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Abstract

In view of classes of uniformly starlike and convex functions in the open unit
disc U which was considered by S. Shams, S.R. Kulkarni and J.M. Jahangiri,
some coefficient inequalities for functions are discussed.
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1. Introduction
LetA be the class of functionsf(z) of the form

(1.1) f(z) = z +
∞∑

n=2

anz
n

which are analytic in the open unit discU = {z ∈ C | |z| < 1}.
Let S∗(β) denote the subclass ofA consisting of functionsf(z) which sat-

isfy

(1.2) Re

(
zf ′(z)

f(z)

)
> β (z ∈ U)

for someβ (0 5 β < 1). A function f(z) ∈ S∗(β) is said to be starlike of
orderβ in U. Also letK(β) be the subclass ofA consisting of all functions
f(z) which satisfy

(1.3) Re

(
1 +

zf ′′(z)

f ′(z)

)
> β (z ∈ U)

for someβ (0 5 β < 1). A functionf(z) in K(β) is said to be convex of order
β in U. In view of the classS∗(β), Shams, Kulkarni and Jahangiri [3] have
introduced the subclassSD(α, β) of A consisting of functionsf(z) satisfying

(1.4) Re

(
zf ′(z)

f(z)

)
> α

∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣+ β (z ∈ U)
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for someα = 0 andβ (0 5 β < 1). We also denote byKD(α, β) the subclass
of A consisting of all functionsf(z) which satisfy

(1.5) Re

(
1 +

zf ′′(z)

f ′(z)

)
> α

∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣+ β (z ∈ U)

for someα = 0 andβ (0 5 β < 1). Then we note thatf(z) ∈ KD(α, β) if and
only if zf ′(z) ∈ SD(α, β). For such classesSD(α, β) andKD(α, β), Shams,
Kulkarni and Jahangiri [3] have shown some sufficient conditions forf(z) to be
in the classesSD(α, β) orKD(α, β).
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2. Coefficient Inequalities
Our first result is contained in

Theorem 2.1. If f(z) ∈ SD(α, β) with 0 5 α 5 β or α > 1+β
2

thenf(z) ∈
S∗
(

β−α
1−α

)
.

Proof. SinceRe(w) 5 |w| for any complex numberw, f(z) ∈ SD(α, β) im-
plies that

(2.1) Re

(
zf ′(z)

f(z)

)
> α Re

(
zf ′(z)

f(z)
− 1

)
+ β,

or that

(2.2) Re

(
zf ′(z)

f(z)

)
>

β − α

1− α
(z ∈ U).

If 0 5 α 5 β, then we have that

0 5
β − α

1− α
< 1,

and ifα >
1 + β

2
, then we have

−1 <
α− β

α− 1
5 0.
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Corollary 2.2. If f(z) ∈ KD(α, β) with 0 5 α 5 β or α > 1+β
2

, thenf(z) ∈
K
(

β−α
1−α

)
.

Next we derive

Theorem 2.3. If f(z) ∈ SD(α, β), then

(2.3) |a2| 5
2(1− β)

|1− α|

and

(2.4) |an| 5
2(1− β)

(n− 1) |1− α|

n−2∏
j=1

(
1 +

2(1− β)

j |1− α|

)
(n = 3).

Proof. Note that, forf(z) ∈ SD(α, β),

Re

(
zf ′(z)

f(z)

)
>

β − α

1− α
(z ∈ U).

If we define the functionp(z) by

(2.5) p(z) =
(1− α) zf ′(z)

f(z)
− (β − α)

1− β
(z ∈ U),

thenp(z) is analytic inU with p(0) = 1 andRe(p(z)) > 0 (z ∈ U). Letting
p(z) = 1 + p1z + p2z

2 + · · · , we have

(2.6) zf ′(z) = f(z)

(
1 +

1− β

1− α

∞∑
n=1

pnz
n

)
.
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Therefore, (2.6) implies that

(2.7) (n− 1)an =
1− β

1− α
(pn−1 + a2pn−2 + · · ·+ an−1p1).

Applying the coefficient estimates such that|pn| 5 2 (n = 1) (see [1]) for
Carathéodory functions, we obtain that

(2.8) |an| 5
2(1− β)

(n− 1) |1− α|
(1 + |a2|+ |a3|+ · · ·+ |an−1|).

Therefore, forn = 2,

|a2| 5
2(1− β)

|1− α|
,

which proves (2.3), and, forn = 3,

|a3| 5
2(1− β)

2 |1− α|

(
1 +

2(1− β)

|1− α|

)
.

Thus, (2.4) holds true forn = 3.
Supposing that (2.4) is true forn = 3, 4, 5, . . . , k, we see that

|ak+1| 5
2(1− β)

k |1− α|

{
1 +

2(1− β)

|1− α|
+

2(1− β)

2 |1− α|

(
1 +

2(1− β)

|1− α|

)
+ · · ·+ 2(1− β)

(k − 1) |1− α|

k−2∏
j=1

(
1 +

2(1− β)

j |1− α|

)}

=
2(1− β)

k|1− α|

k−1∏
j=1

(
1 +

2(1− β)

j|1− α|

)
.
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Consequently, using mathematical induction, we have proved that (2.4) holds
true for anyn = 3.

Remark 1. If we takeα = 0 in Theorem2.3, then we have

|an| 5
∏n

j=2 (j − 2β)

(n− 1)!
(n = 2)

which was given by Robertson [2].

Sincef(z) ∈ KD(α, β) if and only if zf ′(z) ∈ SD(α, β), we have

Corollary 2.4. If f(z) ∈ KD(α, β), then

(2.9) |a2| 5
1− β

|1− α|

and

(2.10) |an| 5
2(1− β)

n(n− 1) |1− α|

n−2∏
j=1

(
1 +

2(1− β)

j |1− α|

)
(n = 3).

Remark 2. Lettingα = 0 in Corollary 2.4, we see that

|an| 5
∏n

j=2 (j − 2β)

n!
(n = 2),

given by Robertson [2].

Further applying Theorem2.3we derive:
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Theorem 2.5. If f(z) ∈ SD(α, β), then

max

{
0, |z| − 2(1− β)

|1− α|
|z|2 −

∞∑
n=3

2(1− β)

(n− 1)|1− α|

(
n−2∏
j=1

(
1 +

2(1− β)

j|1− α|

))
|z|n
}

5 |f(z)| 5 |z|+2(1− β)

|1− α|
|z|2+

∞∑
n=3

2(1− β)

(n− 1)|1− α|

(
n−2∏
j=1

(
1 +

2(1− β)

j|1− α|

))
|z|n

and

max

{
0, 1− 4(1− β)

|1− α|
|z| −

∞∑
n=3

2n(1− β)

(n− 1)|1− α|

(
n−2∏
j=1

(
1 +

2(1− β)

j|1− α|

))
|z|n−1

}

5 |f ′(z)| 5 1+
4(1− β)

|1− α|
|z|+

∞∑
n=3

2n(1− β)

(n− 1)|1− α|

(
n−2∏
j=1

(
1 +

2(1− β)

j|1− α|

))
|z|n−1.

Corollary 2.6. If f(z) ∈ KD(α, β), then

max

{
0, |z| − 1− β

|1− α|
|z|2 −

∞∑
n=3

2(1− β)

n(n− 1)|1− α|

(
n−2∏
j=1

(
1 +

2(1− β)

j|1− α|

))
|z|n
}

5 |f(z)| 5 |z|+ 1− β

|1− α|
|z|2+

∞∑
n=3

2(1− β)

n(n− 1)|1− α|

(
n−2∏
j=1

(
1 +

2(1− β)

j|1− α|

))
|z|n

http://jipam.vu.edu.au/
mailto:
mailto:owa@math.kindai.ac.jp
mailto:
mailto:y.polatoglu@iku.edu.tr
mailto:
mailto:e.yavuz@iku.edu.tr
http://jipam.vu.edu.au/


Coefficient Inequalities for
Classes of Uniformly Starlike

and Convex Functions

Shigeyoshi Owa, Yaşar Polatoğlu
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and

max

{
0, 1− 2(1− β)

|1− α|
|z| −

∞∑
n=3

2(1− β)

(n− 1)|1− α|

(
n−1∏
j=1

(
1 +

2(1− β)

j|1− α|

))
|z|n−1

}

5 |f ′(z)| 5 1+
2(1− β)

|1− α|
|z|+

∞∑
n=3

2(1− β)

(n− 1)|1− α|

(
n−1∏
j=1

(
1 +

2(1− β)

j|1− α|

))
|z|n−1.
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