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ABSTRACT. In this paper we introduce Levinson means of Cauchy’s type. We show that these
means are monotonic.
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1. INTRODUCTION AND PRELIMINARIES

Letay, s, ..., 2, andpy, ps, . .., p, be real numbers such that € [0, 1], p; > 0 with P, =

> oo . pi. LetG, and A, be the weighted geometric mean and arithmetic mean respectively
defined by

1
Pn,

n
.- (11
i=1

In particular, consider the means

1 & _
and A, = Fn;pm =T.

1

n P, n
" 1
G, =[] -z and A = FE pi(l— ).
i=1 "oi=1

The well known Levinson inequality is the following {[1, 2] see also [6, p. 71]).

Theorem 1.1.Let f be a real valued 3-convex function @ 2a|. Then for0 < z; < a,p; >0
we have

The research of the second author was supported by the Croatian Ministry of Science, Education and Sports under the Research Grants
117-1170889-0888.
202-08


mailto:matloobprotect T1	extunderscore t@yahoo.com
mailto:pecaric@mahazu.hazu.hr
http://www.ams.org/msc/

2 MATLOOB ANWAR AND J. PECARIC

R O (% Zpi:ci>
<_Zpl (2a — ;) — ( ZZ%QG—%)-

In [4], the second author proved the following similar result.

Theorem 1.2. Let f be a real valued 3-convex function in2a| andx; (1 < i < n) n points
on |0, a]. Then

(1.2) Pinif(wi) ( me) <5 sz a+ ;) ( sz a+ )

Lemma 1.3. Let f be a log-convex function. I;; < y1, x5 < yo, 1 # X2, Y1 # Yo, then the
following inequality is valid:

. o <[

Lemmal.4.Letf € C3(I) for someinterval C R, such thatf”” is bounded anéh = min [
and M = max f”’. Consider the function,, ¢, defined as,

(1.4) $i(t) = 17 = f(t),

m
(L5) Galt) = (1) — 51,
then¢, and ¢, are 3-convex functions.

Lemma 1.5. Let us define the function

s(s— 1)(3 2) 5#012

(1.6) o) = { 280 5O
—xlogz, s=1;

1 —
sz?logx, s=2.
Theny” (x) = x*73, that isp,(z) is 3-convex forr > 0.

Let I C R be an interval and lef be some appropriately chosen vector space of real valued
functions defined ord. Let ¥ be a functional orF and letA : 7 — R be a linear operator,
whereR is the vector of all real valued functions definedfon

Suppose that for eache F, there is & € I such that

(1.7) U (f) = A&

J. Pe&aric, |. Pert and H. Srivastava in_[5] proved the following important resultdoand A
defined above.

Theorem 1.6. For everyf, g € F, there is & € I such that
(1.8) A(g) ()W (f) = A(f)(§)¥(g).
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2. MAIN RESULTS

Theorem 2.1.Let f € C3(I). Then forz; > 0 andp; > 0 there existt € I such that the
following equality holds true,

21) f (% Zpr> - % Zp@-f(xi)
+ Pin X;Pif@a —x)— f (Pin ZI%(QG - $1)>
3
f/// g 1 n 1 n 5
-5 (Fn ZW) - p, 2 h

=1

3
1 Z” 5 1 Z”
" F” i=1 Pl <F" i=1 pze x2)>

Proof. Suppose thaf” is bounded, that ismin f”” = m, max f/ = M. By applying the
Levinsen inequality (1]1) to the functions and¢, defined in Lemmp 1]4, we get the following
inequalities,

@2) f (,% Zm%) - 2> i)
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By combining both inequalities and using the fact that/fo< p < M there exist € [ such
that /”(¢) = p, we get[(2.L). Moreover, if"” is (for example) bounded from above we have
that [2.2) is valid and agaif (2.1) is valid.

Of course|(2.]1) is obvious if” is not bounded from above and below. O

Theorem 2.2.Let f,g € C3(I). Then forz; > 0 andp; > 0, i = 1,...,n there exist € I
such that the following equality holds true,

e Spe )~ Snfe)+ i Sosa—n)-1(# L)
"€ _ i=1 i=1 i=1 i=1 ‘
9" (&) g<PLn ilpzxz> —Pin ipw(xﬁ—l—%n ipig(2a — xi)—g(Pin ilpi(Za—xi)>

Proof. Consider the linear functionals and A as in [1.7) for7 = C*(I) andR the vector
space of real valued functions such thdk) = A(k)(&) for some functiork. Let A be defined
as:

@5 A =1 [(%Z piv > sz

(2.4)

3
1 — 1 —
_§ (2a — 1) — _E (2a — T ]

Also, consider the linear combinatién= c, f — c»g, wheref, g € C3(I) andc,, ¢, are defined
by

(2.6) c1 = V(g)
=9 <%n ZPz%) - %n szg(%)
+—sz — g(;ﬂ Zpi(Za—xi)),

(2.7) ¢ = U(f)

=f <%nzpzxz> - %nzpzf(l’)
—|——sz (2a — ;) — ( Zpl2a—$z)~

Obviously, we have (k) = 0. This implies that (as in Theoregm 1.6):
(2.8) U(g)A(f) (&) = V(f)A(g)(&)-
Now sinceV(g) # 0 andA(g)(§) # 0 we have from the last equation

v(f) _ Af)E©)
U(g)  Alg)&)
After putting in the values we g€t (2.4). O

(2.9)
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Corollary 2.3. Let% be invertible the4) suggests new means. That is,

f/// -1 f(Pln ipz%) _an f:pzf(wz)+%n i]%f(?a—xi)—f(];ln ip&?a—xﬂ)
(210) &= (///) 121 Zil 1z1 lzl

i=1

iS a new mean.

Definition 2.1. Define the function
1 — _ _
(211) ’Ss = F sz <(IDS<2a - xl) - @s<x1>) - 803(261 - .77) + SDS(‘CC)a
noi=1

whens # 0,1,2. s =0, 1, 2 are limiting cases defined by

1 GeA,
-1
é—o H(G Aa)7

where
n bon Lo
G, = H(Qa - xi)pi] and A} = D ZPi(Qa — ),
i=1 moi=1
1 n
= — Zpi <xz Inx; — (2a — x;) In(2a — xz)> + (2a —7)In(2a —7) —TlnT,
— 1 2 —\2 — —92 —
& = 5 Zpl< a— ;)% In(2a — z;) z; In xz> (2a —7)*In(2a —7) +T°InT

Then we define the new means; ; as:

Definition 2.2. Let us denote:

1
(2.12) M, = (é)
&
fors #t # 0,1, 2. We define these limiting cases as
M. . = oxp n 352 — 65+ 2
8,8 — X — — .
i Pi((2a— @) —af) = 2a—2) + 70 s(s—1)(s—2)

where

=5 Zpl )*log(2a — x;) — x} log x;) — (2a — Z)° log(2a — &) + 7°log T
fors #0,1,2

2 (3 X0 pil(log(2a — 2,))? — (log )]
M070 = exXp

480

_ (log(2a — 7))* — (log )6
4&o ’
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M, — exp [p% > im1 pi[(2a — 27)(log(2a — z;))? — @;(log ;)]
’ 261
_ (2a—2)(log(2a — 7))* — (log 33)2]
26 ’
25" pi[(2a — x;)%(log(2a — ;)2 — 22 (log ;)2
Myp = exp [pn iy pil(20 — )% 3g£<22 ))? — i(log z:)’

(2a — 7)*(log(2a — 7))? — 7*(log 7)?
- 362 N 1} '

In our next result we prove that this new mean is monotonic.
Theorem 2.4.Letr < s,t < u,r # t, s # u, then the following inequality is valid:
(2.13) M, < M.
Proof. Since¢; is log convex as proved ir[3, Theorem 2.2], then applying Lernmp 1.4 for

r<s,t<u,r #t,s# uwe getourrequired result. O

3. RELATED RESULTS

Theorem 3.1.Let f € C3(I). Forz; > 0andp; > 0, i = 1,...,n there exist € I such that
the following equality holds true,

(3.1) f( Zwa-) Zpl ;)
+—sz CL+QTZ ( sza+xz>
fmf 1 n
:% (Fnz bix z) sz

=1

n 3
+ %n;p(a—l-ﬂﬁz ( sz a+xz>

Proof. Similar to proof of Theorerp 2]1. O

Theorem 3.2.Let f,g € C3(I). Then forz; > 0 andp; > 0, i = 1,...,n there exis¢ € I
such that the following equality holds true,

1Sy ) oL
32 O ! (Pn i:zlp’xz) "
g ¢) g(an leixi)—pim pig(%)*—p% apig(a‘i‘xi)_g(%ﬂ Zpi(a+$z‘))

Proof. Similar to proof of Theorern 2]2. O

pif (2:)+ 5 i:ilpz‘f(aJrIi)—f (% ipz‘(aﬂfz‘))

1= |10

1
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Corollary 3.3. Let% be invertible. The2) suggests new means. That is,

1
n

f”') -1 f<pln ém%) 5 i:pif(ﬂfi)er% jzlpz‘f(a+$i)f(pln /jlei(ami))
> pi

(3'3) £:< " n n n
I 9(1:1" leil’i) — 5 2pig(xi)+p- leig(a'i'xi)—g(pl" lei(aﬂi))

=1 %

iS a new mean.

Definition 3.1. Define the function
_ 1 <
(3.4) &= 2 Som(pslat+a) = o) - oula+7) + (@)
=1
whens # 0,1,2. s =0, 1, 2 are limiting cases defined by
-1 Ge, A,
50 - §1H (GnAan) )

1

B n Pn B 1 n
a — \Pi Ae = — . .
Ge, (H(ajtxl) ) , and "= ;pl(@—i—xl),

i=1 L

where

_ 1 — B o
51:Fn;pi<xilnxi—(a+$i)ln(2a—xi)>—l—(a+x)1n(a—|—x)—xlnx,

1
5225

1 n
P, Zpi ((a+z)*In(a+ ;) —2;Inz;) — (a+7)*In(a+7) +T°InT| .
=1

We now define new meany; ,; as:
Definition 3.2. Let us denote:
(3.5) A@ﬁz(é)
&t
fors £t # 0,1, 2. We define these limiting cases as

7 7 352 — 65+ 2
s,s — €X ry — — — ,
7 P p%bzz-:lpz'((a—i-l’i)s —zf)—(a+ 7)) +7°  s(s—1)(s—2)

where
I . . N o
=75 Zpi((a+xi) log(a + x;) — zjlogx;) — (a+ Z)*log(a + 7) + z°log z
™ oi=1
fors+#0,1,2

2 (& S0, pilllog(a + ))? — (logz:)?])
15

My = exp

_ (log(a + 7)) — (log 7)*6&
4¢, ’
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M, = exp 2%
1

[P% S pil(a+ z;)(log(a + 2;))? — z,(log 2,;)%)

(a + 7)(log(a + ?))2 — z(log 35)2]
26 ’

MQ’Q = exp

7 i1 Pil(a + zi)*(log(a + 2;))* — 27 (log 7,)*)
382

(a +7)*(log(a + 7))* — #*(logz)* 1]
382 '
In our next result we prove that this new mean is monotonic.

Theorem 3.4.Letr < s,t < u,r #t, s # u, then the following inequality is valid:

(3.6) M, < Ms,,.

Proof. Sinceé, is log convex as proved in[3, Theorem 2.3] & p,), then applying Lemma

forr < s,t <wu,r #t,s # uwe get our required result. O
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