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ABSTRACT. Recently, Shaban([4, Theorem 2.4] established some inequalities involving the
gamma function. In this paper we present thanalogues of these inequalities involving the
g-gamma function.
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1. INTRODUCTION

The Euler gamma functioki(z) is defined forz > 0 by

F(:U):/ e te” tdt.
0

The psi or digamma function, the logarithmic derivative of the gamma function is defined by

_ I(z)
P(x) = T2) x> 0.
Alsina and Tomas |1] proved that
1 T(l4x)"
I G S
n! ~ T(1+nx) =

for all z € [0, 1] and nonnegative integers This inequality can be generalized to
1 < I'1+az)*
F'l+a) " T(l+azx) =

foralla > 1 andz € [0, 1], see([3]. Recently, Shabani [4] using the series representation of
the functiony)(z) and the ideas used inl[3] established some double inequalities involving the
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gamma function. In particular, Shabani [4, Theorem 2.4] proved
I'(a)° < I'(a + bx)° < I'(a+0b)°
L' — I'(b+ax)t — T'(a+ b)*
forall z € [0,1}, a > b > 0, ¢,d are positive real numbers such tltat > ad > 0, and
(b + ax) > 0.
In this paper we give the-inequalities of the above results by using similar techniques to

those in[4]. The main ideas of Shabani’s paper, as well as of the present one, are contained in
paper|[3] by Sandor. More precisely, we define ¢ghgsi function as{ < ¢ < 1)

d
Uy (w) = —log Ty (a),
where theg;-gamma functior’,(x) is defined by ( < ¢ < 1)

o0

Do) = (1— g [[ L

_ qxti
i:11 q

Many properties of the-gamma function were derived by Askey [2]. The explicit formygdsi
functiony,(z) is

(1.1)

x+1

1 — q:IH-i'

(1.2) Wy(w) = —log(1 — ) +logq )
1=0

In this paper we extend (1.1) to the caselgfx). In particular, by using the facts that
lim, ;- I'y(x) = I'(z) andlim, ;- ¢, (x) = ¢ (x) we obtain all the results of Shabahni [4].

2. MAIN RESULTS
In order to establish the proof of the theorems, we need the following lemmas.

Lemma 2.1. Letz € [0,1], ¢ € (0,1), anda, b be any two positive real numbers such that
a > b. Then

Py(a+bx) > 1), (b + ax).
Proof. Clearly,a + bx, b+ ax > 0. The series presentation ¢f(x), see[(1.2), gives

a.l,_bz-i,-z qb—l—ax—l-z
¢q(a + bx) — 1/)q(b + CL:L‘ 10ng ( — a+bx+i - 1— qb+aa:+i)
a+b:1: b+ax
— g
=logq Z _ a.;_bg;-t,-z 1 _ qb—i-ax—i-z)

0 b+bx+z( a—b __ q(afb)x)

:bng q q

— (1 _ qa+bm+i)(1 _ qb-f—aa:—l—i) '

Since0 < ¢ < 1 we have thatog¢ < 0. In addition, since: > b we get thaiy® > < ¢(*=9=,
Hence,

Yy(a+bx) — 1, (b+ ax) >0,
which completes the proof. O

Lemma 2.2. Letx € [0,1], ¢ € (0,1), a,b be any two positive real numbers such that b
andi,(b+ ax) > 0. Letc, d be any two positive real numbers such that> ad > 0. Then

beg(a + bx) — adipy(b+ ax) > 0.
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Proof. Lemma 2.1 together witk, (b + ax) > 0 give thaty,(a + ba) > 0. Thus Lemma 2]1
obtains
beyy(a + bx) > adiy(a + bx) > adiy(b+ ax),

as required. O
Now we present the-inequality of [1.1) .

Theorem 2.3.Letx € [0,1],q € (0,1),a > b > 0, ¢, d positive real numbers withr > ad > 0
andi,(b+ ax) > 0. Then

I'y(a)° < Iy(a+ bx)° < Iy(a+0b)F

Ly(0)? = Ty(b+az)? = Ty(a+b)*
Proof. Let f(z) = % andg(z) = log f(x). Then

g(x) = clogT'y(a + bx) — dlog'y(b+ ax),

which implies that

J() = L y(x)
. I (a + bx) I (b + ax)
B CFq(a +bx) ¢ I'(b+ ax)
= bcpy(a + bx) — adip,(b+ ax).
Thus, Lemma 2]2 giveg (z) > 0, that is,g(z) is an increasing function off), 1]. Therefore,
f(z) is an increasing function o}, 1]. Hence, for allz € [0, 1] we have thaff(0) < f(z) <
f(1), which is equivalent to
Ly(a)® _ Tyla+bx)* _ Dyfa+b)
< < ,
L,)¢ = T'y(b+ax)d — Tyla+b)d
as requested. O
Similarly as in the argument proofs of Lemnjas|2.[l 4 2.2 and Theprem 2.3 we obtain the
following results.

Lemma2.4.Letx > 1,4 € (0, 1), anda, b be any two positive real numbers with> a. Then
Yy(a+bx) > 1P, (b+ az).

Lemma 2.5. Letx > 1, ¢ € (0,1), a,b be any two positive real numbers with> « and
1,(b+ ax) > 0, andc, d be any two real numbers such that> ad > 0. Then

bey(a + bx) — adiy(b+ ax) > 0.

Using similar techniques to the ones in the proof of Thedrem 2.3 with Lefhmlas 2[4 &nd 2.5,
instead of Lemmgs 2.1 and P.2, we can prove the following result.

Theorem 2.6.Letz > 1, ¢ € (0,1), a, b be any two positive real numbers wiih> « > 0 and
Yy(b+ azx) > 0, andc, d be any two real numbers such that> ad > 0. Then?z((gjsgi is an
increasing function ofil, +o0).

In addition, similar arguments as in the proof of Lenjma 2.2 will obtain the following lemmas.

Lemma 2.7. Letz € [0,1], ¢ € (0,1), a,b be any two positive real numbers with> b > 0
andi,(a + bx) < 0, andc, d be any two real numbers such that > bc > 0. Then

beg(a + bx) — adipy(b+ ax) > 0.
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Lemma 2.8.Letx > 1, ¢ € (0,1), a,b be any two positive real numbers with> « and
,(a+ bx) <0, andc, d be any two real numbers such that > bc > 0. Then

bey(a + bx) — adiy(b+ ax) > 0.

Using similar techniques to the ones in the proof of Thedrein 2.3, with Lernmas 2.2 and 2.7,
we obtain the following.

Theorem 2.9.Letz € [0,1], ¢ € (0,1), a, b be any two positive real numbers with> b > 0
andy,(a + bz) < 0, andc, d be any two real numbers such that > bc > 0. Then? gl‘:bx;d is
an increasing function ofv, 1].

Using similar techniques to the ones in the proof of Thedremn 2.3, with Lefnmlas 2.4 and 2.8,
we obtain the following.

Theorem 2.10.Letz > 1, ¢ € (0, 1), a, b be any two positive real numbers with> a > 0 and
wy(a + br) < 0, andc, d be any two real numbers such that > bc > 0. Thenls (Zjbxid is an
increasing function offil, +c0).

REFERENCES

[1] A. ALSINA AND M.S. TOMAS, A geometrical proof of a new inequality for the gamma func-
tion, J. Ineq. Pure Appl. Math§(2) (2005), Art. 48. [ONLINE http://jipam.vu.edu.au/
article.php?sid=517 .

[2] R. ASKEY, Theq-gamma and-beta functionsApplicable Anal.8(2) (1978/79), 125-141.

[3] J. SANDOR, A note on certain inequalities for the gamma functioineq. Pure Appl. Math6(3)
(2005), Art. 61. [ONLINE http://jipam.vu.edu.au/article.php?sid=534 .

[4] A.Sh. SHABANI, Some inequalities for the gamma functidnineq. Pure Appl. Math§(2) (2007)
Art. 49. [ONLINE: http://jipam.vu.edu.au/article.php?sid=852 -

J. Inequal. Pure and Appl. Matt9(1) (2008), Art. 18, 4 pp. http://jipam.vu.edu.au/


 http://jipam.vu.edu.au/article.php?sid=517
 http://jipam.vu.edu.au/article.php?sid=517
 http://jipam.vu.edu.au/article.php?sid=534
 http://jipam.vu.edu.au/article.php?sid=852
http://jipam.vu.edu.au/

	1. Introduction
	2. Main Results
	References

