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Abstract:

Acknowledgements:

The main object of this paper is to introduce and investigate a subclass
U\, «, B, k) of normalized analytic functions in the open unit didk
which generalizes the familiar class of uniformly convex functions. The
various properties and characteristics for functions belonging to the class
U(N\, o, B, k) derived here include (for example) a characterization theo-
rem, coefficient inequalities and coefficient estimates, a distortion theorem
and a covering theorem, extreme points, and the radii of close-to-convexity,
starlikeness and convexity. Relevant connections of the results, which are
presented in this paper, with various known results are also considered.
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1. Introduction and Motivation

Let A denote the class of functiorfsnormalizedby

(1.1) fz)=z+ Z a,z",

which areanalyticin the open unit disk
A={z:2e€C and |z| <1}.

As usual, we denote h§ the subclass afl consisting of functions which atgniva-
lentin A. Suppose also that, for< « < 1, S*(«) andK(«) denote the classes of
functions in.A which are, respectivelgtarlike of ordera in A andconvex of order
ain A (see, for example 1[1]). Finally, let7 denote the subclass &§fconsisting of
functionsf given by

o0

(1.2) fz)=2=> a;2"  (a,20)

n=2

with negativecoefficients. Silverman9] introduced and investigated the following
subclasses of the function cla&s

1.3) T (a)=8(a)NT and C(a):=K(a)NT 0=a<l).

Definition 1. A functionf € 7 is said to be in the clasd(\, «, 5, k) if it satisfies
the following inequality:

2F'(2) 2F'(2)
(1.4) 8%( P2 ) >k Pz —1‘+6
0Sa<AS10SB<T; k20),
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where

(1.5) F(2) = a2’ f"(2) + (A= a)zf'(2) + (1 = A+ ) f(2).

The above-defined function cla&&\, o, 5, k) is of special interest and it con-
tains many well-known as well as new classes of analytic univalent functions. In
particular,U (A, o, 3,0) is the class of functions with negative coefficients, which

k-Uniformly Convex

was introduced and studied recently by Kamali and Kgh¢3], and/ (A, 0, 3, 0) T

is the function class which was introduced and studied by Srivastaea [12] Vbl ST, T b N LN,
(see also Aglaret al. [1]). We note that the class @funiformly convex functions S. Sivasubramanian
was introduced and studied recently by Kanas anénidivska §]. Subsequently, vol. 8, iss. 2, art. 43, 2007

Kanas and Winiowska p] introduced and studied the classiefiniformly starlike
functions. The various properties of the above two function classes were extensively

investigated by Kanas and Srivastagh Furthermore, we havef. Equation (..3)] Title Page
Contents
(1.6) U0,0,3,00=7*(a) and  U(1,0,3,0) =C(a). b 4
< >

We remark here that the classegainiformly starlike functions ané-uniformly
convex functions are an extension of the relatively more familiar classes of uniformly Page 5 of 29
starlike functions and uniformly convex functions investigated earlier by (for exam-
ple) Goodman 2], Rgnning B], and Ma and MindaT{] (see also the more recent
contributions on these function classes by Srivastava and Migbpa [ Full Screen

In our present investigation of the function class\, «, 3, k), we obtain a char-
acterization theorem, coefficient inequalities and coefficient estimates, a distortion
theorem and a covering theorem, extreme points, and the radii of close-to-convexity, = journal of inequalities
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2. A Characterization Theorem and Resulting Coefficient
Estimates

We employ the technique adopted by Agleinal. [1] to find the coefficient esti-
mates for the function cladg(\, «, 5, k). Our main characterization theorem for
this function class is stated as Theoréinelow.

Theorem 1. A functionf € 7 given by(1.2) is in the clasg{(\, «, 3, k) if and only
if
(2.2) Z{n(k’ +1)—(k+0)H{(n—1)nIa+A—a)+1}a, £1-0
n=2
0=SasAS1,0=50<1; k£20).

The result is sharp for the functioft( z) given by

- 1-5 2" (n22).
{nk+1)—(k+)Hn—-1)nI\a+\—a)+1}

Proof. By Definition 1, f € U(\, «, 5, k) if and only if the condition {.4) is satis-
fied. Since it is easily verified that

(2.2) f(z) ==

R(w) > klw — 1| + 8 <= R(w(l+ ke”) — ke”) > 3
(—r20<m 0=8<1; k20),
the inequality {.4) may be rewritten as follows:

2F'(2)
F(z)

(2.3) R ( (1 + ke — k;eie) > [

k-Uniformly Convex

Functions
H. M. Srivastava, T. N. Shanmugam,
C. Ramachandran and

S. Sivasubramanian

vol. 8, iss. 2, art. 43, 2007

Title Page
Contents
44 44
< >
Page 6 of 29
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:harimsri@math.uvic.ca
mailto:
mailto:drtns2001@yahoo.com
mailto:
mailto:crjsp2004@yahoo.com
mailto:
mailto:sivasaisastha@rediffmail.com
http://jipam.vu.edu.au

or, equivalently,
l 10\ _
(2.4) - (zF (2)(1 + ke)

Now, by setting

(2.5) G(z) = 2F'(2)(1 + ke™)

the inequality £.4) becomes equivalent to
G(2)+ (1 =P)F(2)| > |G(z) =1+ P)F(z)] (0=F<1),

whereF'(z) andG(z) are defined by1(.5) and @.5), respectively. We thus observe
that

G(2) + (1= B)F(2)]
2 [(2—-B8)z| -

— F(2)ke®,

o0

D (= B+ D{(n—1D)(nra+A—a)+ 1}a,z"

n=2

— | ke i(n —1{(n—-1)(nAa+ X —a)+1}a,z"

> (2= Bzl =Y _(n—= B+ D{(n—1)(nAa+ A —a) + L}a|2["
- k:Z(n —D{(n—1)(nAa+ X — @) + 1}a,|z|"

> (2 B)|] — Z{ (k+1) -

(k+8) +1Hn — D)(nAa+ X — a) + 1}a,|z|"
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Similarly, we obtain

|G(= )—(1+ﬁ) (2)|

< Blz| + Z{ (k+1) = (k+8) = 1H((n — D(mra+ A — a) + 1}a,|2|™
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> 2 1k —22{ —(k+B8)Hn—1D(n a+ X —a) + 1}a,|2|"
2 0, Title Page
Contents

which implies the inequality4 1) asserted by Theorefn
Conversely, by setting <« 44
0= |z|=r<1,

< >
and choosing the values ofon thepositivereal axis, the inequality?(3) reduces to
. . Page 8 of 29
the following form:
o Go Back
(1-8)—= > {(n—B)—ke? (n—1) H{(n—1)m a+A—a)+1}a,r" ! Full Screen
(26) R = >0,
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becomes

(1-8) 5% {(n=5)~k(n-D H (n- Aot A=)+ L,

27 ®

v
o

1— §2(n—1){(n—1)(n)\oz—l—)\—a)—l—l}anr"1

Finally, upon letting- — 1—in (2.7), we get the desired result. O]

By takinga = 0 andk = 0 in Theoreml, we can deduce the following corollary.

Corollary 1. Let f € 7 be given by(1.2). Thenf € U(},0, 3,0) if and only if

d (n=B){(n—-DA+1}a, £1-5.

n=2
By settinga = 0, A = 1 andk = 0 in Theoreml, we get the following corollary.

Corollary 2 (Silverman [9]). Let f € 7 be given by(1.2). Thenf € C(5) if and
only if

o0

Zn(n—ﬁ)an <1-p.

n=2

The following coefficient estimates fgr € U(\, o, 3, k) is an immediate conse-
guence of Theorem.

Theorem 2. If f € U(\, o, (3, k) is given by(1.2), then
a, < 15
"T{nk+1) —(k+8)Hrn -1 (nAa+A—a)+ 1}
0SasAS1,0508<1; k£20).
Equality in(2.8) holds true for the functiorf(z) given by(2.2).

(2.8)

(n=2)
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By takinga = k£ = 0 in Theorem2, we obtain the following corollary.

Corollary 3. Let f € 7 be given by(1.2). Thenf € U(},0, 3,0) if and only if

1-8
@9 “E o m -y =P

Equality in(2.9) holds true for the functiorf(z) given by

1_5 n
(2.10) flz)=2—- RIS z (n = 2).

Lastly, if we setae = 0, A = 1 andk = 0 in Theoreml, we get the following
familiar result.

Corollary 4 (Silverman [9]). Let f € 7 be given by(1.2). Thenf € C(() if and
only if

1-p
Equality in(2.11) holds true for the functiorf(z) given by
_ 1-p n
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3. Distortion and Covering Theorems for the Function Class
UM a, (k)

Theorem 3. If f e U(\, o, 3, k), then

1-p 2
R o ) Ty iy wp
= |f(2)]
<rt L0 (e =r <1).

2+E-0)2 \a+A—a) "
Equality in(3) holds true for the functiorf(z) given by

L - 6 22.
2+Fk—-0)2 a+ A —a)

Proof. We only prove the second part of the inequality i), Gince the first part can
be derived by using similar arguments. Since U(\, «, 5, k), by using Theorem
1, we find that

(3.2) fz2) =2~

(2+k—6)(2)\a+)\—a+1)ian

n=2

:i(2+k—ﬁ)(2)\o¢+)\—a+l)an

n=2

<Y {nk+1) = (k+8)}{(n—D(nra+A—a)+1}a,

él_ﬁv
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which readily yields the following inequality:

(3.3) 2 S G H e T A a T 1)

n=2
Moreover, it follows from (.2) and (3.3) that

oo
z— g an2"

n=2

[eS)
2+ 127 an
n=2
9]

7“—}—7"22%

n=2

[f(2)| =

[IA

A

1—
Sr+ b

=TT ¥ k-2t r—a+1)

which proves the second part of the inequality3h (

Theorem 4. If f e U(\, o, 3, k), then

2(1-5)
(3.4) 1_(2+/€—ﬁ)(2/\0z+/\—o¢)r
= (2]
<1+ 21— ) r

2+Fk—-0)2 a+ A —a)

Equality in(3.4) holds true for the functiorf(z) given by(3.2).

2

9

(|z| =7 < 1).
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Proof. Our proof of Theorem! is much akin to that of Theore® Indeed, since
feU(\ a,pB,k),itis easily verified from {.2) that

(3.5) F() S1+Y nanlz"" 147 nay,
n=2 n=2

and

(3.6) If'(z)=21- Znan|z|"_1 <1+ TZnan.
n=2 n=2

The assertiond.4) of Theorem4 would now follow from (3.5) and (3.6) by means
of a rather simple consequence 6f3) given by

S 2(1 - 5)
<
3.7) ;na":(2+k—ﬁ)(2)\a+>\—a+l)'
This completes the proof of Theorein O
Theorem 5. If f e U(\, o, B, k), thenf € T*(5), where
6d:=1-— 1-5

2+k—-0)2\a+A—a)—(1-0)
The result is sharp with the extremal functiftx) given by(3.2).

Proof. It is sufficient to show that4 1) implies that

o

(3.8) d (n=8a,<1-4,

n=2
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that is, that
n—06 _{nk+1)—(k+B)H{r-1DnA\a+A—a)+1}

3.9 < > 9
(39 ;— < =7 (n22),
Since (.9) is equivalent to the following inequality:
5 S 1 _ (n — 1)(1 — ﬁ) (n 2 2) k—Unilf:ch::t)iloichnvex
- {n(k + 1) — (k + ﬂ)}{(n — 1)(71,)\0( + A= a) + 1} — (1 - ﬂ) - H. M. Srivastava, T. N. Shanmugam,
C. Ramachandran and
= \Ij(n)a S. Sivasubramanian
and Since vol. 8, iss. 2, art. 43, 2007
() SV (n22),
(3.9 holds true for Title Page
Content
n>2 0<A<1, 0<a<1,0<B<1 and k>0 omens
44 44
This completes the proof of Theoréein O p N

By settinga = k£ = 0 in Theoremb, we can deduce the following result.

Corollary 5. If f e U(N, «, 3, k), then

Page 14 of 29
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For the choicesr = 0, A = 1 andk = 0 in Theoremb, we obtain the following
result of Silverman9.

Corollary 6. If f € C(53), then

. 2
feT (3_5).

This result is sharp for the extremal functigfz) given by

1-8
f(z):z—mz.

k-Uniformly Convex

Functions
H. M. Srivastava, T. N. Shanmugam,
C. Ramachandran and

S. Sivasubramanian

vol. 8, iss. 2, art. 43, 2007

Title Page
Contents
44 44
< >
Page 15 of 29
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:harimsri@math.uvic.ca
mailto:
mailto:drtns2001@yahoo.com
mailto:
mailto:crjsp2004@yahoo.com
mailto:
mailto:sivasaisastha@rediffmail.com
http://jipam.vu.edu.au

4. Extreme Points of the Function Class{(\, «, 5, k)

Theorem 6. Let

fi(z) =z and
fulz) =2 — 1-0 S (n22)
" {nk+1)—(k+/HHn -1 nI\a+X—a)+1} =7
Thenf € U(\, «, 3, k) if and only if it can be represented in the farm
(4.1) F(2) =Y pnful2) (un >0 Y pin= 1) :
n=1 n=1
Proof. Suppose that the functiofiz) can be written as in4(1). Then
N - 13 .
(z) = ;"" (Z k+1) — (kA —Dmratr—a) £ 1} - )

=z Zun( k+1)— (k+AHmn—Dmra+Ar—a)+ 1}

Z <{n k+1)—(k+/HHnm-—DmAa+A—a)+1}H1—7F)
B){nk+1)—(k+/)Hn—-1)mAa+A—a)+1}

>
n=2
L=t
1

I

A

)
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which implies thatf € U(\, «, 5, k).
Conversely, we suppose thake U(\, «, 5, k). Then, by Theorem, we have

1-p

an = {nk+1)—(k+/HHn -1+ X—a)+1} (n22).
Therefore, we may write
_{nk+ D) - (k+ 8 H0n - Do+ A —a) +1} . (n =9
n 1 _ ﬁ n =
and -
pr=1=>"pu.
n=2
Then .
F2) =" taful2),
n=1
with f,,(2) given as in {.1). This completes the proof of Theorein O

Corollary 7. The extreme points of the function clagse U(\, a, 3, k) are the
functions

filz) ==

and

- 1-p 2" n
fn(2) = kD) —(k+AHm—-Drat+tr—a)+ 1} (n22).

Fora = k = 0in Corollary 7, we have the following result.
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Corollary 8. The extreme points gf € U(), 0, 3, 0) are the functions
1-p4 "
— z
{n—=0FH{n—-1A+1}

By settinga = 0, A = 1 andk = 0 in Corollary 7, we obtain the following result
obtained by Silvermarg)].

filz) =2z and f,(z) ==

> 9).

(n

Corollary 9. The extreme points of the claS§3) are the functions

—z——l_ﬁ 2" n
fue)=im e (22)

Theorem 7. The classU/(\, «, 3, k) is a convex set.

filz) ==z and

Proof. Suppose that each of the functiofi$z) (j = 1,2) given by

(4.2) fi(z) =2z— Z A, ;2"

n=2

(an; 2 0; j=1,2)

isin the clas$/(\, «, 4, k). Itis sufficient to show that the functiof(z) defined by

9(z) =pfi(z) + (1 —p)fa(z)  (0=p=1)
is also in the clas® (), «, 3, k). Since
9(2) = 2= > [pany + (1 = p)an 2",
n=2
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with the aid of Theorenm, we have

D {n(k+1) = (k+B8)H{(n — D(nra+ A —a) +1}

X [pany + (1 — p)an ]

e}

<y {n(k+1) = (k+ B Hn — Dnda+ X —a) + 1},
n=2 H. M. Srivastava, T. N. Shanmugam,
. C. Ramachandran and
S. Sivasubramanian
+ (1 —p) Z{n(/{: +1) = (k+B)H(n - (nra+ A —a) + 1}a,» vol. 8, iss. 2, art. 43, 2007
n=2
S p(l=0)+ 1 —p(d-p)
(4.3) <1_ 3 Title Page
Content:
which implies thay € U(\, o, 8, k). Henced (A, «, 3, k) is indeed a convex set.[] omens
44 44
< >
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5. Modified Hadamard Products (or Convolution)

For functions

= i anz" and g(z) = i b, 2",
n=0 n=0

the Hadamard product (or convolutiofy)«g)(z) is defined, as usual, by
(5.1) (f*g)(z Zanb 2" =: (gxf)(2).

On the other hand, for functions

z2)=z— Zan,jz" (1=1,2)
n=2

in the clas<l, we define thenodifiedHadamard product (or convolution) as follows:

Z%l%ﬂ = fz'fl)()

n=2
Then we have the following result.
Theorem 8. If f;(2) e U\, 0, B, k) (j = 1,2), then

(fref2)(2) €UX, a, 3, k,§),

(5.2) (fiof2)(2) =

where
2—-P){2+k—FH2 a+ A A—a+1} —2(1 —p)?

S G} Y N S 1Y ) VAR Wy ey gy P
The result is sharp for the functiorfs(z) (j = 1,2) given as in(3.2).
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Proof. Sincef;(z) e U(\, a, 5, k) (j = 1,2), we have
(5:3) > {n(k+1)=(k+A)H(n—1)(mAa+A-a)+1}a,; S1-6 (= 1,2),

which, in view of the Cauchy-Schwarz inequality, yields

G4 > {n(k +1) — (k + ﬂ>}{1(n_—ﬁl)(ma +A—a)+1}

We need to find the largestsuch that

(5.5) Z {n(k+1)—(k+ f)}{in_—gl)(n)\oz +A—a)+1}

Thus, in light of £.4) and 6.5), whenever the following inequality:

Vn,1 Gp 2 é 1.

Qp1 Qp,2 § 1.

(n22)
holds true, the inequalitys(5) is satisfied. We find from=(4) that

s 1-5
GO Vit = G T Gk A - Dmdat -+ 1y =2

Thus, if

~—

(Tig) ({n(k‘f‘l)—(k’—i-ﬁ)}{l(n_—ﬂl)(n)\a—i—/\—a)+1}> = T:g -

or, if

(n—B){nk+1)— (k+B8Hn -1 (nIa+ A —a)+ 1} —n(l — 3)?

S A D)~ A~ D(mha tA—a) T 1) — (1)

(n 2 2)7
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then 6.4) is satisfied. Setting

B(n) = (n—B){nk+1)— (k+3Hn -1 \a+ A —a)+1} —n(l — 3)?
=)k +1) = (k+8)H(n - DnAa+ A —a) + 1} — (1 - 5)?
(n22),

we see thaf(n) is anincreasingfunction forn = 2. This implies that
c<a@ = G2k -fH2Aat A —at 1) - 21— )
2-B){2+k—-BH2 a+A—a+1} — (1—p)?

Finally, by taking each of the function$(z) (j = 1,2) given as in £.2), we see
that the assertion of Theoreéns sharp. O
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6. Radii of Close-to-Convexity, Starlikeness and Convexity

Theorem 9. Let the functiory (z) defined by 1.2) be in the clasé{(\, a, 3, k). Then
f(z) is close-to-convex of order (0 < p < 1) in|z| < (A «, 5, p, k), where

701<)\704757 P k)

<<1 —p){nlk+1) = (k+8)}H{(n — D(nAa+ X —a) + 1})731
n(l—p)
The result is sharp for the functiof(z) given by(2.2).

= inf
n

Proof. It is sufficient to show that

1f(z)=1<1—p (02 p<1; |zl <nm(Na,B,pk)).

Since
(6.1) If'(z) — 1] —‘ Znan nll < Znan|z|n !
we have
1f'(z)=1=1-p (0=p<]),
if
(6.2) 3 (1 . p) anl2|"t < 1.

n=2
Hence, by Theorem, (6.2) will hold true if

<L> ]z|”_1<{n(k+ 1) — (k+ﬁ)}{(n—1)(n)\oz—l—/\—a)+1}
1—0p - 1-p

(n = 2).
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that is, If

6.3) 12| < ((1—p){n(k‘—i—1)—(k—i—f()l}i(ﬁn)—1)(n)\oz+/\—a)+1})n1 —

The assertion of Theorefwould now follow easily from §.3). O

Theorem 10. Let the functionf(z) defined by(1.2) be in the clas$/(\, «, 5, k).
Thenf(z) is starlike of orderp (0 < p < 1) in|z| < ro(A\, o, B, p, k), where

TQ()\aa767 P k)

((1 — ok +1) — (k+ B)Hn — Dnra+ A —a) + 1})#1
(n—p)(1-0)

The result is sharp for the functiof(z) given by(2.2).

;= inf
n

Proof. It is sufficient to show that

Since
(6.4) @) ' < 22@ } 1>an|Z!”_17
f(2) 1= apenl
we have £(2) h
Zf(;; _1’ S1-p  (0=p<),
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(6.5) Z (n — p) an|z[" 7t < 1.

1—p
Hence, by Theorem, (6.5) will hold true if
(n - p) 2 < {nk+1)—(k+)Hn—-1DnI\a+ \—a)+1}

L=p 1-p4
that is, if
(1—p>{n<kz+1>—<k+ﬁ>}{<n—1><nAa+A—a>+1}) =
6.6 < >9).
@0 112 ()1 3) n=?)
The assertion of Theorefir) would now follow easily from §.6). O

Theorem 11. Let the functionf(z) defined by(1.2) be in the class$/(\, «, 3, k).
Thenf(z) is convex of ordep (0 < p < 1)in|z| < r3(\, «, (3, p, k), where

7”3()\,0[,6, P k)

n n(n —p)(1—-p)

The result is sharp for the functiof{ z) given by(2.2).
Proof. It is sufficient to show that

2f"(2)
f'(2)

S1—p (0 p<1; |2] <rs(\a, B, p, k).

. <(1 — p){n(k+1) — (k+5)H(n — D(nAa+ X —a) + 1})731 n32)
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Since

> n(n — 1an||"™
n=2

f"(2)
(6.7) HA < _ ,
f (Z) 1— Z nan\z|”*1
we have 1)
4 z < _ <
«N@ Sl-p (0=p<]),
if
— (n(n —p) ~1
(6.8) (————)n\P =1
; 1 — p an |2

Hence, by Theorem, (6.9) will hold true if
(n(n - p)> ant < {nk+1)—(k+8)Hn -1 \a+\—a)+1}

1—p 1-p
that is, if
(1—p) {n(k+1) = (k+8)H(n—1)(nAa+A—a)+1}\ 71
69 1= n(n—p)(1- ) )" oz

Theoreml1 now follows easily from §.9).
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7. Hadamard Products and Integral Operators
Theorem 12.Let f € U(\, o, 3, k). Suppose also that

.1) 0=+ gt (0= g <)

Then
fxg e U\ a, B, k).

Proof. Since() <o =1 (n=2),

Z{n (k+1)—(k+8)Hn—1Dn a+\—a)+ 1}a,g,

<> {nlk+1) = (k+ B)H((n - 1)(nha + X — a) + 1}a,

(7.2) S 1-p5,
which completes the proof of Theorelf.

Corollary 10. If f € U(), «, 5, k), then the functior(z) defined by

(7.3) Feyi= 22 [ et pwar o> -1
0

is also in the class/(\, o, 3, k).

Proof. Since

c+1 c+1
- 0< <
G- () (05

the result asserted by Corollaty follows from Theoreml.2.

1).
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