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1. Introduction and Some Known Results

q-Series, which are also called basic hypergeometric series, play a very important
role in many fields, such as affine root systems, Lie algebras and groups, number
theory, orthogonal polynomials and physics, etc. Inequality techniques are useful
tools in the study ofq-series, see [1, 7, 8]. In [1], the authors gave some inequalities
for hypergeometric functions. In this paper, we give a new inequality aboutq-series.
First, we recall some definitions, notations and known results which will be used in
this paper. Throughout this paper, it is supposed that0 < q < 1. The q-shifted
factorials are defined as

(1.1) (a; q)0 = 1, (a; q)n =
n−1∏
k=0

(1− aqk), (a; q)∞ =
∞∏

k=0

(1− aqk).

We also adopt the following compact notation for multipleq-shifted factorials:

(1.2) (a1, a2, . . . , am; q)n = (a1; q)n(a2; q)n · · · (am; q)n,

wheren is an integer or∞. Theq-binomial coefficient is defined by

(1.3)
[n
k

]
q

=
(q; q)n

(q; q)k(q; q)n−k

.

Although it is not obvious from (1.3), it is a well-known fact [2] that theq-binomial
coefficient is a polynomial inq of degreek(n − k) with nonnegative integer coeffi-
cients. Theq-Gauss sum [2, 3, 4]

(1.4)
∞∑

k=0

(a, b; q)k

(q, c; q)k

( c

ab

)k

=
(c/a, c/b; q)∞
(c, c/ab; q)∞

,
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which has the limiting case [4]

(1.5)
1

(x; q)n

=
n∑

k=0

[n
k

]
q
qk(k−1) xk

(x; q)k

.

We also need the following Euler formula [2]

(1.6) (x; q)∞ =
∞∑

k=0

(−1)kq
1
2
k(k−1) xk

(q; q)k

,

which has the terminating form [2, 4]

(1.7) (x; q)n =
n∑

k=0

(−1)k
[n
k

]
q
q

1
2
k(k−1)xk.

The following is well known in the literature as the Grüss inequality [6]:

(1.8)

∣∣∣∣ 1

b− a

∫ b

a

f(x)g(x)dx−
(

1

b− a

∫ b

a

f(x)dx

)
·
(

1

b− a

∫ b

a

g(x)dx

)∣∣∣∣
≤ (M −m)(N − n)

4
,

provided thatf, g : [a, b] → R are integrable on[a, b] andm ≤ f(x) ≤ M, n ≤
g(x) ≤ N for all x ∈ [a, b], wherem, M, n,N are given constants.

The discrete version of the Grüss inequality can be stated as: Ifa ≤ ai ≤ A and
b ≤ bi ≤ B (i = 1, 2, . . . , n), then we have

(1.9)

∣∣∣∣∣ 1n
n∑

i=1

aibi −

(
1

n

n∑
i=1

ai

)
·

(
1

n

n∑
i=1

bi

)∣∣∣∣∣ ≤ (A− a)(B − b)

4
,

wherea, A, b, B are given real constants.

http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au


A Bound for Certain
Bibasic Sums

Mingjin Wang and Hongsun Ruan

vol. 10, iss. 2, art. 39, 2009

Title Page

Contents

JJ II

J I

Page 5 of 11

Go Back

Full Screen

Close

2. A Bound for Bibasic Sums

In this section, by means of the terminating form of the Euler formula, the limiting
case of theq-Gauss sum and the Grüss inequality, we derive a bound of the following
bibasic sums

(2.1)
n∑

k=0

[n
k

]
p

[n
k

]
q
pk(k−1)q

1
2
k(k−1) xkyk

(x; p)k

.

For any real numberx, let [x] denote the greatest integer less than or equalx. The
main result of this paper is the following theorem, which gives an upper bound of
(2.1). It is obvious that, under the conditions of the following theorem, the lower
bound of (2.1) is zero.

Theorem 2.1. Let 0 < p < 1, 0 < q < 1, 0 < x < 1 and0 < y < 1, then for any
positive integern we have

(2.2)
n∑

k=0

[n
k

]
p

[n
k

]
q
pk(k−1)q

1
2
k(k−1) xkyk

(x; p)k

≤ (−y; q)n

(n + 1)(x; p)n

+
n + 1

4(x; p)n

[
n

k0

]
p

[
n

k0

]
q

,

wherek0 = [n−1
2

].

Proof. Let k0 = [n−1
2

]. Since,[
n

k+1

]
q[

n
k

]
q

=
(q; q)n/(q; q)k+1(q; q)n−k−1

(q; q)n/(q; q)k(q; q)n−k

=
1− qn−k

1− qk+1
,
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we get 
[ n

k+1 ]q
[n

k ]
q

≥ 1, whenk ≤ k0,

[ n
k+1 ]q
[n

k ]
q

< 1, whenk > k0.

So we have

(2.3) 1 ≤
[n
k

]
q
≤
[

n

k0

]
q

, k = 0, 1, . . . , n.

Similarly,

(2.4) 1 ≤
[n
k

]
p
≤
[

n

k0

]
p

, k = 0, 1, . . . , n.

Under the conditions of the theorem, we also have

0 < pk(k−1) < 1, 0 < q
1
2
k(k−1) < 1,(2.5)

0 <
1

(x; p)k

=
1

1− x
· 1

1− xp
· · · 1

1− xpk−1
≤ 1

(x; p)n

,(2.6)

0 < xk < 1, 0 < yk < 1,(2.7)

wherek = 0, 1, . . . , n.
Let

(2.8)

 ak =
[

n
k

]
p
pk(k−1) xk

(x;p)k

bk =
[

n
k

]
q
q

1
2
k(k−1)yk
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in the discrete version of the Grüss inequality (1.9). Combining (2.3), (2.4), (2.5),
(2.6) and (2.7) one gets

0 < ak <
1

(x; p)n

[
n

k0

]
p

and 0 < bk <

[
n

k0

]
q

.

Substitutingak andbk into the discrete version of the Grüss inequality (1.9), gives

(2.9)

∣∣∣∣∣ 1

n + 1

n∑
k=0

[n
k

]
p

[n
k

]
q
pk(k−1)q

1
2
k(k−1) xkyk

(x; p)k

−

{
1

n + 1

n∑
k=0

pk(k−1)
[n
k

]
p

xk

(x; p)k

} {
1

n + 1

n∑
k=0

[n
k

]
q
q

1
2
k(k−1)yk

}∣∣∣∣∣
≤ 1

4(x; p)n

[
n

k0

]
p

[
n

k0

]
q

.

Using (1.5) and (1.7) one gets

n∑
k=0

[n
k

]
p
pk(k−1) xk

(x; p)k

=
1

(x; p)n

,(2.10)

n∑
k=0

[n
k

]
q
q

1
2
k(k−1)yk = (−y; q)n.(2.11)

Substituting (2.10) and (2.11) into (2.9), we have

(2.12)

∣∣∣∣∣ 1

n + 1

n∑
k=0

[n
k

]
p

[n
k

]
q
pk(k−1)q

1
2
k(k−1) xkyk

(x; p)k

− (−y; q)n

(n + 1)2(x; p)n

∣∣∣∣∣
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≤ 1

4(x; p)n

[
n

k0

]
p

[
n

k0

]
q

,

which is equivalent to

(−y; q)n

(n + 1)(x; p)n

− n + 1

4(x; p)n

[
n

k0

]
p

[
n

k0

]
q

(2.13)

≤
n∑

k=0

[n
k

]
p

[n
k

]
q
pk(k−1)q

1
2
k(k−1) xkyk

(x; p)k

≤ (−y; q)n

(n + 1)(x; p)n

+
n + 1

4(x; p)n

[
n

k0

]
p

[
n

k0

]
q

.

The proof is thus completed.

In the proof, we used the Euler formula and the limiting case of theq-Gauss sum.
We wish to point out, that there may be other pairs of summation theorems which
also lead to interesting results. As an application of the inequality, we can easily
obtain the following one.

Corollary 2.2. Under the conditions of Theorem2.1, we have

(2.14)
n∑

k=0

(
n

k

)2
xkyk

(1− x)k
≤ (1 + y)n

(n + 1)(1− x)n
+

n + 1

4(1− x)n

(
n

k0

)2

,

where
(

n
k

)
= n!

k!(n−k)!
.

Proof. From [5], we know

lim
q→1

[n
i

]
q

=

(
n

i

)
.

Lettingp → 1 andq → 1 on both sides of inequality (2.2), we get (2.14).
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3. Application of the Inequality

Convergence is an important problem in the study ofq-series. In this section, we use
the inequality obtained in this paper to give a sufficient condition for the convergence
of a bibasic series.

Theorem 3.1. Suppose0 < p < 1, 0 < q < 1, 0 < x < 1 and0 < y < 1. Let{cn}
be any sequence of numbers. If

lim
n→∞

∣∣∣∣cn+1

cn

∣∣∣∣ < 1,

then the bibasic series

(3.1)
∞∑

n=0

n∑
k=0

cn

[n
k

]
p

[n
k

]
q
pk(k−1)q

1
2
k(k−1) xkyk

(x; p)k

converges absolutely.

Proof. Multiplying both sides of (2.2) by |cn|, one gets

|cn|
n∑

k=0

[n
k

]
p

[n
k

]
q
pk(k−1)q

1
2
k(k−1) xkyk

(x; p)k

(3.2)

≤ (−y; q)n|cn|
(n + 1)(x; p)n

+
(n + 1)|cn|
4(x; p)n

[
n

k0

]
p

[
n

k0

]
q

≤ (−y; q)n|cn|
(n + 1)(x; p)n

+
(n + 1)|cn|

4(x; p)n(p; p)∞(q; q)∞
.
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The ratio test shows that both
∞∑

n=0

(−y; q)ncn

(n + 1)(x; p)n

and
∞∑

n=0

(n + 1)cn

4(x; p)n(p; p)∞(q; q)∞

are absolutely convergent. Together with (3.2), this immediately yields that the series
in (3.1) is absolutely convergent.
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∫ b

a
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