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ABSTRACT. In the present paper, the authors prove several inclusion relations associated with
the (n, §)-neighborhoods of certain subclasseg-afilently analytic functions of complex order,
which are introduced here by means of a family of extended multiplier transformations. Special
cases of some of these inclusion relations are shown to yield known results.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let.A4,(n) denote the class of functiorf$z) normalized by

(1.2) f(z) =2 — Z a,z"
(a, 20; n,pe N:={1,2,3,...}),
which areanalyticandp-valentin the open unit disk
U:={z:2€C and |z] <1}
Analogous to the multiplier transformation ot the operatot,,(r, i), given onA4,(1) by

L) =~ 3 (T8

T=p+1 p'+'ﬂ

(Lz0;reZ; feAl)),
was studied by Kumaet al. [6]. It is easily verified that
(p+ W Lp(r+ 1, 1) f(2) = 2[L(r, p) f(2)] + plp(r, 1) f (2).
The operatot,,(r, ;1) is closely related to thegagean derivative operator [11]. The operator

[;:::[103A0
was studied by Cho and Srivastava [4] and Cho and Kim [3]. Moreover, the operator
I, :=Ii(r,1)

was studied earlier by Uraleggadi and Somanatha [13].
Here, in our present investigation, we define the opetgior i) on A, (n) by

(1.2) L(r, ) f(2) = 27 — Z (”“) o

T=n+p p-+-M
(W20, peN; reZ).

By using the operatof, (7, 1) f(2) given by [1.2), we introduce a subclaSg,,, (1, r, A, b) of
the p-valently analytic function clasgl,(n), which consists of functiong(z) satisfying the
following inequality:

‘1 ( AL ) A2 ) m)> )

b \ X[, (r, ) ()]0 + (1= NI (r, ) ]~

(zEU; peEN;, meNy;, reZ; u=0; A\=0; p>max(m,—p); bE(C\{O}).

Next, following the earlier investigations by Goodman [5], Ruscheweyh [10] and Altaitas

al. [2] (see also[1],[7] and [12]), we define tie, §)-neighborhood of a functiofi(z) € A, (n)
by (see, for details| [2, p. 1668])

(1.3)

(1.4)  Nos(f) = {gGA( )ig Z b,2" and Z T|aT—b|<5}

T=n+p T=n+p

It follows from (1.4) that, if
(1.5) h(z) = 2" (p eN),
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then

(1.6) Nps(h) = {g € A,(n) 1 g(z) = 2P — Z b,z" and Z 7|b,| < 5} :

T=n+p T=n+p

Finally, we denote byR?  (iu,7,A,b) the subclass of4,(n) consisting of functionsf(z)
which satisfy the inequality (1).7) below:

(1.7) '%{[1 = Ap —m = DL (r, 1) f(2)] " + X2 [L(r, ) ()] = (p — m)}‘
<p—m

(2€U; peN; meNy; r€Z; p20; A2 0; p>max(m,—p); be C\{0}).
The object of the present paper is to investigate the various properties and characteristics of
analyticp-valent functions belonging to the subclasses

S (. A D) and RE (7, A, D),

which we have defined here. Apart from deriving a set of coefficient bounds for each of these
function classes, we establish several inclusion relationships involvirig theneighborhoods
of analyticp-valent functions (with negative and missing coefficients) belonging to these sub-
classes.

Our definitions of the function classes

Shm(p,m,A0) and RY (1,7, A, b)

are motivated essentially by the earlier investigations of Orhan and Kamali [8], and of Raina
and Srivastava [9], in each of which further details and closely-related subclasses can be found.
In particular, in our definition of the function classes

Sh (A b) and RE (1,7, A, D)
involving the inequalitieq (1]3) anfd (1.7), we have relaxed the parametric constraint
0= A=,

which was imposed earlier by Orhan and Kamali [8, p. 57, Equations (1.10) and (1.11)] (see
also Remark]3 below).

2. A SET OF COEFFICIENT BOUNDS

In this section, we prove the following results which yield the coefficient inequalities for
functions in the subclasses

Sﬁ,m(u, r,A\,b) and Rﬁ,m(/% r,\,b).
Theorem 1. Let f(2) € A,(n) be given by[L.T)). Thenf(z) € SE (1,7, A, b) if and only if

2.1) i (;IZ) (;) 14+ A —m—1)|(r —p+ [b])as
< |br{(§)[1+A<p—m—1>]},

(T> =1 (r—m+1)

m!

T=n-+p

where
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Proof. Let a functionf(z) of the form ) belong to the clas®, (u, 7, A,b). Then, in view
of (I.2) and|[(1.B), we have the following inequality:

o0

> (ﬁy (;)(T )l + X1 —m—1]az"™™
(2.2) R et OO r
(P)L+Ap—m—1)]zp—m — 3 (%ﬁ) (7)1 + A(r —m — 1)]a,z7m

T=n+p
> —|b| (z € U).

Puttingz = r; (0 < 71 < 1) in (2.9), we observe that the expression in the denominator on the
left-hand side of[(2]2) is positive for, = 0 and also for all-; (0 < r; < 1). Thus, by letting
r1 — 1— through real valueg| (2.2) leads us to the desired assdrtign (2.1) of THegorem 1.

Conversely, by applying (2.1) and settipg = 1, we find by using[(1]2) that

2L (r, 1) ()] "D + A2 (L (r, ) £ (2)] )
Azl (r; p) f (2))07 D 4+ (1= A) L (r, ) f (2)]0

|
3 (32) (L +AE —m =D = plas

(p—m)‘

i (P)L+Ap—m—1)] - i (;i—z)r (7)1 + A7 —m - 1)]a,

b [( M+ Ap—m—1)]— 3 (ﬁ)r(;)uﬂ(f—m—m%]
< TOO”+P T
@m0 = 3 () (AT - m - D

= [b].

Hence, by the maximum modulus principle, we infer tfiat) € SZ, (u, 7, A, b), which com-
pletes the proof of Theorepj 1. O

Remark 1. In the special case when

(2.3) m=0, p=1, b=py (0<B=1; 7veC\{0}),
=Q (eNy:=NuU{0}), r=k+1, and u =0,

Theorenjl| corresponds to a result given earlier by Orhan and Kamali [8, p. 57, Lemma 1].

By using the same arguments as in the proof of Thedrem 1, we can establish Théorem 2
below.

Theorem 2. Let f(2) € A,(n) be given by(L.T)). Thenf(z) € R, (1,7, A, b) if and only if

ey 3 (T (1) -miae-ple £ p-m M2 (7)),

T=n+p

Remark 2. Making use of the same parametric substitutions as mentioned ab(®g)inThe-
orem2yields another known result due to Orhan and Kamali [8, p. 58, Lemma 2].
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3. INCLUSION RELATIONSHIPS INVOLVING THE (n,d)-NEIGHBORHOODS
In this section, we establish several inclusion relationships for the function classes
Sh (A b) and RE (11,7, A, D)
involving the(n, §)-neighborhood defined b (3.6).
Theorem 3. If
[bl(n +p) (W)L + Ap —m — 1)]

(3.1) 6= > (p > [0]),
-+ 10) (2222) (L4 A+ p—m—1)]

then

(3.2) Sh (i, 7, A, b) C Nys(h).

Proof. Let f(2) € S,,(1,7, A, ). Then, in view of the assertiop (2.1) of Theorpm 1, we have

(n+ [b]) (w> <n+p)[1+)\(n+p—m—1)] i ar

< b(yij[i Mp—m—1)],

which yields
> bI(P)1+Ap—m—1
33 S bl +Ap —m = 1) |
S e bl () () A p = m = 1))
Applying the assertiorj (2.1) of Theorgm 1 again, in conjunction Witf (3.3), we obtain
(w) (n+p>[1+>\(n+p—m— 0 Y ra,

p + p m T=n+p

n+p+u>r
Pt p

< b2 )1+ 2= m - 1)+ - )
(- m 0] Y

m T=n+p
P n+p+p\
g|b|(m)[1+x<p—m—1>1+<p—'b'>(W)
b[(P)[1+ Ap —m — 1)]

-C””)H+Am+p—m—1ﬂ

m (n+ o) (%22 ) (7)1 + A +p —m — 1))
p n+p
= —m-1](—=].
(2 )i+ o =1 (22)
Hence
b PAT+Ap—m—1
@4 Y < bltn + )0+ 2~ - 1) —5 (> )
T=n+p n+ |b (—) 1T+ ANn+p—m—1
(1) (=) ()L A+ )
which, by virtue of [(1.5), establishes the inclusion relaton|(3.2) of Thepiem 3. O
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Analogously, by applying the assertign (2.4) of Theofgm 2 instead of the assértipn (2.1)
of Theorenﬂl to functions in the clag¥, (1,7, A, b), we can prove the following inclusion
relationship.

Theorem 4. If

(0—m) [55 + ()] I
> e e 078
then
(3.6) R%m(u,r, A, b) C Nys(h).

Remark 3. Applying the parametric substitutions listed (&.3)), Theoreni3 and Theorent]
would yield the known results due to Orhan and Kaméli [8, p. 58, Theorem 1; p. 59, Theorem
2]. Incidentally, just as we indicated in SectiBrabove, the condition > 1 is needed in the
proof of one of these known resulis [8, p. 59, Theorem 2]. This implies that the constraint
0= A= 1in[8, p. 57, Equations (1.10) and (1.11)] should be replaced by the less stringent
constraint\ > 0.

4. FURTHER NEIGHBORHOOD PROPERTIES

In this last section, we determine the neighborhood properties for each of the following
(slightly modified) function classes:

Sho (i, A 0) and - RESC (u, 7, A, b).
Here the classShy (i, 7, A, b) consists of functiongf(z) € A,(n) for which there exists
another functiory(z) € 8%, (u1, 7, A, b) such that
(4.1) ‘——1‘<p—a (zeU; 0 a<p)
Analogously, the clas®?4 (1,7, A, b) consists of functionsf(z) € A,(n) for which there
exists another functiop(z ) € Rf;ihm(u,r A, b) satisfying the mequalitl).
Theorem 5. Letg(z) € SE (1,7, A, b). Suppose also that

)
4.2 =p—- —
(42) a=p ——
(n+ 1)) (Z282) () L4+ A+ p—m — 1)
(n+10]) <%) (") L+ AMn+p—m—1)]—[|(?)[1 4+ Xp —m —1)]
Then
(4.3) Nns(g) C Sho (7, A, D).
Proof. Suppose thaf(z) € N, s(g). We then find from[(1}4) that
(4.4) > rlar =0 £,
T=n-+p
which readily implies the foIIowing coefficient inequality:
(4.5) Z la; —b.| < (n € N).

T=n+p
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Next, sinceg € Sk, (1,7, A, b), we have

> bl(PIY1+A(p—m—1

(4.6) S b < 1) 1L+ Al = m — 1)} |
so that

M _ 1‘ < Z:O:n-i-poLaT - bT|

g(’Z) 1 - ZT:n+p bT

- —1
< 0 |- bI(W)[L +A(p —m — 1)]
T ntp (n+ [b]) (%) ("Y1 + An+p—m —1)]
5[ (n+ o)) (Z2252) () 1+ A+ p—m— 1))
n+p | (n+0]) (%)r (MPY14+An+p—m—1)] = [b](P)[1+ Ap—m —1)]

=p—qQ,
provided thaty is given precisely by (4/2). Thus, by definitiohe Sk, (1, 7, A, b) for a given
by (4.2). This evidently completes the proof of Theofgm 5. O

The proof of Theorem]6 below is much similar to that of Theofém 5; hence the proof of
Theorenj 6 is being omitted.

Theorem 6. Letg(z) € RES, (1,7, A, b). Suppose also that

o) ampe b [ () (e ms

nap | () () g — ) (L An) — (0 - m) [B5E+ (2)]
Then
(4.8) N,s(g) C Rﬁ’,?n(u,r, A b).

Remark 4. Applying the parametric substitutions listed (&.3)), Theorenf5 and Theoren|
would yield the known results due to Orhan and Kamali [8, p. 60, Theorem 3; p. 61, Theorem
4].
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