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ABSTRACT. We give exact estimations of certain weightedL2-norms of thek-th derivative of
polynomials which have a curved majorant. They are all obtained as applications of special
quadrature formulae.
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1. I NTRODUCTION

The following problem was raised by P.Turán:
Let ϕ (x) ≥ 0 for −1 ≤ x ≤ 1 and consider the classPn,ϕ of all polynomials of degreen

such that |pn(x)| ≤ ϕ (x) for −1 ≤ x ≤ 1. How large canmax[−1,1]

∣∣∣p(k)
n (x)

∣∣∣ be if pn is an

arbitrary polynomial inPn,ϕ ?
The aim of this paper is to consider the solution in the weightedL2−norm for the majorant

ϕ (x) = α+β−2αx2
√

1−x2 , 0 ≤ α ≤ β.

Let us denote by

(1.1) xi = cos
(2i− 1) π

2n
, i = 1, 2, . . . , n, the zeros ofTn (x) = cos nθ, x = cos θ,

the Chebyshev polynomial of the first kind,

(1.2) y
(k)
i the zeros ofU (k)

n−1 (x) , Un−1 (x) =
sin nθ

sin θ
, x = cos θ,

the Chebyshev polynomial of the second kind and

(1.3) Gn−1 (x) = βUn−1 (x)− αUn−3 (x) , 0 ≤ α ≤ β.
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2 IOAN POPA

Let Hα,β be the class of all real polynomialspn−1, of degree≤ n− 1 such that

(1.4) |pn−1(xi)| ≤
α + β − 2αx2

i√
1− x2

i

, i = 1, 2, . . . , n,

where thexi’s are given by (1.1) and0 ≤ α ≤ β.

2. RESULTS

Theorem 2.1. If pn−1 ∈ Hα,β then we have

(2.1)
∫ 1

−1

1√
1− x2

[
p′n−1 (x)

]2
dx

≤ 2π (n− 1)

15

[
(α− β)2 n (n + 1) (n− 2) (n− 3)

+ 5 (n− 1)
(
β2n (n + 1)− α2 (n− 2) (n− 3)

) ]
with equality forpn−1 = Gn−1.

Two cases are of special interest:

I. Caseα = β = 1
2
, ϕ (x) =

√
1− x2 (circular majorant), Gn−1 = Tn−1.

Note thatPn−1,ϕ ⊂ H 1
2
, 1
2
, Tn−1 /∈ Pn−1,ϕ, Tn−1 ∈ H 1

2
, 1
2
.

Corollary 2.2. If pn−1 ∈ H 1
2
, 1
2

then we have

(2.2)
∫ 1

−1

1√
1− x2

[
p′n−1 (x)

]2
dx ≤ π (n− 1)3 ,

with equality forpn−1 = Tn−1.

II. Caseα = 0, β = 1, ϕ (x) = 1√
1−x2 , Gn−1 = Un−1.

Note thatPn−1,ϕ ⊂ H0,1, Un−1 ∈ Pn−1,ϕ, Un−1 ∈ H0,1.

Corollary 2.3. If pn−1 ∈ H0,1 then we have

(2.3)
∫ 1

−1

1√
1− x2

[
p′n−1 (x)

]2
dx ≤ 2πn (n4 − 1)

15
,

with equality forpn−1 = Un−1.

In this second case we have a more general result:

Theorem 2.4. If pn−1 ∈ H0,1 and

r (x) = b (b− 2a) x2 + 2c (b− a) x + a2 + c2

with 0 < a < b, |c| < b− a, b 6= 2a then we have

(2.4)
∫ 1

−1

r (x)
(
1− x2

)k−1/2
[
p

(k+1)
n−1 (x)

]2

dx

≤ π (n + k + 1)!

(n− k − 2)!

[
[2 (n2 − k2)− 3 (2k + 1)]

[
(a− b)2 + c2

]
(2k + 1) (2k + 3) (2k + 5)

+
a2 + c2

2k + 3

]
,

wherek = 0, . . . , n− 2 , with equality forpn−1 = Un−1.

Settinga = 1, b = c = 0 one obtains the following
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Corollary 2.5. If pn−1 ∈ H0,1 then we have

(2.5)
∫ 1

−1

(
1− x2

)k−1/2
[
p

(k+1)
n−1 (x)

]2

dx ≤ 2π (n + k + 1)!

(n− k − 2)!

n2 + k2 + 3k + 1

(2k + 1) (2k + 3) (2k + 5)
,

k = 0, . . . , n− 2 , with equality forpn−1 = Un−1.

3. L EMMAS

Here we state and prove some lemmas which help us in proving the above theorems.

Lemma 3.1. Let pn−1 be such that|pn−1(xi)| ≤ α+β−2αx2
i√

1−x2
i

, i = 1, 2, . . . , n, where thexi’s are

given by (1.1). Then we have

(3.1)
∣∣p′n−1(yj)

∣∣ ≤ ∣∣G′
n−1(yj)

∣∣ , k = 0, 1, . . . , n− 1,

and

(3.2)
∣∣p′n−1(1)

∣∣ ≤ ∣∣G′
n−1(1)

∣∣ ,
∣∣p′n−1(−1)

∣∣ ≤ ∣∣G′
n−1(−1)

∣∣ .

Proof. By the Lagrange interpolation formula based on the zeros ofTn and usingT ′n (xi) =
(−1)i+1n

(1−x2
i )

1/2 , we can represent any algebraic polynomialpn−1 by

pn−1 (x) =
1

n

n∑
i=1

Tn (x)

x− xi

(−1)i+1 (
1− x2

i

)1/2
pn−1 (xi) .

From

Gn−1 (xi) = (−1)i+1 α + β − 2αx2
i√

1− x2
i

we have

Gn−1 (x) =
1

n

n∑
i=1

Tn (x)

x− xi

(
α + β − 2αx2

i

)
.

Differentiating with respect tox we obtain

p′n−1 (x) =
1

n

n∑
i=1

T ′n (x) (x− xi)− Tn (x)

(x− xi)
2 (−1)i+1 (

1− x2
i

)1/2
pn−1 (xi) .

On the roots ofT ′n (x) = nUn−1 (x) and using (1.4) we find∣∣p′n−1 (yj)
∣∣ ≤ 1

n

n∑
i=1

|Tn (yj)|
(yj − xi)

2

(
α + β − 2αx2

i

)
=
|Tn (yj)|

n

n∑
i=1

α + β − 2αx2
i

(yj − xi)
2 =

∣∣G′
n−1 (yj)

∣∣ .

For li (x) = Tn(x)
x−xi

taking into account thatl′i (1) > 0 (see [6]) it follows that

∣∣p′n−1 (1)
∣∣ ≤ 1

n

n∑
i=1

l′i (1)
(
α + β − 2αx2

i

)
=

∣∣G′
n−1 (1)

∣∣ .

Similarly
∣∣p′n−1 (−1)

∣∣ ≤ ∣∣G′
n−1 (−1)

∣∣ . �

We shall need the result of Duffin and Schaeffer [2]:
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Lemma 3.2(Duffin – Schaeffer). If q (x) = c
n∏

i=1

(x− xi) is a polynomial of degreen with n

distinct real zeros and ifp ∈ Pn is such that

|p′(xi)| ≤ |q′(xi)| (i = 1, 2, . . . , n) ,

then fork = 1, 2, . . . , n− 1, ∣∣p(k+1)(x)
∣∣ ≤ ∣∣q(k+1)(x)

∣∣
wheneverq(k)(x) = 0.

Lemma 3.3. Let pn−1 be such that|pn−1(xi)| ≤ 1√
1−x2

i

, i = 1, 2, . . . , n, where thexi’s are

given by (1.1). Then we have

(3.3)
∣∣∣p(k+1)

n−1 (y
(k)
j )

∣∣∣ ≤ ∣∣∣U (k+1)
n−1 (y

(k)
j )

∣∣∣ , wheneverU (k)
n−1(y

(k)
j ) = 0,

for k = 0, 1, . . . , n− 1, and

(3.4)
∣∣∣p(k+1)

n−1 (1)
∣∣∣ ≤ ∣∣∣U (k+1)

n−1 (1)
∣∣∣ ,

∣∣∣p(k+1)
n−1 (−1)

∣∣∣ ≤ ∣∣∣U (k+1)
n−1 (−1)

∣∣∣ .

Proof. Forα = 0, β = 1, Gn−1 = Un−1 and (3.1) give
∣∣p′n−1(yj)

∣∣ ≤ ∣∣U ′
n−1(yj)

∣∣
and (3.2) ∣∣p′n−1(1)

∣∣ ≤ ∣∣U ′
n−1(1)

∣∣ ,
∣∣p′n−1(−1)

∣∣ ≤ ∣∣U ′
n−1(−1)

∣∣ .

Now the proof is concluded by applying the Duffin-Schaeffer lemma. �

The following proposition was proved in [3].

Lemma 3.4. A real polynomialr of exact degree 2 satisfiesr (x) > 0 for −1 ≤ x ≤ 1 if and
only if

r (x) = b (b− 2a) x2 + 2c (b− a) x + a2 + c2

with 0 < a < b, |c| < b− a, b 6= 2a.

We need the following quadrature formulae:

Lemma 3.5. For any givenn andk, 0 ≤ k ≤ n− 1, let y(k)
i , i = 1, . . . , n− k− 1, be the zeros

of U (k)
n−1. Then the quadrature formulae

(3.5)
∫ 1

−1

(
1− x2

)k−1/2
f (x) dx = A0 [f (−1) + f (1)] +

n−k−1∑
i=1

sif
(
y

(k)
i

)
,

where

A0 =
22k−1 (2k + 1) Γ (k + 1/2)2 (n− k − 1)!

(n + k)!
, si > 0

and

(3.6)
∫ 1

−1

(
1− x2

)k−1/2
f (x) dx

= B0 [f (−1) + f (1)] + C0 [f ′ (−1)− f ′ (1)] +
n−k−2∑

i=1

vif
(
y

(k+1)
i

)
,
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where

C0 =
22k (2k + 3) Γ (k + 3/2)2 (n− k − 2)!

(n + k + 1)!
,

B0 = C0

2
(
n2 − (k + 2)2) (2k + 3) + 4 (k + 1) (2k + 5)

(2k + 1) (2k + 5)

have algebraic degree of precision2n− 2k − 1.
The quadrature formulae

(3.7)
∫ 1

−1

r (x)
(
1− x2

)k−1/2
f (x) dx = A1f (−1) + B1f (1) +

n−k−1∑
i=1

sir
(
y

(k)
i

)
f

(
y

(k)
i

)
,

where

A1 =
22k−1 (2k + 1) Γ (k + 1/2)2 (n− k − 1)! (a− b + c)2

(n + k)!
,

B1 =
22k−1 (2k + 1) Γ (k + 1/2)2 (n− k − 1)! (a− b− c)2

(n + k)!

and

(3.8)
∫ 1

−1

r (x)
(
1− x2

)k−1/2
f (x) dx = C1f (−1) + D1f (1)

+ C2f
′ (−1)−D2f

′ (1) +
n−k−2∑

i=1

vir
(
y

(k+1)
i

)
f

(
y

(k+1)
i

)
,

C1 = B0 (a− b + c)2 + 2C0d,D1 = B0 (a− b− c)2 − 2C0e,

C2 = C0 (a− b + c)2 , D2 = C0 (a− b− c)2 ,

d = 2ab + bc− ac− b2, e = b2 − 2ab + bc− ac.

have algebraic degree of precision2n− 2k − 3.

Proof. In order to compute the coefficients we need the following formulae∫ 1

−1

(1− x)α (1 + x)λ P (α,β)
m (x) dx

=
(−1)m 2α+λ+1Γ (λ + 1) Γ (m + α + 1) Γ (β − λ + m)

Γ (m + 1) Γ (β − λ) Γ (m + α + λ + 2)
, λ < β.(3.9) ∫ 1

−1

(1− x)λ (1 + x)β P (α,β)
m (x) dx

=
2β+λ+1Γ (λ + 1) Γ (m + β + 1) Γ (α− λ + m)

Γ (m + 1) Γ (α− λ) Γ (m + β + λ + 2)
, λ < α

The first quadrature formula (3.5) is the Bouzitat formula of the second kind [4,formula(4.8.1)],

for the zeros ofU (k)
n−1 = cP

(k+ 1
2
,k+ 1

2)
n−k−1 . Settingα = β = 1

2
, m = n−k−1 in [4, formula(4.8.5)]

we findA0 andsi > 0 (cf. [4, formula(4.8.4)]).
If in the above quadrature formula (3.6), taking into account (3.9), we put

f (x) = (1− x) (1 + x)2 P
(k+ 3

2
,k+ 3

2)
n−k−2 (x) ,

U
(k+1)
n−1 (x) = cP

(k+ 3
2
,k+ 3

2)
n−k−2 (x) ,
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we obtainC0, and for

f (x) = (1 + x)2 P
(k+ 3

2
,k+ 3

2)
n−k−2 (x)

we findB0.
If in formula (3.5) we replacef (x) with r (x) f (x) we get (3.7) and if in formula (3.6) we

replacef (x) with r (x) f (x) we get (3.8). �

4. PROOF OF THE THEOREMS

Proof of Theorem 2.1.Settingk = 0 in (3.5) we find the formula∫ 1

−1

f (x)√
1− x2

dx =
π

2n
[f (−1) + f (1)] +

π

n

n−1∑
i=1

f (yi) .

According to this quadrature formula and using (3.1) and (3.2) we have∫ 1

−1

1√
1− x2

[
p′n−1 (x)

]2
dx =

π

2n

(
p′n−1 (−1)

)2
+

π

2n

(
p′n−1 (1)

)2
+

π

n

n−1∑
i=1

(
p′n−1 (yi)

)2

≤ π

2n

(
G′

n−1 (−1)
)2

+
π

2n

(
G′

n−1 (1)
)2

+
π

n

n−1∑
i=1

(
G′

n−1 (yi)
)2

=

∫ 1

−1

1√
1− x2

[
G′

n−1 (x)
]2

dx.

Now∫ 1

−1

[
G′

n−1 (x)
]2

√
1− x2

dx = β2

∫ 1

−1

[
U ′

n−1 (x)
]2

√
1− x2

dx

− 2αβ

∫ 1

−1

U ′
n−1 (x) U ′

n−3 (x)√
1− x2

dx + α2

∫ 1

−1

[
U ′

n−3 (x)
]2

√
1− x2

dx.

Using the following formula (k = 0 in (3.6))∫ 1

−1

f (x)√
1− x2

dx =
3π (3n2 − 2)

10n (n2 − 1)
[f (−1) + f (1)]

+
3π

4n (n2 − 1)
[f ′ (−1)− f ′ (1)] +

n−2∑
i=1

cif (y′i)

we find ∫ 1

−1

[
U ′

n−1 (x)
]2

√
1− x2

=
2πn (n4 − 1)

15
,∫ 1

−1

U ′
n−1 (x) U ′

n−3 (x)√
1− x2

=
2πn (n2 − 1) (n− 2) (n− 3)

15
,

∫ 1

−1

[
U ′

n−3 (x)
]2

√
1− x2

=
2π (n− 1) (n2 − 4n + 5) (n− 2) (n− 3)

15

J. Inequal. Pure and Appl. Math., 5(4) Art. 109, 2004 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


MARKOFF-TYPE INEQUALITIES 7

and∫ 1

−1

[
G′

n−1 (x)
]2

√
1− x2

dx =
2π (n− 1)

15

[
(α− β)2 n (n + 1) (n− 2) (n− 3)

+ 5 (n− 1)
(
β2n (n + 1)− α2 (n− 2) (n− 3)

) ]
.

�

Proof of Theorem 2.4.According to the quadrature formula (3.7), positivity ofsi’s, and using
(3.3) and (3.4) we have∫ 1

−1

r (x)
(
1− x2

)k−1/2
[
p

(k+1)
n−1 (x)

]2

dx

= A1

[
p

(k+1)
n−1 (−1)

]2

+ B1

[
p

(k+1)
n−1 (1)

]2

+
n−k−1∑

i=1

sir
(
y

(k)
i

) [
p

(k+1)
n−1

(
y

(k)
i

)]2

≤ A1

[
U

(k+1)
n−1 (−1)

]2

+ B1

[
U

(k+1)
n−1 (1)

]2

+
n−k−1∑

i=1

sir
(
y

(k)
i

) [
U

(k+1)
n−1

(
y

(k)
i

)]2

=

∫ 1

−1

r (x)
(
1− x2

)k−1/2
[
U

(k+1)
n−1 (x)

]2

dx.

In order to complete the proof we apply formula (3.8) tof =
[
U

(k+1)
n−1 (x)

]2

.

Having in mindU
(k+1)
n−1

(
y

(k+1)
i

)
= 0 and the following relations deduced from [1]

U
(k+1)
n−1 (1) =

n (n2 − 12) · · ·
(
n2 − (k + 1)2)

1 · 3 · · · (2k + 3)
,

U
(k+2)
n−1 (1) =

n2 − (k + 2)2

2k + 5
U

(k+1)
n−1 (1) ,

U
(k+1)
n−1 (−1) U

(k+2)
n−1 (−1) = −U

(k+1)
n−1 (1) U

(k+2)
n−1 (1) ,

we find∫ 1

−1

r (x)
(
1− x2

)k−1/2
[
p

(k+1)
n−1 (x)

]2

dx

= C1

[
U

(k+1)
n−1 (−1)

]2

+ D1

[
U

(k+1)
n−1 (1)

]2

+ 2C2U
(k+1)
n−1 (−1) U

(k+2)
n−1 (−1)− 2D2U

(k+1)
n−1 (1) U

(k+2)
n−1 (1)

=
π (n + k + 1)!

(n− k − 2)!

[
[2 (n2 − k2)− 3 (2k + 1)]

[
(a− b)2 + c2

]
(2k + 1) (2k + 3) (2k + 5)

+
a2 + c2

2k + 3

]
.

�
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