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Abstract

In this paper we extend the Hermite-Hadamard inequality

N , o
; <p)q> < 1 / fa)de < ,f(p)jf(q,)
p

2 q—p. 2

for convex-concave symmetric functions. As consequences some new inequal-
ities for Gini and Stolarsky means are also derived.
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The so-called Hermite-Hadamard inequality is one of the most investigated
classical inequalities concerning convex functions. It reads as follows:

Theorem 1.1.LetJ C R be an interval andf : J — R be a convex function.
Then, for all subinterval§, q] C J,

(1.1) f(p+q> /f i < L0+ 1(0) )+f()
q—p
while in the case whelfiis concave all the mequalltles are reversed, i.e.,
(1.2) f(p+q> /f Vi > L2+ 10 f(p) + f()
q—p
holds.

An account on the history of this inequality can be foundSh [Surveys
on various generalizations and developments can be foundjipd [/]. The

description of best possible inequalities of Hadamard-Hermite type are due to

Fink [5]. A generalization to higher-order convex functions can be found]in [

while [2] offers a generalization for functions that are Beckenbach-convex with

respect to a two dimensional linear space of continuous functions.
In this form (L.1) and (L.2) are valid only for functions that are purely convex
or concave on their whole domain. In Secti®me will see that under appro-

priate conditions the same inequalities can be stated for a much larger family
of functions. It will turn out that the results, obtained for this situation, can
be applied for the Gini and Stolarsky means. In this way, we will obtain new

inequalities for these classes of two variable homogeneous means.
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LetJ C R be an arbitrary real interval and € J. A functionf : J — R is
calledsymmetric with respect to point if the equation

(2.1) fm—1t)+ f(m+t) =2f(m)

holds for allt € (J—m)n(m—7J). Observe that whem is one of the endpoints
of the intervall, then(J — m) N (m — J) is either empty or the singletojm },
therefore £.1) does not mean any restriction gn

Concerning symmetric functions, we have the following obvious statement.

Lemma 2.1. Let f : 3 — R be symmetric with respect to an elementc J.
Then

/ " w)dr = 20f(m)

m—«x

for any positivex in (J —m) N (m —J).

Proof. By splitting the integral at the point. and applying substitutions =
m — t andxz = m + t, respectively, we get that

/mwf(x)d:”:Ao—f<m—t)dt+/oaf(m+t)dt

_ /Oa(f(m—t) + f(m+ 1)) dt.

Due to the symmetry of, the integrand equaldf(m), which completes the
proof. ]
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Theorem 2.2.Let f : J — R be symmetric with respect to an element 7,
furthermore, suppose thdtis convex over the intervain(—oo, m] and concave
overJ N [m, o0). Then, for any intervalp, ¢| C J

p+q) > 1 a > flp)+ f(q)
(2:2) f( 2 )<s>q—p/p A

holds if 222 = m.
(In (2.2) the reversed inequalities are valid ffis concave over the interval

I N (—oo0, m] and convex ovet N [m, oo)).

Proof. Suppose first tha@% > m. The casey, ¢ > m has no interest, since
then Theorenm..1could be applied. Therefore, we may assumejthatm < q.
First we show the left hand side inequality ih%)

((232) 2 f o

For this purpose, we split the integral into two parts:

/qu(x)dx:/:mpf(x)dx—i—/;_p

Applying Lemma2.1with o = m—p, the firstintegral is equal &(m—p) f (m).
Moreover, due to the assumptionsc m < ¢ andf% > m, we have thatn <
2m — p < q. Therefore the functiotf is concave over the intervélm — p, ¢,

f(z)dx.
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thus, by Theoreni..1, the value of the second integral is less than or equal to

(¢ — 2m + p) f(£22=2). That is, we have shown that

/qu(m)dx <2(m—p)f(m)+ (¢ —2m+p)f (%) |

Using the concavity of over the intervalm, %], we obtain

m—Dp qg—2m+p qg+2m —p
2™ P ) 4 f( )
q—0p q—0p 2
— -9 2Mmn —
Sf(gu.mq m+p g+2m P):f(m),
q—p q—p 2 2

This inequality combined with previous one, immediately yiell€)(and thus
proof of the first part is complete.

Now we prove the right hand side inequality ih%). Using the symmetry
of f and the concavity over the intervi@mn — p, q|, Lemma2.1and Theorem
1.1lyield

/p " () dr = /p " e+ /2 ;p F(x)dz

> 2(m — p) f(m) + (g — 2m + p)LE =P+ /(@)

2

To complete the proof ofX(2), it is enough to show that

)f(2m—p) +fla) o (q_p)f(p) +fla)

(2.3) (2m—2p) f(m)+(g—2m+p 2 - 2
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For, we use, again, the concavity pbver the intervalm, ¢|. Thus,
qg—2m+p m—p
@.4) fam—p) = 1 (T g P2 )
q—m q—m
qg—2m+p m—p
> ———f(m)+ ——f(q).
q—m q—m

Substitutingf (p) by 2f(m) — f(2m—p) in (2.3), one can easily check th&i.{)
and @.3) are equivalent inequalities. Consequently3( follows from (2.4).
An analogous argument leads also to the result in the%ﬁsg m. Finally,
if fis concave over the intervain (—oo, m| and convex ovef N [m, oo) then,
applying what we have already proven forf, the statement follows. H

Remark 2.1. Theoreml.1can be considered as a special case of Thediein
For, one has to take: to be one of the endpoints &f
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Given two real parametetsb, if x, y are positive numbers, then their Gini mean
G, (cf. [6]) is defined by:

1
ma+ya a—b .
(z2) if a0,
Ga,b(xa y) =
z%log z+y* log y R _
exp (W) if a = b,

while their Stolarsky meas, ; (cf. [14], [15]) is the following:

( 1
(M) if (a—b)ab #0, = #y,

exp (—L + Zlmetlons) it g —p £ 0, 2 4y,

xa_ya

ifa#0,b=0, x#y,
Ty ifa=0=0,

x, if v =y.

Sap(z,y) = < " ))i

a(logz—logy

\

These definitions create a continuous, moreover, infinitely many times differen-

tiable function
(a,b,x,y) = a,b(xay)

on the domairR? x R?, where M, ,(z,y) can stand for eithe€,,(x,y) or
Sa,b(‘ra y)
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Nevertheless the cases in the definitions seem quite different, we will see that
they all can be derived from the case of equal parameters, which — in a sense —

plays a central role in our treatment. The following lemma is true:

Lemma 3.1. Let the positive numbers and y be fixed. Then for any real

numbersz, b (a # b) the following formula holds:

1 a
(3.1) log My p(x,y) = b/ log M 4(z, y)dt.

a—0Jy

Proof. For Gini means, we have

1 @ 1 “2'lnz +y'lny
InG dt = dt
a—b/b nGrale,y) a—b/b xt 4yt

1 a
:a_b[ln(xt—i—yt)]b
1 lxa+ya
_a—bnxb+yb

=In Ga,b(xa y)

In the Stolarsky case we will assume that- y anda > b. If 0 < b < a or
b < a < 0then

1 ¢ 1 * /1 allogx —y'logy
In S dt = —— dt
a—b/b 1 Sia(:y) a—b/b ( s xt — gyt

(),
= In
a—2b t b
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If 0 =0 < aorb < a = 0then we can apply the continuity of the integral as

the function of its limits. For example,

1 [e _ 1 a 1 alogz —y'logy
5/0 1n5t,t($7y)dt—bl_1gl+ (a—b/b (_Z+ at — yt dt

1 ) .T}t _ yt a
= — lim |log
a b—0+ t b

1 | ¢ — ya ’ | $b o yb
=—1(lo — lim lo
a & a b—0+ & b

1 a __ .0
= - (log G log(log x — log y))
a a
- IOg Sa,O (l’, y)
Finally, inthe casé < 0 < a

1 a 1 0 a
/ In Sy 4(x,y)dt = / log Sy4(x,y)dt + / In Sy (z,y)dt
a — b b ’ a — b b ’ 0 ’

1 /1 oy
= <a— (log Ty log(log x — log y))
a—b\ «a a

1 b__ b
_b6 (logx by —log(logx—logy)>)

= lOg Sa7b($7 y)

]

In the sequel, the following results will prove to be useful.

An extension of the
Hermite-Hadamard Inequality
and an Application for Gini and
Stolarsky Means

Péter Czinder and Zsolt Pales

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 10 of 17

J. Ineq. Pure and Appl. Math. 5(2) Art. 42, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:pczinder@berze-nagy.sulinet.hu
mailto:pales@math.klte.hu
mailto:pczinder@berze-nagy.sulinet.hu
http://jipam.vu.edu.au/

Lemma 3.2. For any positiver # 1,

N3
(3.2) W; D (Togxl> .

Proof. By Karamata’s classical inequality (se& p. 272]), we have that

r+aP -1

(3.3) = < .
/3
1+ 1Og & An extension of the
. . Hermite-Hadamard Inequality
ThUS, it suffices to show that and an Application for Gini and
5 Stolarsky Means
1/3
(3_4) JZ(ZE + 1) < T+ / ) Péter Czinder and Zsolt Pales
2 1+ x1/3
Dividing both sides by, then multiplying them by2(1 + z'/3)3, finally, col- Title Page
lecting the terms on the right side, one can easily check ghétljecomes Contents
0 < (23 + 213 + 1)(a"/3 — 1), « >
_ . " < >
which is obviously true for all positive # 1. O
. . . . | Go Back
The inequality stated in the above lemma can be translated to an inequality
concerning the geometric, arithmetic and logarithmic means. Cllose
Quit

Corollary 3.3. Forall z,y > 0,

(3.5) Soo(,y) - S2a(z,y) < S o(2,y).

Page 11 of 17

J. Ineq. Pure and Appl. Math. 5(2) Art. 42, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:pczinder@berze-nagy.sulinet.hu
mailto:pales@math.klte.hu
mailto:pczinder@berze-nagy.sulinet.hu
http://jipam.vu.edu.au/

Proof. If z = y, then @.5) is obvious. Ifx # 1 andy = 1, then @.5) is literally
the same as3(2), hence 8.5) holds in this case, too. Now replaciagoy z/y
in (3.2), and using the homogeneity of the Stolarsky means, we get3tig
valid for all positivez # . O]

Remark 3.1. Arguing in the same way as in the proof of Coroll&ryl, one can
deduce that the inequalitie8.() and (3.4) are equivalent to

Sg,o(x7y) -G (l’,y) < Sf,0($7y>

=

2
3’ An extension of the
Hermite-Hadamard Inequality

and and an Application for Gini and
5«271(% y) — GOJ(% y) S G (% y) Stolarsky Means

respectively. The latter inequality can also be derived from the comparison  Peter Czinderand zsolt Pales
theorem of two variable Gini means (ci.4], [ 1], [ 2]).

1
'3

Wl

o : . Title P
Our aim is to apply the results in Theoreén® for Gini and Stolarsky means. e Page
For this purpose we will show that, for fixed positivey, the function Contents
(3.6) oy : R =R, log My (z,y) « ad
< 4
satisfies the assumptions of Theorgr
Go Back
Lemma 3.4. Let z,y be arbitrary positive numbers. Then the functiop, al
. . . . ’ ose
defined in 8.6) has the following properties:
Quit
(I) Nz,y(ﬂ + :uac,y(_t) = 2:“90,3/(0) (t E R)J Page 12 Of 17

(i) 1., is convex oveR_ and concave oveR,.
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Proof. (i) For Gini means:

2tlogz +y'logy x 'logx +y tlogy

Py () + iy (=) =

xt + yt x—t + y—t
_ aflogz +y'logy  y'logz + xflogy
B xt+yt yt+ at
_ a'log(zy) + y'log(zy)
N xt +yt

= log(zy) = 241,(0),
while for Stolarsky means — assuming that 0 —

1 allogz —yllogy 1 atloge —ytlogy

fay(t) + pey (=) = Ty + 2t — gt + + + ot — gyt
2tlogxr —ytlogy yllogx — xtlogy
- ot — ot yt — at
_ z'log(zy) — y"log(xy)
- zt — ot

= log(zy) = 2414.,4(0).

(i) If x =y, thenp, ,(t) = « for all t € R, hencey, , iS convex-concave
everywhere. Therefore, we may assume thét y.

In the case of Gini means,

(1) = 2y o’ —log y) @ —y")
T,y (xt + yt)3
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Since the sign of! — 4! is the same as that &g 2* — log /¢, therefore,
t*u ,(t) > 0forallt € R. Thus,u, , is convex oveiR _ and concave over
R..

In the setting of Stolarsky means, we have that

v'y'(log a* —logy')*(z' +y)

g, (t) =2+

((ﬂt _ yt)S
Sgo(a’,y")Saq (2", y")
=-2(1- 3 PR : An extension of the
1,0( Y ) Hermite-Hadamard Inequality
and an Application for Gini and
In view of Corollary3.1, it follows thatt*y/ (t) > 0 forall ¢ € R. There- Stolarsky Means
fore, 1., is convex ovelR_ and concave oveR, in this case, too. Péter Czinder and Zsolt Péles
N
As a consequence of Lemnad and Theoren?.2, we can provide a lower Tide Page
and an upper estimate faf,, ;, in terms of the means/ ath and\/M,, - My. Contents
Theorem 3.5. Leta, b be real numbers so that+ b =, 0. Then 4« dd
< | 2
> >
Gegp og2(5:9), 2 Gaal9) )\ Gaale9)Gu(.0) Go Back
Close
and - S
= =z Quit
S‘%FK%H’ (*1'7 y) (S) Sa,b(xa y) (§> \/Sa,a<x7 y)Sb,b(xa y)

Page 14 of 17
hold for any positive numbers y.
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Proof. Let z,y be fixed positive numbers. By Lemnia4, the functiony,,
iIs symmetric with respect to: = 0 and is convex (concave) dR_ (onR,).
Therefore, Theorerfi.2can be applied t¢ := 1, ,. Then, by £.2),

a+b\ > 1 [° > fy (@) + fay (D)
“( 2 )(sm—b/b P R

if “T*" E 0. Thus, by the definition of:,, and in view of Lemma3.1, the

following inequality holds:

An extension of the
Hermite-Hadamard Inequality
> > log M, a($, y) + log M, b(% y) and an Application for Gini and
log Mass ays(x,y) ,—, log Myp(z,y) ~— : : Stolarsky Means
203 (<) ’ (<)

2

Péter Czinder and Zsolt Pales

if a+ bé)o. Applying the exponential function to this inequality, we get that

Title Page
> >
M%H’,“T*b (137 y) (S) Ma,b(x7 y) (S) \/Ma,a(x7 y)Mb,b(wa y) Contents
. S . » . . <« 33
if a+ b(;)o. Hence the stated inequalities follow in the Gini and Stolarsky
means setting, respectively. O < >
Go Back
Close
Quit
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