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ABSTRACT. The object of the present paper is to give applications of the Nunokawa Theorem
[Proc. Japan Acad. Ser. A Math. Sci. 69 (1993), 234-237]. Our results have some interesting
examples as special cases .
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1. INTRODUCTION

Let A be the class of functions of the form
(1.1) ) =2+ an2"
n=2

which are analytic in the open unit disk= {z : |z| < 1}. Itis known that the class

(1.2) B(p) = {f(z) € A:Re{f’(z) {@}#_ } >0, p>0,z¢€ U}

is the class of univalent functions in ([3]).
To derive our main theorem, we need the following lemma due to Nunokawa [2].

Lemma 1.1. Letp(z) be analytic inU, withp(0) = 1 andp(z) # 0 (z € U). If there exists a
point zy, € U, such that

7T
larg p(z)| < 50 for |z| < |20

and -
larg p(20)| = Sa (@ > 0),
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then we have
Zop/(zo)
p(Zo)

wherek > 1 whenargp(z) = o andk < —1 whenarg p(z) = —5a

= ika,

In [1] , Miller and Mocanu proved the following theorem.
Theorem A. Let 5, = 1.21872..., be the solution of

3
Om = 5T~ tan~! 3

and let 5
a=a(f) :5—1-%*0&11’16

for0 < 38 < Gy.
If p(2) is analytic inU, withp(0) = 1, then

p(z) + 27/(2) < (1”)a:p<z> < (1“)5

1—2 1—=2

or
jarg (p(2) + 29/(2))] < G = |argp(2)] < 36

Corresponding to Theorgnj A, we will obtain a result which is useful in obtaining applications
of analytic function theory.

2. MAIN RESULTS
Now we derive:
Theorem 2.1.Letp(z) be analytic inU, withp(0) = 1 andp(z) # 0 (z € U) and suppose that
2
larg (p(2) + Bzp'(2))] < g <Oz + - tan~! ﬁ&) (a>0,08>0),

then we have .
larg p(z)| < 50 for z e U.

Proof. If there exists a point, € U, such that
™
larg p(z)| < 50 for |z| < |20
and -
larg p(zo)| = 5 (a > 0),
then from Lemma 1]1, we have

(i) for the casearg p(z9) = Fa,

Zop,(zo) }
p(20)
m . ™ —1
=5a + arg (1 + ifak) > 50 + tan™" Sa.

arg (p(2) + Bop!(0)) = axg p(z0) {1 g

This contradicts our condition in the theorem.

(ii) for the casearg p(29) = —Za, the application of the same method as in (i) shows that
/ m —
arg (p(z) + Bzop'(20)) < — (504 + tan~* Boz) .

This also contradicts the assumption of the theorem, hence the theorem is proved. [
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Making p(z) = f'(z) for f(z) € Ain Theorenj 2.1, we have
Example 2.1.1f f(z) € A satisfies

larg (f'(2) + Bzf"(2))| < g (a + %tan1 ﬁa)

then we have

jarg f/(2)] < Fa,

wherea >0, 6 > 0andz € U.
Further, taking(z) = 2 for f(z) € Ain Theoren] 2.1, we have

Example 2.2.1f f(z) € A satisfies
/()

arg{(1 — 5)7

+ ()} < g (a + gtan_lﬁa) ,
T

then we have

f(2)

T
arg —| < —a,
z 2

wherea >0, 0 < g <landzeU.
Theorem 2.2.1f f(z) € A satisfies

/() }

z

o flry

Proof. Letp(z) = {@}u , > 0, then we have

arg f'(z) {

then we have

where a > 0, p > 0andz € U.

z

1
b+ 2 = 1'0) |
and the statements of the theorem directly follow from Thegrein 2.1.
Theorem 2.3.Lety > 0,c+ p > 0anda > 0. If f(z) € A satisfies

arg f'(2) {@} : < g (oz+ ;taun_1 ,ujé—C) , (z€U)
thenF'(z) = [1,.(f)](z) defined by
Lot = "2 [ o] (i) £ oin0)
satisfies
arg F'(2) {Fiz) } < ga.
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Proof. Consider the functiop defined by

ple) = () { £ } (=€)

Then we easily see that

P2+ ——p(2) = () {@} ,

u—+c z
and the statements of the theorem directly follow from Thedrein 2.1. O

Theorem 2.4.Let a functionf(z) € A satisfy the following inequalities

.

forsomex (0 <a<1), (0<p<1).Then

g [V

Proof. Let us define the functiop(z) by p(z)

(2.1) <z (—a + ztarfl g) , (z€U)

2 T W

<7T
—a.
2

I
/N
~
NS
h—

)u, (0 < u < 1). Thenp(z) satisfies

I } - ()

If there exists a point, € U, such that

m
larg p(z)| < 50 for |z| < |20

and
™
|arg p(20)| = 504,
then from Lemma 1]1, we have:
(i) for the casenrg p(20) = Sa,

ore f'(z0) {féo)}w ~ere iy (0000
= —ga +arg (1 + %)

1

s
> —504 + tan—

t'IQ

This contradicts our condition in the theorem.
(ii) for the casearg p(z) = — 5, the application of the same method as in (i) shows that

z ol m (6%

This also contradicts the assumption of the theorem, hence the theorem is proved. [
Theorem 2.5. Let f(z) € A satisfy the conditior] (2]1) and let

(2.2) F(z) = {Czc__ff /0 {%}Mdt]_i,
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wherec — 1 > 0. Then

Proof. If we put

then from [2.2) we have
2)+ ——2p'(2) = fl(2) — .
p)+ ) = Fa 5 |
The statements of the theorem then directly follow from Thedrefm 2.1. O
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