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Abstract

In this paper, we obtain the Hyers-Ulam stability for the following functional
equation

Z/ Flako(y)k Y dwg (k) = |®|a(z)aly), z,y€ G,

0ed” K
where G is a locally compact group, K is a compact subgroup of G, wy is the
normalized Haar measure of K, ¢ is a finite group of K-invariant morphisms
of Gand f,a : G — C are continuous complex-valued functions such that f
satisfies the Kannappan type condition

/ f(zkak ™ hyh ™) dwg (k) dwye ()
i
= / / f(Z]{‘,(/]{'il]l(l’h71)dﬁl<'(]f)({w‘[\'(]l),
JK JK
forall z,y,z € G.
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Let G be a locally compact group. L&t be a compact subgroup 6f. Let
wgk be the normalized Haar measure @t A mappingy : G — G is a
morphism ofG if ¢ is a homeomorphism ofr onto itself which is either
a group-homomorphism, (i.ep(zy) = p(z)e(y), x,y € G), or a group-
antihomomorphism, (i.e.p(zy) = ¢(y)p(z), z,y € G). We denote by
Mor(G) the group of morphisms off and ¢ a finite subgroup of\/or(G)
which is K-invariant (i.e. p(K) C K, for all ¢ € ®). The number of ele-

On Hyers-Ulam Stability of a

ments of a finite grou@® will be designated by®|. The Banach algebra of the Special Case of 0'Connor’s and
complex bounded measures@ris denoted by\/ (G), it is the topological dual Gajda's Functional Equations
of Cy(G): Banach space of continuous functions vanishing at infinity. Finally Belaid Bouikhalene,

the Banach space of all complex measurable and essentially bounded functions ~ Fihoueten Edorachi and
on G is denoted byL..(G) andC(G) designates the space of all continuous
complex valued functions of.

The stability problem for functional equations are strongly related to the
guestion of S.M. Ulam concerning the stability of group homomorphisids [ Contents
[16]. During the last decades, the stability problems of several functional equa-
tions have been extensively investigated by a number of mathematiciahs ([
[2,[2],[24), [29), [24], [25], [24], ...). The main purpose of this paper is to gen- < >
eralize the Hyers-Ulam stability problem for the following functional equation
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whereG is a locally compact group, anfla € C(G) with the assumption that
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f satisfies the Kannappan type conditioh) (

/K /K f(zkazk™ hyh™ Y dw (k)dwgc (h)
- /K /K f(zkyk™ hah ™) dwg (k)dw (h),

forall x,y,z € G.
In the case wheré&/ is a locally compact abelian group, O’Conndr’],
Gajda [L4] and Stetkeer41] studied respectively the functional equation

n

(12) fla—y) =Y al@aly),

=1

r,y € G, n €N,

(1.3) flx+y) + flz—y —22@1 a;(y), r,y € G, neN,

and

(1.4) /H f(ah - y)dh = a(x)aly), .y € G,

where( is a locally compact group anl is a compact subgroup ofut(G).

In the casen = 1 equationg1.2) and(1.3) are special cases ¢f.1). More-
over, takingG = G x, H the semi direct product @ andH, andK = {e} x H,
we observe that equatidn.4) is also a special case 0f.1).
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This equation may be considered as a common generalization of functional

equations
(1.5) flay™) = al2)aly), zyeGq,
(1.6) fley) + fley™") = 2a(x)aly),  =,y€G.

It is also a generalization of the equations

(1.7) / faky kY dwg (k) = a(z)a(y), z,y € G,

(1.8) /kayk; Ydwik (k /f:}:k:y Ydwg (k)

- 2a(x)a(y), z,y € G7

(1.9) / faky )Xk dwr (k) = a(z)aly),  z.y € G,

(2.10) /Kf(a:kjy)y Ydwik (k /fa:kyl k)dwg (k)

=2a(z)aly),  zyeq,
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(1.11) /K f(akyYdwg (k) = a()a(y), 2.y € G,

(1.12) /f(a:ky)dwK /f:ck;go ))dw (k)
2a(v)a(y),  =yed, (10, [11]).

If G is a compact group, equatidn.1) may be considered as a generalization
of the equations

(1.13) /f cty "t Ydt = a(x)aly), x,y€q,
(1.14) /Gf(xtyt_ )dt + /Gf(xty_ t7)dt = 2a(x)a(y), z,y € G,

(1.15) Z/ fzto(y=Ht™Hdt = |®la(x)aly), z,y €qG.

ped

Furthermore the following equations are also a particular case bf

(1.16) > flaely™) = @la(x)aly),  w,y€EG,

ped
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x,y € G,

wn Y /K F k(™)) dwr (k) = |®lax)aly),

ped

118) Y [ Flakoly RUon(h) = Bla@)als). .y € G,

ped

wherey is a character of{. For more information about the equatiofisl)

—(1.18) (see [, [4], [6], [7], [11], [12), [14], [19], [19], [27]).

In the next section, we note some results for later use.

On Hyers-Ulam Stability of a
Special Case of O’Connor’s and
Gajda’s Functional Equations

Belaid Bouikhalene,
Elhoucien Elgorachi and
Ahmed Redouani

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 7 of 38

J. Ineq. Pure and Appl. Math. 6(2) Art. 32, 2005

htn//iinam a1 oadin o


http://jipam.vu.edu.au/
mailto:
mailto:bbouikhalene@yahoo.fr
mailto:
mailto:
mailto:elqorachi@hotmail.com
mailto:
mailto:redouani_ahmed@yahoo.fr
http://jipam.vu.edu.au/

Let G, K and® be given as above. One can prove (sggthe following two
propositions.

Proposition 2.1. For an arbitrary fixedr € ®, the mapping
P>pr—porTed

is a bijection and for allz, y € G, we have

> / Flakeo(r Ndwie (k) = / Flaky(y)k™" ) dwg (k).
ped Ped
Proposition 2.2. Lety € ® and f € C(G). Then

i)
| k()i (k) =
ii) Moreover, iff satisfies the Kannappan type conditier), then we have
//f(zhgp(ykxk‘_l)h_l)dw[((h)dwK(k’)
KJK
://f(zhgp(xk;yk_l)h_l)dwK(h)dwK(k:)7
K JK

forall z,y,z € G.

/ fxko(yh)k Y dwk (k), =,y € G, h € K.
K
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The next results extend the ones obtained!n[E], [©], [1C] and [L3].

Theorem 2.3.Lete : G — R™ be a continuous function. Lgtg : G — C
be continuous functions such thasatisfies the Kannappan type conditic)
and

@) [ [ fakok donk) = @L@ow)| <), 2 €G.
ped

If fis unbounded, then satisfies the functional equation

@2 X [ gleke) don() = [Blglelols).  wy€C

ped

Proof. Lete : G — R™ be a continuous function, and I¢tg € C(G) sat-
isfying inequality(2.1). Let® = &+ U ®~, where®™ (resp. ) is a set of

group-homomorphisms (resp. of group-antihomomorphisms). By using Propo-

sitions2.1, 2.2 and the fact thaf satisfies the conditior{, for all z, vy, z € G,
we get

S5 [ gtakek o) ~ @lala)aly)
/ B £ () (ki (y)k)dwre (k) — |2 F(2)g(x)g(y)
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<

Z/I(ZLf<ZhT($k¢(y)k1)h1)dwK(k)dwK(h)

ped TeD

=3 [ olrE(ehptnt ot

ped

_|_

S [ 3 [ Shrlohah o () 1)

ped Ted

1819 Y [ S don()

TED

> [ slehr(alk () ~ #2900

Ted

+ [@]|g(y)]

S [ 3 [ stehrtabotnh e (B

ped Ted

-3 [ 10lrGlaekowk (k)

ped

0[5 [ e e R )

peP TEPT

+) /K > /K Fzhk™ 2 (y)kT(2)h ) dw (k) dwp (h)

ped TED—
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olg(y) Y /K Fehr (@YY dwr (h)

TeP

S [ Hekr @k o) - 21)gle)

TeD

+ [@]|g(y)]

S [ 3 [ stehrtabotnh e (o)

ped TED

- Z/ @ f(2)g(xkeo(y)k™")dwi (k)

ped K

> /K > /K Fahr(2)h ™ kb (y) k™) dwpe (k) dwpe (h)

ped Tedt+

0y /K 3 /K (b (@)h k() kY dosge (k) doore (1)

PpeP TEDP—

+

—[Blg(y) Y /K F(ehr (@)Y dwr ()

TED

S [ Hekr @ o) - 2l)gle)

Ted

+ [@]|g(y)]

5[5 [ setrtaboloh o (B0

ped TED
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-3 [ 10lrGlalekowk (k)

ped

> /K > /K Flzhr(2)h k() k") dwre (k) dwi ()

Pped TED

—[Blg() Y /K f(zhr (2)h ™ dwe (h)

TED

+

+ [@]|g(y)]

SZ/K

ped

Z/Kf(zk:T(:U)k_l)dwK(k:) — |®|f(2)g(x)

TED

Z /K f(zhr(zko(y)k™ A1) dwk (h)

Ted

— @ f(2)g(zkeo(y)k™")

dwK(k:)

53

TP K

>, /K Flehr(@)h~ ke (y)k ) dwic ()

ped

— |®|f(zh7(x)h™")g(y)|dwr (h)

+ [@]|g(y)]

S [ fhroh don(h) - [0l F()g0)

T€D

<3 [ ool o (k) + [91(0) + [lg(w)|<(o).

ped
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Sincef is unbounded, then it follows thatis a solution of(2.1). This ends the
proof of our theorem. ]

The next results extend the ones obtainedi]rapd [13].

Theorem 2.4.Lete : G — R™. Letf,¢g : G — C be continuous functions
such thatf satisfies the conditiofx) and

@3) [ [ ko don(k) = @L@aw)| < <), 2y €G.

ped

Suppose furthermore there exists € G such that|g(zy)| > 1. Then there
exists exactly one solutiafi € C'(G) of the equation

@a) Y [ Flakpl)t Mdox(t) = 01F@(s). 7. €G.

such thatt” — f is bounded and one has

— flx £(o)
(25) F@) = [@)] £ e Sy

zed.
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(2.6)

Z/ f(ako(zo)kdwi (k) — Bf(x)| < e(x),  z,y€G.
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We define the following functions sequence

(2.7) Z/ f(zkp(xo)k™ ) dwi (k), ASNER

ped

(2.8) Gz Z/ Go(zko(z)k dwi(k), =€ G andn e N.

ped

. . . On Hyers-Ulam Stability of a
Next, we will prove the uniform convergence of the function sequéficeG,,),,>1, Special Case of O'Connor's and

. . . . - Gajda’s Functi I E i
therefore we need to show by induction the following inequalities ajdas FHnctional =quations

Belaid Bouikhalene,

(2.9) |Gry1(x) — BGL(2)| < |P|"e(x0), reG,n>1, Elhoucien Elgorachi and

Ahmed Redouani

Title Page
(2.10)  |Gu(z) = B"f(2)] < e(zo)(|" " + [@" 2B + -+ + [B]"7), Contents
and <4< 44
(211) 87" Gaga(a) = BT Gul@)] < (BT @] e (o). S 2
In view of (2.5) one has for alk € G Go Back
Close
|Ga(x) — BG1(2)] out
Gi(zkp(xo)k™")dw (k /BZ/ f(xho(xo)k™ ) dwi (k) Page 14 of 38
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3 /K 3 /K F (ko) hr(wo) " Ydwse () dorc (k)

ped TEDP

-8 Z /K f(zkt(z0)k™ ) dwi (k)

TED

Z/Kf(aﬁkT(xo)k_lhgp(a:o)h_l)dwK(h)

ped
— Bf (zhT(xo)k™")

< |®le(xp).

g;/}(

dwK(k)

Assume(2.8) holds forn > 1, then forn + 1, one has

|Gnia(®) = G (2)| =

) /K Gri1(whep(wo) k™) dwic (k)

ped

=3 /K Gr(wkp(20)k™ ) dwre (k)

ped
<Y | (Gusalakp(o)k (k)
ped K
— BG(kep(zo)k™")|dwic (k)
< |®" e ().
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In view of (2.5) we have for alke € G

|G ()

ped

= | | fakplenk o (k) - 5f(a)
)

< E(ZEO .

Suppose€2.9) is true forn > 1. Forn + 1 one has

’GnJrl(x) - ﬁn+1f(x)| On Hyers-Ulam Stability of a
n ial f O’ 1 d
< |Gri1 (@) = BGu()] + |B]|Gn(x) = 5" ()] " Gajda's Functional Equations
< [0 @) + Ble(ea) (01" + [0+ -+ |8 T,
— n n— e n Elhoucien El hi and
e(@o)(|@" + "B + - -+ |B]"). oucien Elgorachi an
For inequality(2.10), using(2.8), for all x € G we get
187G (2) = BGn(2)] = 18]G (2) — B (@) T Page
< |6|_(”+1)|<I>|”5(x0). Contents
44 44
So by using inequality2.10) we deduce the uniform convergence of the se-
quence 3 "G, )n>1. Let F be a continuous function defined by 4 >
F(z)= lim B"Gn(z), z€G. Go Back
n—--+00
Close
Since Quit
B NG () = 87 Z/ BTG (zkp(x0) k™Y dwi (k), Page 16 of 38
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then one has

BF(z) = /K F(zko(zo)k Vdwi (k),  z€G.

ped
In view of (2.9), one has for alk € G

B7"Gul(x) = f(a)] < |8 "e(@o) (|0 + |@"2|B] + -~ + [B]"7),
which proves that

e(wo)
~ [@[(g(zo) = 1)’

Now we are going to show thdt satisfies the equation

rzed.

|F(z) = f(x)]

S [ Flokolh don(l) = [#F @), nyeG

ped

Thus we need to show by induction the inequality

(2.12)

3 /K B"G (wkep (y)k—)duore () — | B3 Go(2)9(y)

ped
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Forn = 1, one has, by using the fact thasatisfies the conditiof)

1
51X [ Gkt (k) - 9[61(2)g(o)
ped
1
= E Z/ Z/ f ZL’k’gD lhT(l’())h_l)dwK(k’)dwK(h)
ped TED
_|(I)‘g Z/ f ka xO )dwK(k) On_Hyers-UIam Stability of a
Special Case of O’Connor’s and
TED Gajda’s Functional Equations
1 _ laid ikhalene,
=3I [ X [ ki ol don (k)b e
TeD peD Ahmed Redouani
—[®lg(y Z/ F(aht(wo)k™")dwi (k) Title Page
TED
1 Contents
-1
BZ/ %/ flakr(zo)k ™ hep(y)h™" ) dw (h) o o
©
< >
— |®lg(y) f (wkT(20)k~ ") g(y)|dwi (k)
Go Back
_1Plw) ) coce
o T
18| |9(o0)] ouit
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f satisfies the conditiofx)

> / GG (k) g (k) — [B5~DG, () (y)

ped

1 n —1 -1
-3 %/ ;/g G (ko ()~ B (o)) dwose () deorc (k)
—|®|g(y Z/ﬁ "G(zkT(20)k ™ ) dwi ()]
<1 Gk (o) ko (y)h Y dwi ()

—Icplg(y) TGkt (o) k)| dwic (F)]

< ki £(y) _ £(y)
~|®| | g(xo) || |g(xo)|™  |g(xo)|™ Tt
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In the next proposition, we investigate the stability of the functional equation

(1.1).
Proposition 3.1. Letd > 0. Let f,a € C(G) such that

(3.1) <4, x,y € G.

> [ kol e ()~ 9la(z)aty)

ped
Then

i) If fis bounded then is bounded and one has,

0
la(z)] < Sup|f|+@7 x € G,
F@)| < @) fswp fl+ ~+-> zec
= o e |

ii) If fis unbounded then(e) # 0. Furthermore there exists, € G such
that |a(xo)| > |a(e)].

Proof. i) Let f be a continuous bounded solution(6f1), then by taking: = y
in (3.1) we get

|lla(x)* < |@]sup|f|+96, =z €G,
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J
la(z)| < 4 [sup [f] + @ T€C

Fory = ein (3.1) we get

F(@)] < Ja(@)late)] + %
i.e.
£(@)] < la(e)]y [sup |f] + % + % red.

We will prove (ii) by contradiction. Ifi(e) = 0 then| f(z)] < 3.

If |a(z)| < |a(e)], forallz € G, then by taking; = e in (3.1) one has

J

— r € @G,
|®|

[f(@)] < la(e)* +

i.e. f is bounded, which is the desired contradiction. O
The main results are the following theorems.

Theorem 3.2.Letd > 0. Assume thaf, « € C(G) satisfy inequality §.1) and
f fulfills (x). Then

1) f,a are bounded
or
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i) fis unbounded and

(3.2) @

ped

wherea(z) = a(z~1), forz € G.

Proof. ii) Since f is unbounded then by Propositi@nl we havea(e) # 0. By

using the fact that anda satisfy inequality(3.1) one has

Z/ka%@ Ndwk (k) = |®|a(x)aly) +0(z,y),  x,y€d,

where|0(z,y)| < d. By takingy = e we get for allz € G
@1 () = [®la(x)ale) + O(x, e),
o) .
—0(z,e),

(f(x) = alz)ale)) = ]

then we get

ped

where

SIK
—~
~—

and £(y) =46(1+ [g(y)]).

9(y) = o)’

Q|

@ [ atekol)t do(h) = 0fia)ils). 2.y €C,

Z/ flako(y)k™dwg (k) — @] f(2)g(y)| <ely),  x,y €,
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In view of Theoren?.3, we deduce that

10) Y [ alekolo)t dox(h) = 0fi@)ils), .y €.
ped
The cases of bounded follows from Propositiod 1. O

Theorem 3.3.Letd > 0. Assume thaf, a« € C(G) satisfy inequality §.1) and
f fulfills (x). Then either

)
sup | f| + —, x € G,

||

(3.4) U@MéW%MwMﬂ+éﬁwﬂ e

or there existry € G such thata(zy)| > |a(e)| and a unique continuous
functionF : G — C such that

(3.3) ja(z)] <

a)
W0 Y | Flakelhdox(b) = @IF@iG), 2.y €G.
ped
b) F' — f is bounded and one has
S(la(@) +lalao))

@ = @) < Gt = el
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Proof. If f is bounded, by using Theoret2 and Propositior8.1, we obtain
the first case of the theorem.
Now, let f be unbounded. Sinege) # 0 it follows that

S [ kool o) - (911 @ow)| <) €

ped

where

SIK

o) = 2 and <(y) = 6(1 + [g(y)]).

ale)

Finally, by using Propositio.1 and Theoren2.4 we get the rest of the proof.

]
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The following theorems are a particular case of Theogen
If K C Z(G), then we have

Theorem 4.1.Let) > 0. Let f, a be a complex-valued functions 6hsuch that

f satisfies the Kannappan condition (se€])

(4.1) flzzy) = f(zyx), w9y e @

and the functional inequality

(4.2) > flwey) = |Bla(z)aly)| <6,  zyeG.
ped
Then either
.3) a(@)] < y[sup | f] + % red,
(4.4) @) < @)y fswplfl+ 2+ 2 zeq,
= 3 9]

or there existry € G such that|a(z)| > |a(e)| and a unique functiorF’ :

G — C such that
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a(e) Y Flre(y) = [@|F(x)ay), x.yeG,

ped
b) F — f is bounded and one has

Sa(@)l +la@w))

@) = F) S ) (alwo) = Jate))

If G is abelian then conditiofi.1) holds. By takingd = {/} (resp.® =

{I,—1}), we get the following corollaries.

Corollary 4.2. Letd > 0. Let f, a be complex-valued functions éhsuch that

(4.5) |fx—y) —al@)aly)| <6, z,yed.

Then either

(4.6) la(z)] < \/sup|f]| + 9, r € G,

(4.7) )| < la(e)|\/sup [f|+6+06, z€G,

or there existry € G such that|a(z)| > |a(e)| and a unique functiorF’ :

G — C such that

a)

a(e)F(z +y) = F(z)aly), x,y€dq,
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b) F' — f is bounded and one has

d(la(e)] + la(zo)l)
(la(zo)| = la(e)]) ”

Corollary 4.3. Leto > 0. Let f,a be a complex-valued functions ghsuch
that

red.

[F(z) — f(z)] <

4.8 —y)—2 a <4 G.
( ) ‘f(x + y) + f(x y) a<x)a(y)| -7 Ty € On Hyers-Ulam Stability of a

. Special Case of O’Connor’s and
Then either Gajda’s Functional Equations

) Belai.d Bouikhalerje,
(4.9) @)l < \fswlfl+35, @G, e S o
O 0 )
[f@) < la(e)\[sup|fl+5+5,  z€G, Title Page

. . . C
or there existzy € G such that|a(zo)] > |a(e)| and a unique functior” : ontents
G — C such that <4« >
a) ] 4 >
a(e)F(z+y) +ale)F(z —y) =2F(z)aly), z,y€eGq, Go Back
b) F' — fis bounded and one has Close
Quit
d(la(e)] + |alzo)|)
F — < .
| (l’) f({L')|_ 2(’&(1‘0)’—‘&(6)‘)7 reG Page 27 of 38
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If f(kxh) = x(k)f(x)x(h), k,h € K andz € G, wherey is a character of
K, then we have

Theorem 4.4.Let§ > 0 and lety be a character of. Assume thatf,a) €

C(G) satisfyf(kxh) = x(k)f(z)x(h), k,h € K,z € G,
(4.10) /K /K F (ehehy) X (R)X(h)dwrc (k) dwsc ()
- /K /K F (k) (k)X (h)deoe (k) dwoie ()

and
(@11) | / Flekp(y™ DRk dwrc (k) — [Dla(@)a(y)| <5, wy€ G,
Then either
(4.12) a()| < y[suplfl+ 2, zed,

@)

) )
(4.13) !f(x)lsla(e>u/sup\f\+@+| 3’ x € G,

or there existzy, € G such that|a(zy)| > |a(e)| and a unique continuous
functionF’ : G — C such that
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©Y / (koo ()X (K)dwie (k) = |@|F(2)(y), .y € G,

ped
b) F' — f is bounded and one has

d(la(e)] + la(zo)])
Y
‘QD‘ (|a(x0)] N ’&(6) |) On Hyers-Ulam Stability of a
Special Case of O’Connor’s and

Corollary 4.5. Leté > 0 and lety be a character of<. Assume thatf,a) Gajda's Functional Equations
C(G) satistyf(kxh) = x(k)f(x)x(h), k,h € K,z € G,

[F(x) = fla)] < z€G.

Belaid Bouikhalene,
Elhoucien Elgorachi and

Ahmed Redouani
/K /K F 2y )X (B)X (R dwore (k) dwe ()

= / / f(zkyhz)X (k)X (h)dwk (k)dwk (h) Title Page
m Contents
and » .
_ 1 - B ) ,
(4.14) f(zky)x(k)dwk (k f cky " )NX(k)dwi (k) — 2a(z)a(y)
’ Go Back
S 57 x7 y G G
Close
Then either -

) Page 29 of 38
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(4.16) z€G,

7)< lae)ly/sp 11 +5 + 3,

or there existzy, € G such that|a(zy)| > |a(e)| and a unique continuous
functionF’ : G — C such that

a)

ale) /K Faky)X(k)dor (k) + a(c) /K Faky™)x(k)dwc (k)
(v

=2F(z)ay), xyeQG,

b) F — f is bounded and one has

5(ja(e)] + Ja(zo)])
= 2({aa0)] — Ja(e)])’

Corollary 4.6. Leté > 0 and letyx be a character of<. Assume thatf,a) €
C(G) satisfyf(kxzh) = x(k)f(z)x(h), k., h € K,z € G, and

r €.

[F(z) = f(2)]

(4.17) / Flaky xR dwk (k) — a(@)a)| <6, zyed.
Then either
(4.18) la(z)| < /sup|f|+ 0, x € G,
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z)| < la(e)|\/sup |f|+0+0, v € G,

or there existxo € G such that|a(xg)| > |a(e)| and a unique continuous
functionF : G — C such that

a)
) [ Flaky)x(bdon(k) = P, o€ G
b) F' — f is bounded and one has
Pl — o) < e@lLat) )

(la(zo)| —la(e)])

Remark 1. If the algebraywy x M (G) *xwk is commutative then the condition
(x) holds [4]. Furthermore in the case wher@ = {7}, we do not need the
condition ().

In the next theorem we assume thais bi-K-invariant (i.e. f(hzk) =
f(x),h, k € K,z € G), then we have

Theorem 4.7.Letd > 0 and assume thdtf, a) € C(G) satisfyf (kxzh)
k,he K,z € G,

(4.19) //fzk:z:hy Ydwg (k)dwg (b

and

= f(z),

//f zkyhx)dwr (k)dwg (h)

<9, x,y € G.

3 / F(ekp(y™))dwrc (k) — |®la(z)a(y)
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Then either

(4.21) la(z)| < y[sup|f|+ %, r e G,
(4.22) |f(z)| < la(e)]y/su |f\—i—i+i reqd
| . P el T jer |

or there existzy, € G such that|a(zy)| > |a(e)| and a unique continuous
functionF' : G — C such that

a)

@O [ Plakpl)don(t) = [9F@)ils).  o.y€G,
b) F' — f is bounded and one has

Fla) - al)l +Jalw) ¢

TS Bl Tale) = alo))

Corollary 4.8. Leté > 0 and assume thatf,a) € C(G) satisfy f(kzh) =
flz),k,he K,z € G,

//fzkxhy Ydwg (k)dwg (b

//f zkyhx)dwr (k)dw (h)
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and

(4.23)

/i,f(xky)dan<<k>—+t/;Lf¢rky—1>ﬁﬂuK<k>——2a<x>a<y>
<4, x,y € G.

Then either

(4.24) (@) < \fswlfl 45, weC
)
F@) < la@lyfswlrl+ 545, zeG,

or there existry € G such that|a(z¢)| > |a(e)| and a unique continuous
functionF' : G — C such that

a)
a(e) /K Faky)dwi (k) +a(e) /K Faky ) dwc (k) = 2F(2)a(y), 2.y € G,

b) F — f is bounded and one has

d(la(e)] + la(zo)l)
2(la(zo)| — la(e)])’

red.

|F(z) = f(a)] <
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Corollary 4.9. Let§ > 0 and assume thaltf,a) € C(G) satisfy f(kzh) =
f(z),k,h € K,z € G,and

(4.25) ) flaky™))dwk (k) — a(z)a(y)| <0,  z,y€q.
Then either
(4.26) la(z)| < Vsup|f|+90, zeq,

2)| < la(e)|\/sup|[f] +6+6, x€G,

or there existxo € G such that|a(xg)| > |a(e)| and a unique continuous
functionF’ : G — C such that

a)
a(e) /KF(xk:y)dwK(k) = F(z)a(y), x,y € G,
b) F' — f is bounded and one has

(la(zo)| = la(e)]) ”

Remark 2. If the algebrawy * M (G) * wg is commutative then the condition
(%) holds [].

In the next corollary, we assume th@t= K is a compact group.
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Theorem 4.10.Let§ > 0 and let f, « be complex measurable and essentially

bounded functions o&' such thatf is a central function and f, a) satisfy the
inequality

(4.27) Z/fxtgp Nt — [Bla(z)aw)| <5, zye G
ped
Then
(4.28) la(x)| < Sup|f|+@7
and
@) < [a(®)]y/sup | f| + >+ 2
z)| < |a(e up —+ —,
|®|  |P]
forall x € G.

Proof. Let f,a € L>(G). Sincef is central, then it satisfies the condition)
([41, [6])- If fisunbounded theais a solution of the functional equatidn.2).
In view of [15], we get the fact that is continuous. Sincé&’ is compact them
is bounded. Consequentfyis bounded, which is the desired property. []
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