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1. I NTRODUCTION AND PRELIMINARIES

Let x1, x2, . . . , xn andp1, p2, . . . , pn be real numbers such thatxi ∈ [0, 1
2
], pi > 0 with Pn =∑n

i=1 pi. Let Gn andAn be the weighted geometric mean and arithmetic mean respectively
defined by

Gn =

(
n∏

i=1

xpi

i

) 1
Pn

and An =
1

Pn

n∑
i=1

pixi = x.

In particular, consider the means

G′
n =

(
n∏

i=1

(1− xi)
pi

) 1
Pn

and A′
n =

1

Pn

n∑
i=1

pi(1− xi).

The well known Levinson inequality is the following ([1, 2] see also [6, p. 71]).

Theorem 1.1.Letf be a real valued 3-convex function on[0, 2a]. Then for0 < xi < a, pi > 0
we have
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2 MATLOOB ANWAR AND J. PEČARIĆ

(1.1)
1

Pn

n∑
i=1

pif(xi)− f

(
1

Pn

n∑
i=1

pixi

)

≤ 1

Pn

n∑
i=1

pif(2a− xi)− f

(
1

Pn

n∑
i=1

pi(2a− xi)

)
.

In [4], the second author proved the following similar result.

Theorem 1.2. Let f be a real valued 3-convex function on[0, 2a] andxi (1 ≤ i ≤ n) n points
on [0, a]. Then

(1.2)
1

Pn

n∑
i=1

pif(xi)− f

(
1

Pn

n∑
i=1

pixi

)
≤ 1

Pn

n∑
i=1

pif(a + xi)− f

(
1

Pn

n∑
i=1

pi(a + xi)

)
.

Lemma 1.3. Let f be a log-convex function. If,x1 ≤ y1, x2 ≤ y2, x1 6= x2, y1 6= y2, then the
following inequality is valid:

(1.3)

[
f(x2)

f(x1)

] 1
x2−x1

≤
[
f(y2)

f(y1)

] 1
y2−y1

.

Lemma 1.4.Letf ∈ C3(I) for some intervalI ⊆ R, such thatf ′′′ is bounded andm = min f ′′′

andM = max f ′′′. Consider the functionsφ1, φ2 defined as,

(1.4) φ1(t) =
M

6
t3 − f(t),

(1.5) φ2(t) = f(t)− m

6
t3,

thenφ1 andφ2 are3-convex functions.

Lemma 1.5. Let us define the function

(1.6) ϕs(x) =


xs

s(s−1)(s−2)
, s6= 0,1,2;

1
2
log x, s=0;

−x log x, s=1;
1
2
x2 log x, s=2.

Thenϕ′′′
s (x) = xs−3, that isϕs(x) is 3-convex forx > 0.

Let I ⊆ R be an interval and letF be some appropriately chosen vector space of real valued
functions defined onI. Let Ψ be a functional onF and letA : F → R be a linear operator,
whereR is the vector of all real valued functions defined onI.

Suppose that for eachf ∈ F , there is aξ ∈ I such that

(1.7) Ψ(f) = A(f)(ξ).

J. Pécaríc, I. Períc and H. Srivastava in [5] proved the following important result forφ andA
defined above.

Theorem 1.6.For everyf, g ∈ F , there is aξ ∈ I such that

(1.8) A(g)(ξ)Ψ(f) = A(f)(ξ)Ψ(g).
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2. M AIN RESULTS

Theorem 2.1. Let f ∈ C3(I). Then forxi > 0 and pi > 0 there existξ ∈ I such that the
following equality holds true,

(2.1) f

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pif(xi)

+
1

Pn

n∑
i=1

pif(2a− xi)− f

(
1

Pn

n∑
i=1

pi(2a− xi)

)

=
f ′′′(ξ)

6

( 1

Pn

n∑
i=1

pixi

)3

− 1

Pn

n∑
i=1

pix
3
i

+
1

Pn

n∑
i=1

pi(2a− xi)
3 −

(
1

Pn

n∑
i=1

pi(2a− xi)

)3
 .

Proof. Suppose thatf ′′′ is bounded, that is,min f ′′′ = m, max f ′′′ = M . By applying the
Levinsen inequality (1.1) to the functionsφ1 andφ2 defined in Lemma 1.4, we get the following
inequalities,

(2.2) f

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pif(xi)

+
1

Pn

n∑
i=1

pif(2a− xi)− f

(
1

Pn

n∑
i=1

pi(2a− xi)

)

≤ M

6

( 1

Pn

n∑
i=1

pixi

)3

− 1

Pn

n∑
i=1

pix
3
i

+
1

Pn

n∑
i=1

pi(2a− xi)
3 −

(
1

Pn

n∑
i=1

pi(2a− xi)

)3


and

(2.3)
m

6

( 1

Pn

n∑
i=1

pixi

)3

− 1

Pn

n∑
i=1

pix
3
i

+
1

Pn

n∑
i=1

pi(2a− xi)
3 −

(
1

Pn

n∑
i=1

pi(2a− xi)

)3


≤ f

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pif(xi)

+
1

Pn

n∑
i=1

pif(2a− xi)− f

(
1

Pn

n∑
i=1

pi(2a− xi)

)
.
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By combining both inequalities and using the fact that form ≤ ρ ≤ M there existξ ∈ I such
thatf ′′′(ξ) = ρ, we get (2.1). Moreover, iff ′′′ is (for example) bounded from above we have
that (2.2) is valid and again (2.1) is valid.

Of course (2.1) is obvious iff ′′′ is not bounded from above and below. �

Theorem 2.2. Let f, g ∈ C3(I). Then forxi > 0 andpi > 0, i = 1, . . . , n there existξ ∈ I
such that the following equality holds true,

(2.4)
f ′′′(ξ)

g′′′(ξ)
=

f

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pif(xi)+
1

Pn

n∑
i=1

pif(2a− xi)−f

(
1

Pn

n∑
i=1

pi(2a−xi)

)
g

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pig(xi)+
1

Pn

n∑
i=1

pig(2a− xi)−g

(
1

Pn

n∑
i=1

pi(2a−xi)

) .

Proof. Consider the linear functionalsΨ andA as in (1.7) forF = C3(I) andR the vector
space of real valued functions such thatΨ(k) = A(k)(ξ) for some functionk. Let A be defined
as:

(2.5) A(f)(ξ) =
f ′′′(ξ)

6

( 1

Pn

n∑
i=1

pixi

)3

− 1

Pn

n∑
i=1

pix
3
i

+
1

Pn

n∑
i=1

pi(2a− xi)
3 −

(
1

Pn

n∑
i=1

pi(2a− xi)

)3
 .

Also, consider the linear combinationk = c1f − c2g, wheref, g ∈ C3(I) andc1, c2 are defined
by

c1 = Ψ(g)(2.6)

= g

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pig(xi)

+
1

Pn

n∑
i=1

pig(2a− xi)− g

(
1

Pn

n∑
i=1

pi(2a− xi)

)
,

c2 = Ψ(f)(2.7)

= f

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pif(xi)

+
1

Pn

n∑
i=1

pif(2a− xi)− f

(
1

Pn

n∑
i=1

pi(2a− xi)

)
.

Obviously, we haveΨ(k) = 0. This implies that (as in Theorem 1.6):

(2.8) Ψ(g)A(f)(ξ) = Ψ(f)A(g)(ξ).

Now sinceΨ(g) 6= 0 andA(g)(ξ) 6= 0 we have from the last equation

(2.9)
Ψ(f)

Ψ(g)
=

A(f)(ξ)

A(g)(ξ)
.

After putting in the values we get (2.4). �
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Corollary 2.3. Let f ′′′

g′′′
be invertible then (2.4) suggests new means. That is,

(2.10) ξ=
(

f ′′′

g′′′

)−1

f

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pif(xi)+ 1
Pn

n∑
i=1

pif(2a−xi)−f

(
1

Pn

n∑
i=1

pi(2a−xi)
)

g

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pig(xi)+ 1
Pn

n∑
i=1

pig(2a−xi)−g

(
1

Pn

n∑
i=1

pi(2a−xi)
)


is a new mean.

Definition 2.1. Define the function

(2.11) ξs =
1

Pn

n∑
i=1

pi

(
ϕs(2a− xi)− ϕs(xi)

)
− ϕs(2a− x) + ϕs(x),

whens 6= 0, 1, 2. s = 0, 1, 2 are limiting cases defined by

ξ0 =
1

2
ln

(
Ga

nAn

GnAa
n

)
,

where

Ga
n =

[
n∏

i=1

(2a− xi)
pi

] 1
Pn

and Aa
n =

1

Pn

n∑
i=1

pi(2a− xi),

ξ1 =
1

Pn

n∑
i=1

pi

(
xi ln xi − (2a− xi) ln(2a− xi)

)
+ (2a− x) ln(2a− x)− x ln x,

ξ2 =
1

2

[
1

Pn

n∑
i=1

pi

(
(2a− xi)

2 ln(2a− xi)− x2
i ln xi

)
− (2a− x)2 ln(2a− x) + x2 ln x

]
.

Then we define the new meansMs,t as:

Definition 2.2. Let us denote:

(2.12) Ms,t =

(
ξs

ξt

) 1
s−t

for s 6= t 6= 0, 1, 2. We define these limiting cases as

Ms,s = exp

[
η

1
Pn

∑n
i=1 pi((2a− xi)s − xs

i )− (2a− x̄)s + x̄s
− 3s2 − 6s + 2

s(s− 1)(s− 2)

]
,

where

η =
1

Pn

n∑
i=1

pi((2a− xi)
s log(2a− xi)− xs

i log xi)− (2a− x̄)s log(2a− x̄) + x̄s log x̄

for s 6= 0, 1, 2

M0,0 = exp

2
(

1
Pn

∑n
i=1 pi[(log(2a− xi))

2 − (log xi)
2]
)

4ξ0

− (log(2a− x̄))2 − (log x̄)26ξ0

4ξ0

]
,
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M1,1 = exp

[
1

Pn

∑n
i=1 pi [(2a− xi)(log(2a− xi))

2 − xi(log xi)
2]

2ξ1

− (2a− x̄)(log(2a− x̄))2 − x̄(log x̄)2

2ξ1

]
,

M2,2 = exp

[
1

Pn

∑n
i=1 pi [(2a− xi)

2(log(2a− xi))
2 − x2

i (log xi)
2]

3ξ2

− (2a− x̄)2(log(2a− x̄))2 − x̄2(log x̄)2

3ξ2

− 1

]
.

In our next result we prove that this new mean is monotonic.

Theorem 2.4.Let r ≤ s, t ≤ u, r 6= t, s 6= u, then the following inequality is valid:

(2.13) Mr,t ≤Ms,u.

Proof. Sinceξs is log convex as proved in [3, Theorem 2.2], then applying Lemma 1.4 for
r ≤ s, t ≤ u, r 6= t, s 6= u we get our required result. �

3. RELATED RESULTS

Theorem 3.1. Let f ∈ C3(I). For xi > 0 andpi > 0, i = 1, . . . , n there existξ ∈ I such that
the following equality holds true,

(3.1) f

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pif(xi)

+
1

Pn

n∑
i=1

pif(a + xi)− f

(
1

Pn

n∑
i=1

pi(a + xi)

)

=
f ′′′(ξ)

6

( 1

Pn

n∑
i=1

pixi

)3

− 1

Pn

n∑
i=1

pix
3
i

+
1

Pn

n∑
i=1

pi(a + xi)
3 −

(
1

Pn

n∑
i=1

pi(a + xi)

)3
 .

Proof. Similar to proof of Theorem 2.1. �

Theorem 3.2. Let f, g ∈ C3(I). Then forxi > 0 andpi > 0, i = 1, . . . , n there existξ ∈ I
such that the following equality holds true,

(3.2)
f ′′′(ξ)

g′′′(ξ)
=

f

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pif(xi)+
1

Pn

n∑
i=1

pif(a+xi)−f

(
1

Pn

n∑
i=1

pi(a+xi)

)
g

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pig(xi)+
1

Pn

n∑
i=1

pig(a+xi)−g

(
1

Pn

n∑
i=1

pi(a+xi)

)
Proof. Similar to proof of Theorem 2.2. �
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Corollary 3.3. Let f ′′′

g′′′
be invertible. Then (3.2) suggests new means. That is,

(3.3) ξ=
(
f ′′′

g′′′

)−1

f
(

1
Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pif(xi)+ 1
Pn

n∑
i=1

pif(a+xi)−f

(
1

Pn

n∑
i=1

pi(a+xi)
)

g

(
1

Pn

n∑
i=1

pixi

)
− 1

Pn

n∑
i=1

pig(xi)+ 1
Pn

n∑
i=1

pig(a+xi)−g

(
1

Pn

n∑
i=1

pi(a+xi)
)


is a new mean.

Definition 3.1. Define the function

(3.4) ξ̄s =
1

Pn

n∑
i=1

pi

(
ϕs(a + xi)− ϕs(xi)

)
− ϕs(a + x) + ϕs(x),

whens 6= 0, 1, 2. s = 0, 1, 2 are limiting cases defined by

ξ̄0 =
1

2
ln

(
Ḡa

nAn

GnĀa
n

)
,

where

Ḡa
n =

(
n∏

i=1

(a + xi)
pi

) 1
Pn

, and Āa
n =

1

Pn

n∑
i=1

pi(a + xi),

ξ̄1 =
1

Pn

n∑
i=1

pi

(
xi ln xi − (a + xi) ln(2a− xi)

)
+ (a + x) ln(a + x)− x ln x,

ξ̄2 =
1

2

[
1

Pn

n∑
i=1

pi

(
(a + xi)

2 ln(a + xi)− x2
i ln xi

)
− (a + x)2 ln(a + x) + x2 ln x

]
.

We now define new meansMs,t as:

Definition 3.2. Let us denote:

(3.5) Ms,t =

(
ξ̄s

ξ̄t

) 1
s−t

for s 6= t 6= 0, 1, 2. We define these limiting cases as

Ms,s = exp

(
η̄

1
Pn

∑n
i=1 pi((a + xi)s − xs

i )− (a + x̄)s + x̄s
− 3s2 − 6s + 2

s(s− 1)(s− 2)

)
,

where

η̄ =
1

Pn

n∑
i=1

pi((a + xi)
s log(a + xi)− xs

i log xi)− (a + x̄)s log(a + x̄) + x̄s log x̄

for s 6= 0, 1, 2

M0,0 = exp

2
(

1
Pn

∑n
i=1 pi[(log(a + xi))

2 − (log xi)
2]
)

4ξ̄0

− (log(a + x̄))2 − (log x̄)26ξ̄0

4ξ̄0

]
,
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M1,1 = exp

[
1

Pn

∑n
i=1 pi((a + xi)(log(a + xi))

2 − xi(log xi)
2)

2ξ̄1

− (a + x̄)(log(a + x̄))2 − x̄(log x̄)2

2ξ̄1

]
,

M2,2 = exp

[
1

Pn

∑n
i=1 pi((a + xi)

2(log(a + xi))
2 − x2

i (log xi)
2)

3ξ̄2

− (a + x̄)2(log(a + x̄))2 − x̄2(log x̄)2

3ξ̄2

− 1

]
.

In our next result we prove that this new mean is monotonic.

Theorem 3.4.Let r ≤ s, t ≤ u, r 6= t, s 6= u, then the following inequality is valid:

(3.6) Mr,t ≤Ms,u.

Proof. Sinceξ̄s is log convex as proved in [3, Theorem 2.5] (ξ̄s = ρs), then applying Lemma
1.3 forr ≤ s, t ≤ u, r 6= t, s 6= u we get our required result. �
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[4] J.E. PĚCARIĆ, An inequality for 3-convex functions,J. Math. Anal. Appl., 19 (1982), 213–218.
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