — Vp, Toq — Vi, Tppt1 — Tp @Ndrg ; — mp are zero. Also, the product
I'x1isdefined asthe s¢fi, j) | : < j € I}. Notice that some of the inequalities
will be redundant. For example, in the case= 2 or 3 the first summation in
(2.6) is redundant. Also, we may take,. in (2.8) and .9) as a maximal set of
non-consecutive elementsin, .. ., p}.
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Corollary 2.2. Let us assume that, > 0,fori =1,...,pand
0<riip1 < Riiyr <min{n;,niq}, i=1,...,p—1.
Then the following conditions are equivalent:

() Forj =1,...,p— 1, there excilstnj X njy1 MatricesX; ;11 such that
Tjj+1 < rankXMH < Rj,j+1 an

© 0 X1 .
X7 0 X
12 2 The Inertia of Hermitian

_ * . . Tridi | Block Matri
T = X23 . . . ridiagonal Block Matrices

. C.M. da Fonseca

: prl,p
S
L prl,p 0 .
has inertia(, v, *). Title Page

() LetJ be any subset of non-consecutive elementsiof..,p — 1}. Let Contents

I/Vj7j+1 be any ﬁxedlj X M1 matrix Witth7j+1 < rank Wj,j—i—l < Rj,j—i—la 44 S
forj c J (I) hOIdS WithXjJJrl - Wj’j+1.

< 4
(1) The following inequalities hold:
Go Back
W:VZmax{Zri,iH|InCC{1,...,p—1}} Close
iEInc Qu't
and
Page 13 of 21
T =V < min Z n; + Z Rij | Ine C {1’ T ’p} ’ J. Ineq. Pure and Appl. Math. 5(3) Art. 56, 2004
1€Ine (1,9)€IS. XIS, http://jipam.vu.edu.au
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We can find a general characterization of the set of inertias of a Hermitian
matrix in [1]. In fact, given am; x n; Hermitian matrixH; with inertia In(H;) =
(mi,v3,0;), fori = 1,--- 'm, Cain characterized in terms of the, v;, §; the
range of IfH ), whereH varies over all
Hermitian matrices which have a block decompositidn= (X;;); j=1,... m in
which X;; isn; x n; andX;; = H;.
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Several authors have been studied properties of matrices based on combinatorial
and qualitative information such as the signs of the entries 9¢fL.(}, 13, 14]).

A matrix whose entries are from the get, —, 0} is called asign pattern matrix

(or simply, apatterrn). For eachn x n patternA, there is a natural class of real
matrices whose entries have the signs indicated fye., thesign pattern class

of a patternA is defined by The Inertia of Hermitian
Tridiagonal Block Matrices
Q(A) = {B ’ SignB = A}. C.M. da Fonseca

We say the patterdl requires unique inertiaand issign nonsingulaif every

real matrix inQ(A) has the same inertia and is nonsingular, respectively. We Title Page
shall be interested on symmetric matrices. Contents
Example 3.1 ([L4]). Let us consider the pattern 44 (44

o0+ + ¢ g

0 + |+ + Go Back

A= '
R Close
+ +|/0 —
Quit

Since the inertia of the diagonal blocks are alw&y), 0) and(0, 2, 0), respec- Page 15 of 21

tively, and the rank of the off-diagonal block varies betweand2, according
to the Theoren..2 (also [3, cf. Theorem 2.1])7y = v = 2 and, therefore A ST
requires a unique inertia and is nonsingular. http://jipam.vu.edu.au
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As an immediate consequence of the Corollar§; we have the following
result:

Proposition 3.1 ([L3]). For then x n symmetric tridiagonal pattern

[0 +
+ 0 +
Ay = + ,
.+
L + 0 ]
(a) if nis even, them, is sign nonsingular andin(A4,) = (2, 2,0),
(b) if nis odd, thend, is sign singular andn(4,) = (%21, 251, 1).
We observe that the result above is still true when the sign of any nonzero
entry is “=". The same observation can be made for the off-diagonals of the

patterns in the propositions below. Notice also that Propostibrs true if the
even diagonal entries are possibly nonzero.
Let |z | denotes the greater integer less or equal to the real number

Proposition 3.2. If
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is ann x n symmetric tridiagonal pattern, theim( A, ) has the form

n n
— <k<|= — — <k<|=|.
(n k,k,()),o_k_bj, or (n—kk 1,1),1_/@_L2J
Proof. From the Theorem.1, if In(A,) = (m,v, %), thenn — 1 <7 +v <n
and0 < v < |2]. O

The diagonal entrieg;; anda;; are said irascending position&hen: < j.
We may state now a generalization which includes some resulis:oi {].

The Inertia of Hermitian

Proposition 3.3. For the symmetric tridiagonal pattern Tridiagonal Block Matrices
[ x4+ T C.M. da Fonseca
+ x &£
A, = + . , Title Page
I Contents
+ %
B N <4< 44
where each diagonal entry {5 + or —, P >
(a) if nis even, then, is sign nonsingular if and only if neither twe nor two
. L . : . . Go Back
— diagonal entries i, are in odd-even ascending positions, respectively.
In this caseln(A,) = (2,2,0), Close
(b) if n is odd, thenA, is sign nonsingular if and only if there is at least Quit
one+ or one — diagonal entry is in an odd position, but net and — Page 17 of 21

in odd positions at same time, and neither thre@or three— diagonal
entries are in odd-even-odd ascending positions, respectively. In this Case ;. ineq pure and Appl. Math. 53) Art. 56, 2004

ID(A*) — (nT—i-l’ nT—l7 0) or ID(A*) — (nT—l7 nT—f—l’ O), http://jipam.vu.edu.au
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(c) if n is odd and neithe# nor — diagonal entries are in odd positions, then
A, requires the unique inertig”>*, “>* 1).

Proof. Remind that ifA is in the sign pattern class ef, andIn(A) = (7, v, ),
then0 < § < 1. Also, according to4.2) and @.9), sinceR; ;11 = 7,41 = 1,
fori =1,...,n— 1, the minima values of andv are obtained in maximal sets
of nonconsecutive elements bf.

Suppose that is even. If there are twa- in odd-even ascending positions,
thenv > m such thatn < n/2 andv > n/2, i.e., A, does not require unique
inertia and is not sign nonsingular. Otherwise, without loss of generality, sup-
pose that the first nonzero main diagonal element in an2dd 1) —position is
a+ (if the main diagonal is zero, the result follows from Propositiof). Then

(Bl m>re—vi 419 — Vo1 + T =1+1,

(3.2) v>rig—mi 4 o190 — Mool + Toir12i42 — Moip2 =1+ 1.

If the element in(2i 4+ 3)—position is a+, — or 0, then we add to the right
side of B.1) moiy3 = 1, 72i432i44 — Vaipa = 1 @Nd7o439i44 — Vaipg = 1,
respectively, and to right side 08.Q) 72;4392i+4 — T2i4a = 1, 1543 = 1 and
Toit32i+4 — T3 = 1, respectively. Following this procedure we get >
n/2,i.e.,In(A,) = (3, 5%,0).

If n is odd, suppose the first diagonal entryHsThen, by £.2),
m2>2m+r3—v3t o+ T 1 — Vn

i.e.,m > (n+1)/2. On the other hand, by (3), v > (n — 1)/2. Therefore
In(A,) = (21, 251,0).
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Suppose now is odd and neithe# nor — diagonal entries are in odd posi-
tions. From the Theorer®.1, making/ = {1,3,5,...,n — 2} in (2.4) and in
(2.5 we getr,v < 1, andl,. = {2,4,...,n— 1} in (2.2 and in @.3) we
getr,v > 2>+, ThenA, requires the unique inertig5=+, 25+, 1). O
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