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Abstract

In this study, some integral inequalities and Qi’s inequalities of which is proved
by the Bougoffa [5] - [7] are extended to the general time scale.

2000 Mathematics Subject Classification: 34B10 and 26D15.
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The unification and extension of continuous calculus, discret calopheslculus,
and indeed arbitrary real-number calculus to time scale calculus was first ac-
complished by Hilger in his PhD. thesis]][ The purpose of this work is to
extend some integral inequalities and Qi inequalities proved by Bougdffa [

[7]. The following definitions will serve as a short primer on time scale cal-
culus; they can be found in]—[4]. A time scaleT is any honempty closed
subset ofR. Within that set, define the jump operatets : T — T by

Time Scale Integral Inequalities

p(t)=sup{seT: s<t} and o(t)=inf{se€T: s> t}, Similar to Qi's inequality
whereinf ¢ := sup T andsup ¢ := inf T. If p(t) = ¢t and p(t) < ¢, then the Bﬁﬁ?ﬁﬁﬁk&?ﬁiﬁ
pointt € T is left-dense, left-scattered. I§(t) = t and o(t) > ¢, then the Huseyin Yildirim

pointt € T is right-dense, right-scattered. Tfhas a right-scattered minimum
m, defineT, := T—{m}; otherwise, sefl, = T. If T has a left-scattered
maximum M, defineT* := T—{M}; otherwise, sef* = T. The so-called
graininess functions aye(t) := o(t) — t andv(t) :==t — p(t). Contents
For f : T — R andt € T*, the delta derivative ing, 4] of f att, denoted

Title Page

f2(t), is the number (provided it exists) with the property that givenany0, 4 dd
there is a neighborhodd of ¢ such that 4 >
[f(o(t) = f(s) = FA@)[o(t) = s]| < elo(t) — s Go Back
foralls € U. ForT = R, f& = f’, the usual derivative; fof' = Z the delta Close
derivative is the forward difference operatgf; (t) = f(t + 1) — f(¢); in the Quit
case oly—difference equations with > 1,
Page 3 of 15
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A function f : T — R is right-dense continuous or rd-continuous provided
it is continuous at right-dense pointshand its left-sided limits exist (finite)
at left-dense points iff. If T = R, then f is rd-continuous if and only iff
is continuous. It is known from Theorem 1.74 ix] fthat if f is right-dense
continuous, there is a functidhi such thatF'>(t) = f(¢) and

/ F()AL = F(b) — F(a).

Note that we have Time Scale Integral Inequalities
b b Similar to Qi’s inequality
o(t)=t, u(t) =0, fA = f / f(t)At = / f(t)dt, whenT =R Mehmet Zeki Sarikaya,
a a Umut Mutlu Ozkan and
. Huseyin Yildirim
while
b b-1 :
ot) =t+1, ult)=1, f>=Af, / FOAt=Y"f(t), whenT =Z. UL T
a t=a Contents
Much more information concerning time scales and dynamic equations on P >
time scales can be found in the books4]. p N
Theorem 1.1 (Hoélder’s inequality on time scalesd]). Leta,b € T. For rd-
continuous functiong, ¢ : [a, )] — R we have Go Back
b b 1 b 1 Close
[ 1r@alse < ([ wras) ([lawrac)’ Qui
‘ ‘ ‘ Page 4 of 15
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In this section, we will state our main results and give their proofs.

Lemma2.1.Leta,b € T, andp > 1 andg > 1 with > + - = 1. If two positive
functionsf, g : [a,b] — R are rd-continuous and satisfying < m < g—ﬁ <
M < oo on the seta, b], then we have the following inequality

b . b . M\ [t
(2_1) (/ prCL’) (/ qu:L‘) < <_> / ngx. Time Scale Integ]rql Inequalities
a a m a Similar to Qi’s inequality

. . . . . Meh Zeki Sarik
Inequality @.1) is called the reverse Hélder inequality. e e,

Huseyin Yildirim

Proof. SinceLs < M, g > M~ f4, therefore
g

fg> M_%fl_;,_% _ M_%fp Title Page
Contents
and so, % ~
b z b z < >
P p
(2.2) ( / fpm) < M ( / ngx) .
a a Go Back
On the other hand, sinee < L7, f > m¥g», hence Clo=s
Quit
b b 1 4 L b
/ fgAx > / m?gH'EAQ; > mp / gIAx Page 5 of 15
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and so,

bngggészq bqua:}l.
([ o) =t ([ o)

Combining with @.2), we have the desired inequality

(/ fm)é (/ qm)i <ark ([ fgm)im 5 /abgqm)i
() [

Corollary 2.2. In Lemma2.1, replacing f” and ¢? by f and g, respectively, we
obtain the reverse Holder type inequality,

e ([ rad) ([oar) < () [ sisian

The proof of this corollary can be obtained frohX).

Theorem 2.3.Leta,b € T, p > landg > Lwith J + 2 = 1.If f: [a,0] = R

is rd-continuous and) < m?» < f < M» < oo on la, b], then we have the
following inequality

(2.4) (/ fr Ax) > (b—a)" (%)+ (/abprx)

]

3 =
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Proof. Puttingg = 1 in Lemma2.1, we obtain

(/abfpm)p b—a]s < (%)_ bng;.

Therefore, we get

(2.5) </b prx)p < (%)_ b—a] s bfo.

Again, substituting; = 1 in Corollary 2.2 leads to

</abfm:); < (%)_ [b—a]‘é/abfim,
and so,
(2.6) /abfog (%)_‘1’ b—a]” (/ Iz Ax)

Combining @.5) with (2.6), we obtain
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Corollary 2.4. If 0 < m?» < f < M#r < oo on|a, b] and §; = [b—a] " for
p>1,then

b p b :
(2.7) (/ féAx> > (/ prx) .
Remark 1. For T = R, (2.7) is Qi’s inequality P].

Theorem 2.5.1f f : [a,b] — R is rd-continuous and < m < f(z) < M on
la, b] , then we have the following inequality

1 Time Scale Integral Inequalities
s 1 Similar to Qi’s inequality

b b P
(2-8) /a prx 2> B (/a fo) ’ Mehmet Zeki Sarikaya,

Umut Mutlu Ozkan and

. (m e i Huseyin Yildiri
whereB = m(b—a)' " (4)" andp > 1,¢ > 1with 2 + 1 = 1. Useyin Yildirim

Proof. In Corollary2.2, puttingg = 1 yields

. Title Page
b » _1 b
</ fA:c) [b— a]% < <%) b f%A% Contents
and so, 4 dd
b s —L ) b 51 b N < 4
/ frAx > <M) [b—a]e (/ fAfI?) (/ fAl’) : Go Back
Since0 < m < f(x), we have Close
b 1 b 21 Quit
1 m\ pq 1+1
/a prxZ<M> m[b—a)] " (/a fA$> : Page 8 of 15
This proves inequality4.8). ]
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Corollary 2.6. Letp > 1 andg > 1 with . + & = 1. If

and0 <m < f(xz) < M onJa,bl, then

b b o1
(2.9) / frAx > </ fo)
Remark 2. For T = R, (2.9 is Qi’'s inequality [].

Lemma 2.7. Leta,b € T,and f, g : [a,b] — R be rd-continuous and nonneg-
ative functions with) < m < 5 < M < oo onja,b]. Then forp > 1andqg > 1

with % + % = 1 we have the following inequality

1

b 1 b ) )
(2.10) / @) o) Az < MFm ™ / @) lg@)] A

and

|~
—

IN

MFEm ™ (/abf(x)Ax>; (/abg(x)Ax) "
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Proof. From Hdlder’s inequality, we obtain

[vwreiars ([ Ax) ( [ st ) ,

that is,

\/
/’\
O"
mu
IT\’H
>
S
~~
S

since[f(x)]» < Mr[g(x)]» and[g(z)]s < m
equality it follows that

1

[ t@Pla@)ias

<okt b[g(x)ﬁ[f(a:)ﬁm:f (/ b[g(a:)ﬁ[f(a:)]mf |
and so,
(2.12) /ab[f(x)]é[g(x)]ém < Mm@ /ab[f(@]é[g(x)]mx.

Hence, the inequality?(10 is proved.
The inequality 2.11) follows from substituting the following

/ab[f(x)] [g(z)]7 Az < (/abf(m)Agp); (/abg(x)Ax)fl’

into (2.12), which can be obtained by Hdlder’s inequality on time scalesl]

S
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Lemma 2.8. Leta,b € T. For a given positive integey > 2, if f : [a,b] — R
is rd-continuous and < m < § < M < oo on|a,b] , then

[irwise< ([ @)

Proof. Puttingg(z) = 1in (2.17) yields

1—-1
p

(2.13)

1—1

/ A < K (/ bf(w)Ax) "

Mp%(b_ )% (p-1)2
whereK = T;g FromM < ”gb_—a)p, we conclude thaf{ < 1. Thus the

inequality Q.1m3) is proved. O
In the following we generalize to arbitrary time scales a resulfjn |

Theorem 2.9.Leta,b € T. If f, ¢ : [a,b] — R is rd-continuous and satisfying
0<m< § < M < oo on|a, b, then we have the following inequality
1—1

e ([ rwas) ([ wnr)
<c ( / (@) + gl Ax) gy

wherec = (%)i.
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Proof. It follows from Lemma2.1that

b
/ (f(2) + g(2)) Ax

a
b

| @+ gy s@as s [ (@) + g@) g)da

a

= (4 " ( bf”(:r)Ax); ([ s+ ataryo Ax);

L Time Scale Integral Inequalities

M\ ra b v b a(p-1) q Similar to Qi's inequality
R D —
+ (m ) (/(; g (m)A:U) (/a (f(l‘) + g(x)) Al‘) Mehmet Zeki Sarikaya,

1 1 Umut Mutlu Ozkan and

-() ([ v +awrar) e

x [( / b fp(x)Ax>; + < / b gp(:c)Ax>; o Fage

Therefore, we obtain 44 >

-

Contents

[(/b fp(x)Ax); 4 (/b gza(x)m); 4@0 Bacl:
< ()" ([ )+ oty o) .
_ (%)é </ab (f(x)+g(x))pAg;>p, Page 12 of 15
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whereg(p — 1) = p. ]

Example 2.1.LetT = Z. Let f(z) = 3* andg(z) = z? on [3,4] with M ~
5.06 andm = 3. Takingp = 2, we see that the conditions of Lemmha are
fulfilled. Therefore, for

</: 32%;)% = (%(38 — 36))é =33,
([ ar) - (z> s

and
4 4—1
/ 3*r2Ax = Z 37?2 =3°
3 r=3
we get

4 3 2 5.06\1 [
(/ 32%:5) (/ x4Ax) =243 < (T) /3%%1;%274.6.
3 3 3
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