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Abstract

Let T: X — X Dbe a (free) (G, r)-extension of S: Y — Y. Moreover let
fx, fy,fa > 0 be continuous functions defined on X, Y and G respectively.
In this paper we obtain some inequalities for the pressure of fx over the trans-
formation T in relation to the pressure of fy over the transformation S and of
fc over .
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Let7T: X — X be a continuous map of a compact metric spdcndr: G —
G be an automorphism of a compact metric gra@epSuppose&~ acts contin-
uously and freely on the right of so that the equatiof'(zg) = T'(z)7(g)
holds truevz € X, g € G. Moreover letY” be theG-orbit space and is the
natural map ort” defined byS(zG) = (Tx)G, Vx € X. ThenT is called a
(G, T)—extension of.

Bowen [1] studied the topological entropy of the aforementioned extension . o . ver
system and, amongst other things, showed that the following formula holds: (G, 7)-Extensions

Mohd. Salmi Md. Noorani

WT) = h(S) + h(7),

whereh(-) is the topological entropy of the appropriate maps. Title Page
In this paper, we are interested in the pressure analogue of Bowen'’s formula, Contents
i.e., we consider the pressure of functions defined on the respective dynamical
systems instead of topological entropy. Unfortunately the main result of this 4« 44
paper (i.e., the analogue of Bowen’s formula, see CoroMady is somewhat < >
short of an equality. Our examples indicate that equality holds but we are unable
to prove this in general. The proofs of the results arrived at in this paper are of Go Back
course modelled along the lines of Bowen. Close
Quit
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We shall recall some elementary facts about pressure which are relevant to us

in proving our results. The references for this section a@yard [£].

As before letl’: X — X be a continuous map of a compact metric space
(X,d). Throughout this paper we shall assume thétave finite topological
entropy. LetK be a compact subset of. A subsetl” of X is said to be an
(n, €)-spanningset for K if for given k € K then there exists € F' such that
d(T'(k), T'(x)) < ¢ V0 < i <n— 1. Now let f be a continuous real-valued
function defined onX and consider the set defined by:

Qn(T, f, e, K) = inf {Z @ p (n,e)-spansK} .
zelF

(Here we have used the standard notatiSpf(x) := f(z) + f(Tx) 4+ --- +
f(T™'z).) Then itis easy to see that, (T, f,e, K) < ||/ @||r, (T, ¢, K)
wherer, (T, ¢, K) is the cardinality of arin, €)-spanning set fok" with a min-
imum number of elements. In particular, by virtue of compactness and continu-
ity, we have0 < Q,(T, f,e, K) < co. Now define:

1
Q(T, f,e, K) = limsup — log Q,.(T, f, ¢, K)
n

n—oo

Lemma2.1.Q(T, f,e, K) < o©
Proof. We know that

Qn(T, f,e, K) < ||e5 ||, (T, e, K) < o0.
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Hence, sincg|e/(@)|| < e/ @)l we have
Qu(T. f.e, K) < WOl (T ¢, K).
Thus ) )
ﬁloan<T7f7€7K) S ||f|| + ElongL(Ta €, K)

In particular we have

1
QT f,e, K) < [[f|| + limsup —log r,, (T, €, K).
n

n—oo

It is well known thatlim sup,, ., < log 7, (T, ¢, K) < oo. Hence this completes
the proof. O

We are now ready to define the pressure: The pressufendth respect to
the subsef of X overthe maf': X — X is defined by the quantity:

P(T, f,K) =lnQ(T, f.¢ K).
Remark 1.

1. As is well-known, the metric o can be arbitrarily chosen as long as it
induces the same topology oh

2. WhenK = X we obtain the usual definition of the pressuk&T’, f), of
the functionf over the mag™: X — X.
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3. Recall thatE is an (n, ¢)-separatedet of K C X if for any two distinct
pointsz, y € E there exists some< i < n such thad(T"(x), T"(y)) > e.

It can be checked that the above definition can also be arrived at by using

separating sets. In this case we shall be concerned with the quantity

P.(T, f,e, K) = sup {Z S @ B (n, e)-separateé(} .

zel

As is well known, the next step is to define

1
P(T, f, K) = limliminf —log P, (T, f, ¢, K).

e—0 n—oo N

The following two results are straight forward consequences of the definition

of pressure.

Proposition 2.2.
P(T, f,K) < P(T, f)

whenevelK ¢ X

Proof. Let F' (n, ¢)-spanX. ThenF also(n, ¢)-spansk’ C X. Hence

inf {Z 5 I F (n, e)—spanSK} < inf {Z Sl @ F (n, e)-spanSX} .

zeF zeF

ThusQ, (T, f, e, K) < Q.(T, f, ¢). The result follows by taking the appropriate
logarithms and limits. ]
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Lemma 2.3. Let s, (7, 4¢, X') denote the cardinality of &n, 4¢)-separated set
of X with maximum number of elements. Then

P, (T, f,8¢, X) < e"lflls (T, 4¢, X).

Proof. For anye > 0, itis not difficult to check that

P’/’L(T7 f’ 26’ X) S Qn(T7 f7 67 X)

The Pressure Of Functions Over

and (G, 7)-Extensions
(T, e, X) < s,(T, €, X).
. Mohd. Salmi Md. Noorani
Hence since
Qu(T, f& X) < el*/lry (T, ¢, X) Title P
itle Page
we have
Contents
Po(T. f,8¢,X) < Qu(T, f,4¢, X) « >
< el flly (T, 4e, X) < >
< e"lflls, (T, 4¢, X). ——
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In this section we shall start off with a straightforward modification of a crucial
estimate of Bowen and later show how this estimate is used when dealing with

pressure. But first recall the following definition:

LetT: X — X andS: Y — Y be continuous maps of compact metric spaces

X andY. Moreover letr be a continuous surjective map frakhto Y such that
moT =S om. Then as is well-knowf is called an extension &f.

With respect to this extension system, we have the following result which is

essentially due to Bowen].

Lemma 3.1. Lete > 0, « > 0 and integern > 0 be arbitrary. Also letfy be
a continuous positive function defined &n Then there exists some> 0 such
that if Y,, is an(n, §)-spanning set fok” with minimum cardinality then for any
(n, 4¢)-separating sef’ of X we have

Card. F < Card.Y,, - el@+®)(n+M)

wherea = sup,y P(T, fx, 7' (y)) and M is some finite positive real number.

Proof. Let a = sup,y P(T, fx, 7 '(y)). For eachy € Y, choose an integer
m(y) > 0 such that

a+a>P(T, fx, 7 'y) + «

1 1
) 2 5108 Qi (T fvs 677 ()
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Also foreachy € Y let E, be a(m(y), €)-spanning set of ! (y). Now consider

the open neighborhood af ! (y)

m(y)—1

=U ﬂ T7* By (T"2).

z€Ey k=0

Then itis clear that

(X/Uy) ﬂw B, (y)) =0,

>0

whereB, (y) is the open-ball centered atwith radiusy. SinceX is compact,
the finite intersection property for compact sets then implies there exists some
v = v(y) > 0 such thatr—!(B,(y)) C U,. In particular, sinceX is compact,

there exists, vo, . . .
1=1,2,...,rand

.y € Y such thatt” is covered by the open ball3, (y;),

! (By(yi)) C Uy,

where
m(y;)—1

= U ﬂ T By (T%2)
2€Ey, =
andE,, is an(m(y;), €)-spanning set of ~*(y;).

Now letd > 0 be the Lebesgue number of this coverYoand letY,, be a
(n,d)-spanning set fol” with minimum cardinality. Hence for eagh € Y,
we can define;(y) as the element iy, ys, . . ., y,} satisfyingB;(57(y)) C
B,(¢;(y)) foreachj =0,1,...,n— 1.
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Next define recursively the positive integers
tO(y) = 07
s—1
t(@) =Y _m(c,q@)
r=0

foreachs =1,2,..., ¢, whereq = ¢(y) having the property,.(y) > n. Now
for eachqg + 1-ple

- X F,

(w0, 71,...,74) € Ecto@@) x E, () (@)

¢ty @) (@) X
define the set
V(y; (zo,21,...,2q)) = {z € X: d (T”ts@) (), T"(zs)) < 2e
‘v’0<t<m(ct(y)( ))&0<S<q}.

Then it is easy to check that

U V(y; (o, 1, ..., xq)) = X

(@;(x0,%15.-,%q))
and if I is an(n, 4¢)-separated subset &f, then
(3.1) Card(F NV (y; (xg, x1,...,24))) =00r1

for eachq + 2-ple (y; (zo, 71, ..., 24)), wherey € Y, andx; € E,, . @), s =
0,1,...,q.
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To complete the proof of this lemma, we shall now obtain an estimate for the
numberNy of theq + 1-ple’s (g, 71, . . ., T4)). Since

a(¥)

Ny = (@) o7 (@)
s=0

we have by virtue of+) andfxy > 0

q(7) The Pressure Of Functions Over
log Ng S Z 10g Tm(cts@) @)) (T, €, 71'_1 (Cts(y) (g))) (G, 7)-Extensions
s=0 Mohd. Salmi Md. Noorani
a(¥)
—1 B
= z_: log Qm(cts@) (T fx, &7 (e @) Title Page
q(¥) Contents
< Z m (Cts(?) (@)) (CL + O[). <4< >
s=0
4 | 4
Recall that .
Ny Go Back
qH Z e, (y) Close
Also t,11(7) = t4(Y) + m (e, (¥)). Therefore Quit

B 3 Page 11 of 20
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whereM = max{m(y1), m(y2),...,m(y,)}.
Hence

log Ny < (n+ M)(a + )
so thatNy < e(tM)(@t+a) |n particular, 8.1) now implies
Card.F' < Card.Y,, - Ny
< Card.y,, - e(mtMlate)
and this completes the proof of this lemma. O

Some remarks are in order:

1. Apart from the choices of integers(y), the rest of the proof of the above
lemma is an exact copy of Bowen'’s theoremTheorem 17].

2. WhenF'is a(n, 4¢)-separating set ok with maximum cardinality, then
Sp(T,4e, X) < r,(S,9, Y)e(”+M)(“+O‘)

where as beforg,, (T, 4¢, X) is the cardinality of suclt” andr,(S,4,Y)
is the cardinality ofy,.

The following theorem is the pressure analogue of Bowen’s Theofem [
Theorem 17] (see als@]).

Theorem 3.2.Let fx and fy be continuous real-valued functions definedon
andY respectively such thaty > 0 and fy > 0. Then

P(T, fx) < || fx|| + P(S, fy) +sup P(T, fx,7""y).

yey
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Proof. Lete > 0, a > 0, integem > 0 be arbitrary and. = sup, P(T, fx, 7 'y).

Also lets, (T, 4¢, X') denote the cardinality of @, 4¢)-separated set of with
maximum cardinality. Then Lemma&s3and3.1give us

P (T, fx,8¢,X) < e"lixlls (T 4¢, X)
< enlixlly (8,8, Y )elm+ D ata)
< enlixlQ,, (S, fy, 9, y) (n+M)(ate)

where the last line follows from the positivity gf..
Hence

log P, (T, fx, 8¢, X) < nl/fx]| + (n + M)(a + a) +10g @un(S, fy,0,Y).
In particular, on dividing by: and taking limit superior, we have as— 0
P(T, fx) < /x| + P(S, fy) + a+a.

The result then follows since is arbitrary. O

Corollary 3.3. Let X andY be compact metric spaces afid X — X and
m: X — Y be continuous such that o T' = «. Moreover letf > 0 be
continuous onX.Then

sup P(T, {7 1y) < P(Tf) < ||l +sup P(T. .7 y)

Proof. The first inequality follows from Prop2.2. Then in the above theorem

takeS = Id, fy =0andfx = f. O
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By taking f = 0 in the above corollary, we have

Corollary 3.4. Let X andY be compact metric spaces afid X — X and
m: X — Y be continuous such thato 7" = 7. Then

h(T) = sup h(T, 7 'y).

yey

The last corollary is contained iri,[Corollary 18].
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As in the introduction lef": X — X be a(G, 1) - extension ofS: Y — Y.
For the rest of this paper l¢t- and f; be positive real-valued functions defined
onY andG respectively. Now define the functiof: X — R as f(zg) =
fr(zG) + fo(g) so thatf is also positive and continuous.

Lemma 4.1. The functionf is well-defined.

Proof. Let g = z¢’ wherex,z € X andg,g € G. Consider the projection
mapn: X — Y. Thenrn(zg) = 7(z¢') implieszG = zG so thatr = zg for
someg € G. Hencef(zg) = f(299) = fv(2G) + fa(gg). Also f(zg') =
fy(2G) + fa(¢'). And this impliesf(zg) = f(z¢') if fa(g9) = fa(g'). But
this is true since: = zg implieszgg = z¢’ and in turn by virtue of free acting
this impliesgg = ¢'. In other wordsf;(gg) = fo(g’) and this completes the
proof. O

Lety € Y. Thenrecall tha®,. (T, f,e, 7 'y) is defined as

Qu(T, fe,m'y) = inf {Z S I@ B (n,e) — spanSrr‘ly} .

rEF
We have
Proposition 4.2. Giveny € Y, integern > 1 ande > 0,
Qu(T, fre,my) < e"WMIQ, (7, fa,0)

for somey > 0.
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Proof. Let d andd’ be the metrics associated with andG respectively. Then
sinceG acts continuously oX’, we have by uniform continuity, there exists
§ > 0 such thatd(zg,zg’) < ¢ wheneverd'(g,g’) < §. Now letx € 71y
and E,, be a(n, d)-spanning set fot7. Then it is easy to check thatt,, is a
(n, €)-spanning set forr—!y. Observe that by commutativity @ and.S (via )
and the relatio’(zg) = T'(z)7(g) we have

esnf(mg) — 6San(IG)eSnfG(9)

with respect to the appropriate mdpssS andr, so that

Z esnf(zg) — esan(xG) Z esnfG(g)

gE€E, geEn
or
Z 6Snf(339) — esan(ZG) Z esnfG(g).
rg€zFEn geEn,
Therefore

Qu(T, fre,m71y) < e HEDQ, (7, fa,0).

Note that the above manipulation is independent of 7!y since if2’ ¢
1y thenz’ = zg for someg € G so thatz’G = xzG which in turn implies
S, fy (2'G) = S, fy (zG). The result follows since®»/v (=& < enlivl, O

Theorem 4.3.Giveny € Y, we have

P(T, f.7'y) < |lfvll + P(7, fo).
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Proof. From Propositiont.2we have

Qn(T7 fa 67 W_ly) S eanYHQn(T7 fG? 5)

Therefore

. 1 _ . 1
llmsupgloan(T, fa €T ly) S ||fY|| + hmsupﬁloan(Ta fG76)7

that is
QT fe,m'y) < |Ifvll +Q(7, fa,0).
The result follows by taking — 0 andy — 0. O
Combining Theoren3.2and Theorend.3and takingf = fx , we have

Proposition 4.4.

P(T, f) < IFIV+ Lyl + PCS, fr) + P(T, fa)

We also have:

Proposition 4.5.
P(va) Z P(S7fY) +P(vaG)

Proof. Lete > 0 and letd” be the metric orY". Then by the uniform continuity
of = and the fact thatr-acts freely onX there exists somé > 0 such that
a.d"(m(z),n(z)) < ewhend(z,z) <46

b. d(zg,zg’") > § whenz € X andd(g,¢’) > e.

Now letG,, C G be(n, ¢)-separated and, C Y be(n, ¢)-separated and choose
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X, C X sothatr, : X, — Y, isabijection. ThenX,,G, is (n, §)-separated.

Thus

Po(T, f,0) > Y e IED = P(S, fy,€)- P(7, fa,e€).

29€XnGn

In particular
P(T7f76) > P(S7fY7€)+P(T7fG7€)‘

The result follows by taking — oo andy — oc. [

Corollary 4.6.

P(S, fy) + P(r, fa) < P(T, ) < [[f| + /vl + P(S, fr) + P(7, fa).

And by takingfy = 0 = f, we recover Bowen’s formula

Corollary 4.7.
hT) = h(S) + h(T).
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When fy andfs are both constant, by using the variational formula for pressure

and Bowen'’s formula, it is easy to deduce thaf’, /) = P(S, fy) + P(7, fc),
i.e., equality holds in this trivial case.
Perhaps, a non-trivial example supporting the equality is as follows:

Example 5.1.LetY = {-1,1}?ando: Y — Y be the full two-shift. Consider
the group extension given by

0:Y X7z —Y X7Zs
(y.9) — (oy, (g + 2yo) mod3).

Of course, in this case = Id. Also, letf(y,9) = fyv(y) + fa(g), where
fr(y) =0ifyo = —1, fy(y) = 1if yo = 1 and f = 2, constant. Then one
can easily check thaP(c, fy) = log(1 + e¢) and P(ld, fo) = 2. Moreover
it is not difficult to see thaP’(4, f) = log(e* + €3). In particular, we have

P<é-7 f) - P(O-v fY) + P(IdvfG>
We end with the following conjecture:

Conjecture 5.1. LetT: X — X be a (free)(G, 7)—extension of: Y — YV
such that7" has finite topological entropy. Also lgt: G — R be defined as
f(zg) = fy(zG) + fa(g) where fy, fq are positive real-valued functions on
Y andG respectively. Then

P(T, f) = P(S, fy) + P(7, fa).
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