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Abstract

The object of the present paper is to give applications of the Nunokawa Theo-
rem [Proc. Japan Acad. Ser. A Math. Sci. 69 (1993), 234-237]. Our results
have some interesting examples as special cases .
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Let A be the class of functions of the form

(1.1) f(z)=z+ Z anz"

which are analytic in the open unit digk= {z : |z| < 1}. Itis known that the

class

(1.2) B(p) = {f(z)EA:Re{f’(z){%z)}u_ } >0, u>0,z€U}

is the class of univalent functions in ([ 3]).

To derive our main theorem, we need the following lemma due to Nunokawa

[].

Lemma 1.1. Letp(z) be analytic inU, withp(0) = 1 andp(z) # 0 (z € U). If

there exists a point, € U, such that
larg p(2)| < ga for |2] < |z

and

T
larg p(zo)| = 50 (> 0),

then we have .
Zop (2’0>

p(20)

= ika,

wherek > 1 whenargp(z) = o andk < —1 whenarg p(z) =
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In [1] , Miller and Mocanu proved the following theorem.

Theorem A. Let 5, = 1.21872..., be the solution of

Or = ;W —tan" '3
and let 5
a=a(f) =6+ ="tan '3
T

for0 < G < .
If p(2) is analytic inU, withp(0) = 1, then

Ma+¢ﬂ“)<(1+Z>aip@><(l+z)ﬁ

1—=z2 1—=2

or
™

2

Corresponding to Theorer, we will obtain a result which is useful in
obtaining applications of analytic function theory.

jaxg (p(2) + 2/ (2))] < G = largp(=)| < 35
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Now we derive:

Theorem 2.1. Letp(z) be analytic inU, withp(0) = 1 andp(z) # 0 (z € U)

and suppose that

™

5 (a—l—%tanlﬁa) (> 0,0>0),

larg (p(2) + Bzp'(2))| <

then we have -
larg p(2)| < 50 for z e U.

Proof. If there exists a point, € U, such that
™
larg p(2)| < 50 for |z| < |zl

and

T
larg p(z)| = 5@ (a>0),

then from Lemmal.1, we have
(i) for the casenrg p(20) = Sa,

e

= ga + arg (1 + iBak) > goz +tan"! Ba.

This contradicts our condition in the theorem.

arg (p(z) + Bzop'(20)) = arg p(zo) {1 +
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(ii) for the casearg p(z)) = —7a, the application of the same method as in (i)

shows that

arg (p(z) + Bzop (20)) < — <goz + tan ™! ﬁa) :

This also contradicts the assumption of the theorem, hence the theorem is proved.

Making p(z) = f'(z) for f(z) € Ain Theorem2.1, we have

Example 2.1.1f f(z) € A satisfies

arg () + 8] < § (o 2 van

then we have

larg f'(2)] < ~a,

where o > 0, § > 0andz € U.

2

Further, taking(z) = @ for f(z) € Ain Theorem2.1, we have

Example 2.2.1f f(z) € A satisfies
f(2)

arg{(1 — ﬁ)T + Bf'(2)}

then we have

arg

f(2)

wherea >0, 0 < g <landz e U.

<

ro |

2
(a + Ztan™! ﬁa) ,
T

o]
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Theorem 2.2.1f f(z) € A satisfies

pn—1
2
arg f'(z2) {f(z) } < (a + Ztan~! g) ,
z 2 T W
then we have p
arg {f(z)} < Za,
z 2
where o > 0, >0 andz € U. Applications of Nunokawa'’s
Theorem
Proof. Letp(z) = {@}M , p >0, then we have A.Y. Lashin
1 p—1 .
p(z) + —2p'(2) = f'(2) {f(;) } Title Page
H Contents
and the statements of the theorem directly follow from Theo?ein O <« >
Theorem 2.3.Lety > 0,¢c+ p > 0anda > 0. If f(z) € A satisfies < >
- Go Back
S ' T 2 -1 @
/
argf(z){T <3 oz—l—;tan i) (ze€U) —
henF 1 defined b Qut
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(2) = el DI(2) y page 7of 11
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satisfies

< —a.

e { POV

Proof. Consider the functiop defined by

mazﬁwﬂF@}”lueU»

z

ro| 3
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Proof. Let us define the functiop(z) by p(z) = <@>M, (0 < p < 1).Then

p(z) satisfies
o) - (1)

If there exists a point, € U, such that

m
larg p(2)| < 50 for |z| < |z0]

and
T
|argp(zo)| = 504,

then from Lemmadl.1, we have:
(i) for the casenrg p(20) = 5a,

= T targ <1 + %)

2
T e
> ——a+tan —.
2 7
This contradicts our condition in the theorem.
(ii) for the casearg p(z9) = — 5, the application of the same method as in (i)
shows that

2 M m oY
arg f'(20) {m} < - <—§o¢ + tan~* ;) :
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This also contradicts the assumption of the theorem, hence the theorem is proved.

Theorem 2.5.Let f(z) € A satisfy the conditionZ.1) and let

(2.2) F(z) = {Czc_—f/:{ﬁ}udt}_i,

wherec — i > 0. Then

o}

Proof. If we put

then from @.2) we have

Lot - rof5 } .

p(2) +

The statements of the theorem then directly follow from Theazen

]

]
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