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ABSTRACT. We give exact estimations of certain weightetinorms of thek-th derivative of
polynomials which have a curved majorant. They are all obtained as applications of special
quadrature formulae.
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1. INTRODUCTION

The following problem was raised by P.Turan:

Lety (z) > 0for —1 < 2 < 1 and consider the clasB, ., of all polynomials of degree
such that [p, ()| < ¢ () for =1 < x < 1. How large canmax;|_; pﬁf)(x)‘ be if p, is an
arbitrary polynomial inP, ,, ?

The aim of this paper is to consider the solution in the weighitédnorm for the majorant

— atfi20a® o < 3.

¢ (x) = 2
Let us denote by

20 —1
(22—>7T,z' =1,2,...,n, the zeros of}, (x) = cosnb, x = cos b,
n

the Chebyshev polynomial of the first kind,

(1.2) x; = COS

(1.2) yi(k) the zeros oUé’i)l (), Up-1(x)= %, x = cos 0,
S111

the Chebyshev polynomial of the second kind and

(13) anl (33) = ﬁUnfl (l’) - OéUn73 (l’) ) 0 S « S ﬁ
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2 I0AN POPA

Let H, s be the class of all real polynomials_, of degree< n — 1 such that
a+ [ —2ax?

(14) |pn—1<xl)| S ’ L= 1727"‘7n)
V1—a?

where thez;’s are given by[(1]1) and < o < 5.
2. RESULTS

Theorem 2.1.1f p,,_; € H, 3 thenwe have

7, (2)]" da

- 21 (n —1)
- 15

1
(2.1) / 1 ﬂlj
[(a =B’ n(n+1)(n—2)(n-3)

+5(n—1) (n(n+1)—a®(n—2)(n—3))]
with equality forp,,_; = G,,_1.
Two cases are of special interest:

l. Casea = 3 =1, o (z) = /1 — 22 (circular majorant), G,,_1 = T,,_;.
Note thatPn 1,p H% L Th_1 ¢ Pn—l,tp! T,.1€H

Corollary 2.2. If p,_, € H

1
2

NI

then we have

11
22
! 1
-1 \/1—1’2

with equality forp,, 1 =T, 1.

(2.2)

[P,y ()] de < 7 (n—1)°,

Il. Casea =0, B =1, gO(ZL') = \/1+7 , Gn,1 =U,_;.

Note thatPn_L@ C H(),l, U,_1 € Pn—l,gm U,_1 € H()J.
Corollary 2.3. If p,_; € Hy; then we have
9 2mn (n* — 1
Py @) e < 70D

(2.3) /1 —

with equality forp,, 1 = U,,_;.
In this second case we have a more general result:
Theorem 2.4.1f p,,_, € Hy; and
r(z) =b(b—2a)2* +2c(b—a)x+a®+
with0 < a < b,|c| < b—a,b # 2a then we have

(2.4) / ) [0 ()]
Tn+k+1)! 202 —Kk) —302k+1D)][(a—0)"+c] a2+
(n—k—2) 2k 1+ 1) (2k + 3) (2K + 5) ok r3

wherek = 0,...,n — 2, with equality forp,,_; = U,,_1.

Settinga = 1,b = ¢ = 0 one obtains the following
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Corollary 2.5. If p,_; € Hy, then we have

! o\ k—1/2 [ (k+1) 2 2r(n+k+1)! n?+k*+3k+1
(2:9) /(1_“") A @] de < (n—k—2) 2kt 1) (2k+3)(2kt5)

k=0,...,n—2,with equality forp,, 1 = U,_1.

-1

3. LEMMAS

Here we state and prove some lemmas which help us in proving the above theorems.

Lemma 3.1. Letp,,_; be such thatp, (x;)| < %,i =1,2,...,n, where ther;’s are
given by[(1.l). Then we have

(3.1) ‘p%—l(yj” < |G;L—1(?Jj)}' k=0,1,...,n—1,

and

(3.2) (D] <G (D], [Pl (-] <Gy (-1)]

Proof. By the Lagrange interpolation formula based on the zerds,odnd usingl (z;) =

(1)i;172, we can represent any algebraic polynonpal ; by

(lfxf
1 - Tn X i 1/2
pucr () = -3 T gy ).
i=1 v
From
B i1+ 0 —2ax
Gt (25) = (—1) .
we have

1T, (2) )
G =— E —2ax7) .
1 () "2 (o + B8 — 2aa7)
Differentiating with respect ta we obtain

/ 1L~ T, (@) (x = a) = T, (2) i+1 2\1/2
=— n —1)"* (1 = 2? ().
Pn_1 (23) n ; (iL‘ . $i)2 ( ) ( xz) Pn—-1 (mz)
On the roots off}, (z) = nU,_; (x) and using[(1}4) we find
, T, (
s )] 33 T (o520
|T yg |Za-;ﬁ_x2;m; ‘Gn 1 yj)’
i=1 J v

Forl; (z) = %@ taking into account thaf (1) > 0 (see[[6]) it follows that
/ 1 - / !
‘pnq (1)} < n lei (1) (O‘ + 0 - 20@?) = |Gn71 (1)’ .
Similarly [p},_, (—1)| < |Gl,_; (—1)]. O

We shall need the result of Duffin and Schaeffer [2]:
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Lemma 3.2(Duffin — Schaeffer) If ¢ (x) = ¢ ][] (x — z;) is a polynomial of degree with n

=1

distinct real zeros and if € P, is such that

P (@)l < ld'(zi)]  (i=1,2,....n),
thenfork =1,2,...,n—1,
}p(kJrl ‘ < ‘q(k+1)(x)|

whenever ¥ () = 0.

Lemma 3.3. Let p,_, be such thatp,_,(z;)| < —2~—, i = 1,2,...,n, where thez;'s are

given by[(1.l). Then we have

(3:3) P )| < [0 M), wheneve !, (4) = o,
for k=0,1,...,n—1,and
(3.4) PP < [uf oL D 0| < ol =)
Proof. Foraw = 0, 8 =1, G,y = U,—1 and [3.1) givep,, , (y;)| < |U}_,(y;)|
and [3.2)
‘p,n&(l)‘ < ‘U;Lfl(l) ) |p;,1(—1)} < |UT/L71(_1)"
Now the proof is concluded by applying the Duffin-Schaeffer lemma. O

The following proposition was proved in/[3].

Lemma 3.4. A real polynomial- of exact degree 2 satisfiegxz) > 0 for —1 < z < 1 if and
only if
r(z) =b(b—2a)2* +2c(b—a)x+a®+
with0 < a < b, |¢| <b—a, b# 2a.
We need the following quadrature formulae:

Lemma 3.5. For any givenn andk, 0 < k <n—1, Ietyfk), i=1,...,n—k—1, bethe zeros
of U'¥), . Then the quadrature formulae

1 n—k—1

@9 [ (=)@ =l o s+ Y s (o).

=1

where
p 2Nk )T (h+1/2)% (n — k — 1)! 0
0= (n+ k)] o
and
1
(3.6) / (1 -2 f(2) da
-1
n—k—2
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where
o 2% (2k + 3)T (k +3/2)* (n — k — 2)!
0 (n+k+1)! ’
2(n? — (k+2)%) (2k +3) +4(k+ 1) (2k + 5)
(2k + 1) (2k +5)

have algebraic degree of precisi@n — 2k — 1.
The quadrature formulae

@D [ rw) (=) e = )+ B+ S s (7)1 (o).
where )
212k + DT (k+1/2°(n—k—1)(a—b+c)’
A= ;
(n+ k)!
212k + )T (k+1/22(n—k—1)! (a—b—c)’
B =
(n+k)!
k1/2
(38)/ f (@) de = Cyf (~1)+ Dy f (1)

n 2

O 1) = Do ()4 3 i () £ (5,

=1
Cy = By(a—b+¢)* +2Cyd, Dy = By (a — b — ¢)* — 2Cye,
Cy=Cyola—b+c)*,Dy=Cola—b—c),
d = 2ab+ bc — ac — b, e = b? — 2ab + be — ac.
have algebraic degree of precisi@n — 2k — 3.

Proof. In order to compute the coefficients we need the following formulae

/1 (1—2)*(1+2) PP (2)dx

1

_( 1) 201D () 4 +1)T(m+a+1)T(B—X+m)
(3.9) = Cmt DB -NT(miatarzy =7
[ a0 Pt @
2P A+ )T (m+ B+ 1) (o — A+ m) A< a

FCm+D)T(a=NT(m+58+A+2) 7
The first quadrature formulpa (3.5) is the Bouzitat formula of the second kiridrf#ula(4.8.1)],
for the zeros oU V= P(k+2 HE). Settinge = 3 = %, m =n—k—1in [4, formula(4.8.5)]

we find A, andsZ > 0 (cf. [4 formula(4.8.4)]).
If in the above quadrature formula (B.6), taking into accouni (3.9), we put

@)= (1—2)(1+2)2 PYE) (o),
U () = PP (),
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we obtainC),, and for

f@)= a2 P @)
we find B,.
If in formula (3.8) we replace’ () with r (z) f (z) we get [3.7) and if in formuld (3]6) we
replacef (x) with r (z) f (z) we get[(3.8). O

4. PROOF OF THE THEOREMS
Proof of Theorerfi 2]1Settingk = 0 in (3.5) we find the formula

1 n—1
/(@) T e T '
/1 et =5 [F(<1)+ f ()] + n;:;f(y».
According to this quadrature formula and usipg|(3.1) (3.2) we have

n—1

s m 7r
%(P;—l (_1))2+2 pn 1 ( ‘I‘EZ(PTL 1 ?/z

=1

1 1 , ) )
/—1 VI—a2 [P ()] d =

;_\

n—

(G (D) () Y (G W)

2 =1
- /_1 \/ﬁ [G;z—l (.Z')] dz.
Now
' [G/n—l (37)]2 a2 ! |:U7/1—1 (517)]2
/1 V1 — a2 az=p /1 V1—2a2 e
DU, @), o 1 [Uhs(@)]
—2046/ —1—x2 dr + « /_1 T dx.
Using the following formulaf = 0 in (3.6))
Lof(o) _ 3m(3n*—2) B
/_1 =2 " Tnpe =y Y D)

T - )+ Z_: cif (s)

we find

/1 Vs @)]” _ 27n (0 = 1)

Vi—a2 15 ’
" @)Uy g (2)  2mn(n? —1) (n—2) (n - 3)
L i 15 ’
/1 U5 (@)]° _2m(n—1) (0> = 4n+5) (n— 2) (n — 3)
-1 vV 1-— l‘2 15
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and

+5(n—1)(FPn(n+1)—a*(n—2)(n—3))].
0

Proof of Theorem 2]4According to the quadrature formula (B.7), positivity 5, and using
(3.3) and|(3.4) we have

/ ra) (1= 0 )] o

2 2 k= 2
— A, |:pnk—11) (_1)} + B, [pgb’fjll) (1)] + Y s (yf’“)> [p;kjll) (yflc))]

=1
2
o (o) [0 ()]

2 2 Al
<A U D) B U 0]+ X

=1

— /_1 r(z)(1- x2)k71/2 [Unkfll) (:15)]2 d.

1

2
In order to complete the proof we apply form3.8)ft& [Uékff) (x)} :
Having in mindv 4" (y"””) — 0 and the following relations deduced frof [1]

(2

RO I St el LA

1-3---(2k +3)
2 2
(k+2) n- — (k + 2) k+1)
=~ =7 1
U (1) oD (1) = —uY () utP (1),

we find

/ () (1 -0 [P0 @] da

1
2 2
= [UD (0] oy U ()]
+ 20U (—1) UMD (—1) — 2D, UMY (1) U (1)

n—1
_m(n+k+1) [2(n2—k2)—3(2k+1)][(a_b)2+62} a +c
 (n—k—2)! (2k + 1) (2k + 3) (2k + 5) 2k +3 |
O
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