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Abstract

We give an explicit Mertens type formula for primes in arithmetic progressions
using mean values of Dirichlet L-functions at s = 1.
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The very useful Mertens’ formula states that

()i o (o)

p<z

for any real number: > 2, wherevy ~ 0.577215664 ... denotes the Euler
constant. Some explicit inequalities have been giverijmhere it is showed
for example that

(1.1) g (1 - %) : < €6 (x)logx,
where
1

Let 1 < [ < k be positive integers satisfying:, /) = 1. The aim of this
paper is to provide an explicit upper bound for the product

1 —1
(1.3) 11 (1 — —) .
p<z p
p=l (mod k)
In [2, 5], the authors gave asymptotic formulas for3) in the form

1 (1 N %) ~ ¢ (k,1) (logz)~/?®™ |

p<z
p=l (mod k)
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wherey is the Euler totient function and(k, ) is a constant depending @n

and k. Nevertheless, because of the non-effectivity of the Siegel-Walfisz the-
orem, one cannot compute the implied constant in the error term. Moreover,
the constant (k, ) is given only for some particular cases iij,[whereas K.S.
Williams established a quite complicated expression(éf /) involving a prod-

uct of Dirichlet L—functionsL (s; x) and a functionk (s; y) ats = 1, where

K (s;x) is the generating Dirichlet series of the completely multiplicative func-
tion £, defined by

e (-2)0-) )

for any prime numbep and any Dirichlet charactey modulo k. The author
then gave explicit expressions ofk, 1) in the casé: = 24.

It could be useful to have an explicit upper bound foB) valid for a large
range oft andz. Indeed, we shall see in a forthcoming paper that such a bound
could be used to estimate class numbers of certain cyclic number fields. We
prove the following result:

Theorem 1.1.Let1 < [ < k be positive integers satisfying:,/) = 1 and
k > 37, andz be a positive real number such that- k. We have:

1 ()

p<z
p=l (mod k)
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plk p
where
2 2V'k log k L’
® (x,k) :=exp — 1;X‘+2\/Elogk;+E—7 ,

An Explicit Mertens’ Type
B ~0.261497212847643 ... and E ~ 1.332582275733221 . .. Inequality for Arithmetic

Progressions
The restrictionk > 37 is given here just to use a simpler expression of the

Polya-Vinogradov inequality, but one can prove a similar result ith9 only,
the constants i@ (x, k) being slightly larger.
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p denotes always a primé,< | < k are positive integers satisfyirg, ) = 1
andk > 37, x > k is a real number,

"1
v = lim ( - —logn) ~ 0.5772156649015328 . . .

n—oo k
k=1

is the Euler constant and

" logk (logn)’
v = lim (Z ogk _ (logn) ) ~ —0.07281584548367 . . .

n—00 k 2
k=1

IS the first Stieltjes constant. Similarly,

1
E = lim <logn— PPt > ~ 1.332582275733221 . ..

n—oo
p<n p

and

n—oo

B:= lim <Z . 1oglogn> ~ 0.261497212847643 . . .
p<n

x denotes a Dirichlet character modui@ndy is the principal character mod-
ulo k. For any Dirichlet charactey modulok and anys € C such thaRe s > 1,
L(s;x) == >0,y Xﬁfj) is the Dirichlet L— function associated t@. >_ .
means that the sum is taken over all non-principal characters maédulas
the Von Mangoldt function and « g denotes the usual Dirichlet convolution
product.
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From [4] we get the following estimates:

Lemma 3.1.

Soerd o
p a:?p

=F—-~ and Zzaipazfy—B.

p a=2
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Lemma 4.1. Let x be any non-principal Dirichlet character moduko> 37.
(i) For any real number > 1,

> x(n)

n<x

9
< 1—0\/E10g k.

(i) LetF e C'([1;+00[, [0; +o0]) such thatF' (¢) \, 0. For any real num-
t—o00
berz > 1,

Zx(n)F n)

n>x

< 2F (1) VElog k.

(i) For any real number: > k,

ZX {zflogk(’— (1; X)‘+1>+E 7}

p>x

log x

Proof.

(i) The result follows from Qiu’s improvement of the Polya-Vinogradov in-
equality (seed, p. 392]).

(i) Abel summation and ().
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(i) Letx # xo be a Dirichlet character modulo> 37 andz > £ be any real
number.

1, ifn=1
andl (n) =1,

(a) Sincey (u* 1) = e wheree (n) = :
0, otherwise

we get:

pu(d X (m
; m<zx/d

and hence, since # xo,

o oD 5

d<z d<z m>x/d

and thus, using (ii),

ZM

d<z

\/_logk+ 1
- L (L)

2k log k

(41) TSI

(b) Sincelog = A x 1, we get:

ZX ZM Z X logm

n<z d<z m<z/d

S PRV DL

d<z/e z/e<d<z) m<z/d
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X (m logm L X(2)log2 1 (d) x (d)
Z DD

_Z“

d<z/e m<:p/d x/e<d<x
I I I
d<z/e d<z/e m>z/d

X (2)log2 p(d) x (d)

L I Dl
x/e<d<z

and, by using (ii),(4.1) and the trivial bound for the third sum, we
get:

(4.2)

Zx(n)/\(n)

n<x

L/
< \/Elogk:{Q‘f(l;X)‘

L’ 18 log2 e
< —(1: . .
_\/Elogk{2 L(l,x)'+5e+ 5 <1+37>}
<2\/Elogk:{'%(1;x)‘+1}

sincer > ¢q > 37.
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(c) By Abel summation, we get:

ZX

p>x
Moreover,
Z X (p Ing
p<t
and then:
Z X (p Ing
p<t

ZX

n<t

n<t

|5 xmae)

n<t

L/
< Zﬁlogk{’f(l;x)‘ +1}—|—E—fy

log T t>u

< Z X (n>nA (n)

ZX logp

max

Y — X (p*)logp

- P

P (0%
p<t

—l—Zlong}%
p a=2

+E—7

by (4.2) . This concludes the proof of Lemmdal.
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Lemma5.1.

(i) For any positive integers, k,

jk . w(k)
I (k) . logp co (j, k) 2+
Yo — =2 Nog (k) 4y + Y BP0 T
2 0Tk g (Jk) +~ 2 jk
(n,k)=1

wherew (k) := 3, 1and|co (j, k)| < 1.
(i) For any positive integek > 9,

ko)’ 1 2 1
(W) ¢ (2) H (1 - ]5) +271+7+%— log k + Z Ofli <0.

p

plk plk

(i) For any positive integek > 9,

[Tz <ve@]] (1 -~ %)2 .

X#X0 plk

=
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wherele (d)| < 1 and hence:

ik
1 , w(d u(d)logd 1
> = {log (jk) +7}Z% Z%Jr,—kza(d)u(d)
(=t dlk dlk T
and we conclude by noting that
pld) o (k)
Z k An Explicit Mertens’ Type
d|k Inequality for Arithmetic
Progressions
Zu )logd _ w(k‘)z log p -
- L 1 Olivier Bordelles
i o P
and Title Page
ZE (d) p (d)] < 2“2 (d) = guw(k) Contents
dlk dlk 44 44
(i) Define < >
) Go Back
k 1
A (k) = (—) cT] (1 - —2> Close
(k) i p
g ) Quit
2 log p Page 13 of 24
+2’)/1+’7+§— logk'—l-zk: .
p
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Using [1] we check the inequality fop < k£ < 513 and then
k > 514. Since
[T

plk

_r
p—17

ko
v (k)

we have taking logarithms

plk

and from the inequality {I])

2.50637
log log k

v (k)

valid for any intege > 3, we obtain

< e’loglogk +

2.50637 \ 2
log log k

w2 k?
2 —— (1
+’yl+’y—|—3 (Og(k—l

A(k) <((2) (67 loglog k +

))2<0

if &> 514.

(iii) First,

ST ILXE = Jim S(V)

XFX0

suppose
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where

2
Nk _ Nk
X (n) X (m) 1
S(N):= XWX -
(V)= D S >
m,n=1 n=1
(n,k)=1
Following a standard argument, we have using (i):
S(N)
2
Nk 1 Nk 1 An Explicit Mertens’ Type
Inequality for Arithmetic
= k - — P :
90( ) m;1 mn ; n rogressions
m=n (mod k) (n,k)=1 Olivier Bordelles
(n,k)=(m,k)=1
2
Nk Nk Nk
1 1 1 Title Page
=) D el D o= Do
o1 T ey U mra L Contents
(n,k)=1 m=n (mod k) (n,k)=1

(n,k)=(m,k)=1

«“« NS
Sso(k)C@)H(l—i) y >

2
plk p
2 Go Back
N (N—jk 1 Nk 1 al
ose
200 3 e | 2
=, R ut
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2
plk p
2
L 20 (h) ZN: T R R G| %’i 1
k <3 — n n — n
j:l n=1 n=1+jk n=1
(n,k)=1 (n,k)=1 (n,k)=1
2
N ik Nk
1 20 (k 1 1 1
< ¥ (k) C (2) H <1 - —2> + %) Z - Z - = Z - An Epri_cit Mertens’ Type
|k p j=1 J n=1 n n=1 n Inequality for A_rlthmet|c
P (n,k)=1 (n,k)=1 Progressions
= (k) ¢ (2) (1 — l) Olivier Bordellés
p?
plk
N Title Page
20 (k) x~ 1 [ (k) . logp | | co(j, k)2
+ L ;; L 10g(9’f)+7+2|;p_1 ik Contents
= P
9 44 44
v (k) logp |, co (N, k) 29" < >
— | —=«1 N —_— .
A log (NR) +9+) == b+ =
plk Go Back
We now neglect the dependancergin k. Since Close
Quit
ilzlo My 20D Page 16 of 24
Z<m g Y M g
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and

co (M) log M
Hﬁ%’

S<N>§w<k><<2>g(1—]§)
N (#)2 {(logN)2 a4 2 (N]\)flogN

1 N
+2 [ logk+7+ Y 2 (logN+7+M)
plkp—l N

2

1
— log(Nk)—i—’y—i—Z o8p

1
plk p

220+ (k) [ co ()

e &
]_

co (N) log p 22 (N)

— log (Nk _Z o)
N | o8l >+7+Zp—1 N2k

plk
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2

+ o k) 2 2+ — logk+zlogp
2 Ty \kp_l
p

2¢1 (N logp 2¢9 (N)log N
1 E
I Gt ~p—1 TN
P

p—1 N2k?

and then

lm S (N) < o (1) C@] (1—i)

N—oo pQ
plk

2

2

¢ (k) 3 log p

—i—( ’ ) 271+ logk—i—g P
plk

2w(k)g0(/{7)71'2

* 3k?

B 22w(k)c(2) (N)
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and the inequalitp“*) < ¢ (k) (valid for any integerk > 3 and# 6)
implies

NliE;OS(N)SsO(k)C(Q)HQ—]%)

() { (i) ot (-3)

2
2

s log p
2 — — | logk
+71+7+3 og +E|kp_1
p

<t -1 (1- )

2
p
plk

if & > 9 by (ii). Hence

S S leuf eI (1- ).

X#X0 plk
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Now the IAG inequality implies:

1 1 2
T I (15 x0)5® Iexp{m > log|L(1;x)] }

X#X0 X#X0
p(k)—1 1 2

<exp { log > IL (LX)

2o\ P -1 2

p(k)—1
1 2ek) An Explicit Mertens’ Type

< [ <¢(2) S — Inequality for Arithmetic
- n p? Progressions

p

Olivier Bordellés

D=

VAN

N

S
7 N

—_

|
’Ewl —_
N———
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Lemma 6.1. If x, is the principal character modulb and ifz > k, then:

1 —xo0(p) o
H(l_g) <M.logl"

p<w

whered is the function defined ifil.2).
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I(i-2)-T(-2)-22 otvier ordees

Proof. Sincex > k,

i i
Title Page
and then g
Contents
1 _XO(p) 1 -1
H<1——) :H(1——) <« 33
p<x p p<z p
= otk 4 | J
-1
:H<1_1> H<1_1) Go Back
p<z p If‘kﬂf p Close
_ (k) (1 1)1 Qi
koo p Page 21 of 24
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Proof of the theoremLet 1 < [ < k be positive integers satisfying, () = 1
andk > 37, andx be a positive real number such that- k. We have:

11 (1 _ ]1)) —o(k) T (1 - %) —xo(p) N (H (1 B %) x(p)>x(l)

p<z <z <z
p=l (mod k) p= X#X0 \PS

= Hl XH2

Y
with TT; < w

HZ:@XP{ZW (—Zx<p>1°g (1_;>)}

X#X0 p<z

-log x by Lemma6.1. Moreover,

L(1;x) ZH(l—%yl
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and thus

M= [ (0™

XFX0
X exp{; X (1) <—Z%+§z§ﬁjﬁ) —ZZ:QXCSQ):))}
and hence
I < T 1250l exp{z ZX Z }
Y0 XF#Xo | p>T Poes 2
~1)(y—B) H |L(1;X)|-exp{z (ZX >}
X#X0 X7Zxo \lp>o

and we use Lemma.1 (iii) and Lemmab.1 (iii). We conclude the proof by
noting that, ifz > 37, Q(W B) <1. [
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