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Abstract: In the present paper, we investigate several inclusion relationships and other in-
teresting properties of certain subclasses of meromorphically multivalent func-
tions which are defined here by means of a linear operator involving the gen-
eralized hypergeometric function. Some interesting applications on Hadamard
product concerning this and other classes of integral operators are also consid-
ered.
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1. Introduction

For any integerm > 1− p, let
∑

p,m be the class of functions of the form:

(1.1) f(z) = z−p +
∞∑

k=m

akz
k (p ∈ N = {1, 2, . . . }),

which are analytic andp-valent in thepuncturedunit disk U∗ = {z ∈ C : 0 <
|z| < 1} = U \ {0}. We also denote

∑
p,1−p =

∑
p. For0 5 α < p, we denote by∑

S(p;α),
∑

K(p;α) and
∑

C(p;α), the subclasses of
∑

p consisting of all mero-
morphic functions which are, respectively,p-valently starlike of orderα, p-valently
convex of orderα andp-valently close-to-convex of orderα.

If f andg are analytic inU, we say thatf is subordinate tog, written f ≺ g or
(more precisely)f(z) ≺ g(z) z ∈ U, if there exists a functionω, analytic inU with
ω(0) = 0 and |ω(z)| < 1 such thatf(z) = g(ω(z)), z ∈ U. In particular, ifg is
univalent inU, then we have the following equivalence:

f(z) ≺ g(z) (z ∈ U) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

For a functionf ∈
∑

p,m, given by (1.1) and g ∈
∑

p,m defined byg(z) =

z−p +
∑∞

k=m bkz
k, we define the Hadamard product (or convolution) off andg by

f(z) ∗ g(z) = (f ∗ g)(z) = z−p +
∞∑

k=m

akbkz
k (p ∈ N).

For real or complex numbers

α1, α2, . . . , αq and β1, β2, . . . , βs

(
βj /∈ Z−

0 = {0,−1,−2, . . . }; j = 1, 2, . . . , s
)
,
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we consider thegeneralized hypergeometric functionqFs (see, for example, [17])
defined as follows:

qFs(α1, . . . , αq; β1, . . . , βs; z) =
∞∑

k=0

(α1)k · · · (αq)k

(β1)k · · · (βs)k

zk

k!
(1.2)

(q 5 s+ 1; q, s ∈ N0 = N ∪ {0}; z ∈ U) ,

where(x)k denotes thePochhammersymbol (or theshifted factorial) defined, in
terms of the Gamma functionΓ, by

(x)k =
Γ(x+ k)

Γ(x)
=

{
x(x+ 1)(x+ 2) · · · (x+ k − 1) (k ∈ N);

1 (k = 0).

Corresponding to the functionφp(α1, . . . , αq; β1, . . . , βs; z) given by

(1.3) φp(α1, . . . , αq; β1, . . . , βs; z) = z−p
qFs(α1, . . . , αq; β1, . . . , βs; z),

we introduce a functionφp,µ(α1, . . . , αq; β1, . . . , βs; z) defined by

φp(α1, . . . , αq; β1, . . . , βs; z) ∗ φp,µ(α1, . . . , αq; β1, . . . , βs; z)(1.4)

=
1

zp(1− z)µ+p
(µ > −p; z ∈ U∗).

We now define a linear operatorHm,µ
p,q,s(α1, . . . , αq; β1, . . . , βs) :

∑
p,m −→

∑
p,m

by

Hm,µ
p,q,s(α1, . . . , αq; β1, . . . , βs)f(z) = φp,µ(α1, . . . , αq; β1, . . . , βs; z) ∗ f(z)(1.5)(

αi, βj ∈ C \ Z−
0 ; i = 1, 2 . . . , q; j = 1, 2, . . . , s; µ > −p; f ∈

∑
p,m

; z ∈ U∗
)
.
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For convenience, we write

Hm,µ
p,q,s(α1, . . . , αq; β1, . . . , βs) = Hm,µ

p,q,s(α1) and

H1−p,µ
p,q,s (α1) = Hµ

p,q,s(α1) (µ > −p).

If f is given by (1.1), then from (1.5), we deduce that

Hm,µ
p,q,s(α1)f(z) = z−p +

∞∑
k=m

(µ+ p)p+k(β1)p+k · · · (βs)p+k

(α1)p+k · · · (αq)p+k

akz
k(1.6)

(µ > −p; z ∈ U∗).

and it is easily verified from (1.6) that

(1.7) z
(
Hm,µ

p,q,s(α1)f
)′

(z) = (µ+ p) Hm,µ+1
p,q,s (α1)f(z)− (µ+ 2p) Hm,µ

p,q,s(α1)f(z)

and

(1.8) z
(
Hm,µ

p,q,s(α1 + 1)f
)′

(z) = α1 Hm,µ
p,q,s(α1)f(z)− (p+ α1)Hm,µ

p,q,s(α1)f(z).

We note that the linear operatorHm,µ
p,q,s(α1) is closely related to the Choi-Saigo-

Srivastava operator [5] for analytic functions and is essentially motivated by the
operators defined and studied in [3]. The linear operatorH0,µ

1,q,s(α1) was investigated
recently by Cho and Kim [2], whereasH1−p

p,2,1(c, 1; a; z) = Lp(a, c) (c ∈ R, a /∈ Z−
0 )

is the operator studied in [7]. In particular, we have the following observations:

(i) Hm,0
p,s+1,s(p+ 1, β1, . . . , βs; β1, . . . , βs)f(z) =

p

z2p

∫ z

0

t2p−1f(t) dt;

(ii) Hm,0
p,s+1,s(p, β1, ..., βs; β1, ..., βs)f(z) = Hm,1

p,s+1,s(p+1, β1, ..., βs; β1, ..., βs)f(z)
= f(z);
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(iii) Hm,1
p,s+1,s(p, β1, . . . , βs; β1, . . . , βs)f(z) =

zf ′(z) + 2pf(z)

p
;

(iv) Hm,2
p,s+1,s(p+ 1, β1, . . . , βs; β1, . . . , βs)f(z) =

zf ′(z) + (2p+ 1)f(z)

p+ 1
;

(v) H1−p,n
p,s+1,s(β1, β2, . . . , βs, 1; β1, . . . , βs)f(z) =

1

zp(1− z)n+p
= Dn+p−1f(z)

(n is an integer> −p), the operator studied in [6], and

(vi) Hm,1−p
p,s+1,s(δ + 1, β2, . . . , βs, 1; δ, β2, . . . , βs)f(z) =

δ

zδ+p

∫ z

0

tδ+p−1f(t) dt

(δ > 0; z ∈ U∗), the integral operator defined by (3.6).

Let Ω be the class of all functionsφ which are analytic, univalent inU and for
whichφ(U) is convex withφ(0) = 1 and<{φ(z)} > 0 in U.

Next, by making use of the linear operatorHm,µ
p,q,s(α1), we introduce the following

subclasses of
∑

p,m.

Definition 1.1. A functionf ∈
∑

p,m is said to be in the classMSµ,m
p,α1

(q, s; η;φ), if
it satisfies the following subordination condition:

− 1

p− η

{
z
(
Hm,µ

p,q,s(α1)f
)′

(z)

Hm,µ
p,q,s(α1)f(z)

+ η

}
≺ φ(z)(1.9)

(φ ∈ Ω, 0 5 η < p, µ > −p; z ∈ U).

In particular, for fixed parametersA andB (−1 5 B < A 5 1), we set

MSµ,m
p,α1

(
q, s; η;

1 + Az

1 +Bz

)
= MSµ,m

p,α1
(q, s; η;A,B) .
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It is easy to see that

MSµ,0
1,α1

(q, s; η;φ) = MSµ+1,α1(q, s; η;φ) and

MSµ,0
1,α1

(q, s; η;A,B) = MSµ+1,α1(q, s; η;A,B)

are the function classes studied by Cho and Kim [2].

Definition 1.2. For fixed parametersA andB, a functionf ∈
∑

p,m is said to be in
the classMCµ,m

p,α1
(q, s;λ;A,B), if it satisfies the following subordination condition:

−
zp+1

{
(1− λ)(Hm,µ

p,q,s(α1)f)′(z) + λ(Hm,µ+1
p,q,s (α1)f)′(z)

}
p

≺ 1 + Az

1 +Bz
(1.10)

(−1 5 B < A 5 1, λ = 0, µ > −p; z ∈ U) .

To make the notation simple, we writeMCµ,m
p,α1

(
q, s; 0; 1− 2η

p
,−1

)
=

MCµ,m
p,α1

(q, s; η), the class of functionsf ∈
∑

p,m satisfying the condition:

−<
{
zp+1

(
Hm,µ

p,q,s(α1)f
)′

(z)
}
> η (0 5 η < p; z ∈ U).

Meromorphically multivalent functions have been extensively studied by (for ex-
ample) Liu and Srivastava [7], Cho et al. [4], Srivastava and Patel [18], Cho and
Kim [2], Aouf [1], Srivastava et al. [19] and others.

The object of the present paper is to investigate several inclusion relationships
and other interesting properties of certain subclasses of meromorphically multiva-
lent functions which are defined here by means of the linear operatorHm,µ

p,q,s(α1)
involving the generalized hypergeometric function. Some interesting applications of
the Hadamard product concerning this and other classes of integral operators are also
considered. Relevant connections of the results presented here with those obtained
by earlier workers are also mentioned.
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2. Preliminaries

To prove our results, we need the following lemmas.

Lemma 2.1 ([8], see also [10]). Let the functionh be analytic and convex(univalent)
in U with h(0) = 1. Suppose also that the functionφ given by

(2.1) φ(z) = 1 + cnz
n + cn+1z

n+1 + · · · (n ∈ N)

is analytic inU. If

φ(z) +
zφ′(z)

κ
≺ h(z) (<(κ) = 0, κ 6= 0; z ∈ U),

then

φ(z) ≺ q(z) =
κ

n
z−

κ
n

∫ z

0

t
κ
n
−1h(t) dt ≺ h(z) (z ∈ U)

andq is the best dominant.

The following identities are well-known [21, Chapter 14].

Lemma 2.2. For real or complex numbersa, b, c (c /∈ Z−
0 ), we have

(2.2)
∫ 1

0

tb−1(1− t)c−b−1(1− tz)−adt

=
Γ(b)Γ(c− b)

Γ(c)
2F1(a, b; c; z) (<(c) > <(b) > 0)

2F1(a, b; c; z) = 2F1(b, a; c; z)(2.3)

2F1(a, b; c; z) = (1− z)−a
2F1

(
a, c− b; c;

z

z − 1

)
(2.4)

(b+ 1)2F1(1, b; b+ 1; z) = (b+ 1) + bz 2F1(1, b+ 1; b+ 2; z)(2.5)
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and

(2.6) 2F1

(
1, 1; 2;

1

2

)
= 2 ln 2.

We denote byP(γ), the class of functionsψ of the form

(2.7) ψ(z) = 1 + c1z + c2z
2 + · · · ,

which are analytic inU and satisfy the inequality:

<{ψ(z)} > γ (0 5 γ < 1; z ∈ U).

It is known [20] that if fj ∈ P(γj) (0 5 γj < 1; j = 1, 2), then

(2.8) (f1 ∗ f2)(z) ∈ P(γ3) (γ3 = 1− 2(1− γ1)(1− γ2)) .

The result is the best possible.
We now state

Lemma 2.3 ([12]). If the functionψ, given by (2.7) belongs to the classP(γ), then

<{ψ(z)} = 2γ − 1 +
2(1− γ)

1 + |z|
(0 5 γ < 1; z ∈ U).

Lemma 2.4 ([8, 10]). Let the functionΨ : C2 × U −→ C satisfy the condition
<{Ψ(ix, y; z)} 5 ε for ε > 0, all real x andy 5 −n(1 + x2)/2, wheren ∈ N. If φ
defined by (2.1) is analytic inU and<{Ψ (φ(z), zφ′(z); z)} > ε, then<{φ(z)} > 0
in U.

We now recall the following result due to Singh and Singh [16].
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Lemma 2.5. Let the functionΦ be analytic inU with Φ(0) = 1 and<{Φ(z)} > 1/2
in U. Then for any functionF , analytic inU, (Φ ∗ F )(U) is contained in the convex
hull of F (U).

Lemma 2.6 ([13]). The function(1 − z)β = eβ log(1−z), β 6= 0 is univalent inU, if
β satisfies either|β + 1| 5 1 or |β − 1| 5 1.

Lemma 2.7 ([9]). Let q be univalent inU, θ and Φ be analytic in a domainD
containingq(U) with Φ(w) 6= 0 whenw ∈ q(U). SetQ(z) = zq′(z)φ(q(z)), h(z) =
θ(q(z)) +Q(z) and suppose that

(i) Q is starlike(univalent) inU withQ(0) = 0, Q′(0) 6= 0 and

(ii) Q andh satisfy

<
{
zh(z)

Q(z)

}
= <

{
Q′(q(z))

Φ(q(z))
+
zQ′(z)

Q(z)

}
> 0.

If φ is analytic inU with φ(0) = q(0), φ(U) ⊂ D and

(2.9) θ (φ(z)) + zφ′(z)Φ (φ(z)) ≺ θ (q(z)) + zq′(z)Φ (q(z)) = h(z) (z ∈ U),

thenφ ≺ q andq is the best dominant of (2.9).
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3. Main Results

Unless otherwise mentioned, we assumethroughoutthe sequel that

α1 > 0, αi, βj ∈ R \ Z−
0 (i = 2, 3, . . . , q; j = 1, 2, . . . , s),

λ > 0, µ > −p and − 1 5 B < A 5 1.

Following the lines of proof of Cho and Kim [2] (see, also [4]), we can prove the
following theorem.

Theorem 3.1.Letφ ∈ Ω with

max
z∈U

<{φ(z)} < min {(µ+ 2p− η)/(p− η), (α1 + p− η)/(p− η)} (0 5 η < p).

Then

MSµ+1,m
p,α1

(q, s; η;φ) ⊂MSµ,m
p,α1

(q, s; η;φ) ⊂MSµ,m
p,α1+1 (q, s; η;φ) .

By carefully choosing the functionφ in the above theorem, we obtain the follow-
ing interesting consequences.

Example3.1. The function

φ(z) =

(
1 + Az

1 +Bz

)α

(0 < α 5 1; z ∈ U)

is analytic and convex univalent inU. Moreover,

0 5

(
1− A

1−B

)α

< <{φ(z)} <
(

1 + A

1 +B

)α

(0 < α 5 1, −1 < B < A 5 1; z ∈ U).
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Thus, by Theorem3.1, we deduce that, if(
1 + A

1 +B

)α

< min

{
µ+ 2p− η

p− η
,
α1 + p− η

p− η

}
(0 < α 5 1, −1 < B < A 5 1),

then

MSµ+1,m
p,α1

(q, s; η;φ) ⊂MSµ,m
p,α1

(q, s; η;φ) ⊂MSµ,m
p,α1+1 (q, s; η;φ) .

Example3.2. The function

φ(z) = 1 +
2

π2

[
log

(
1 +

√
α z

1−
√
α z

)]2

(0 < α < 1; z ∈ U)

is in the classΩ (cf. [14]) and satisfies

<{φ(z)} < 1 +
2

π2

[
log

(
1 +

√
α

1−
√
α

)]2

(z ∈ U).

Thus, by using Theorem3.1, we obtain that, if

1 +
2

π2

[
log

(
1 +

√
α

1−
√
α

)]2

< min

{
µ+ 2p− η

p− η
,
α1 + p− η

p− η

}
(0 < α < 1),

then

MSµ+1,m
p,α1

(q, s; η;φ) ⊂MSµ,m
p,α1

(q, s; η;φ) ⊂MSµ,m
p,α1+1 (q, s; η;φ) .

Example3.3. The function

φ(z) = 1 +
∞∑

k=1

(
β + 1

β + k

)
αkzk (0 < α < 1, β = 0; z ∈ U)
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belongs to the classΩ (cf. [15]) and satisfies

<{φ(z)} < 1 +
∞∑

k=1

(
β + 1

β + k

)
αk (0 < α < 1, β = 0).

Thus, by Theorem3.1, if

1 +
∞∑

k=1

(
β + 1

β + k

)
αk < min

{
µ+ 2p− η

p− η
,
α1 + p− η

p− η

}
(0 < α < 1, β = 0),

then

MSµ+1,m
p,α1

(q, s; η;φ) ⊂MSµ,m
p,α1

(q, s; η;φ) ⊂MSµ,m
p,α1+1 (q, s; η;φ) .

Theorem 3.2. If f ∈MCµ,m
p,α1

(q, s;λ;A,B), then

(3.1) −
zp+1

(
Hm,µ

p,q,s(α1)f
)′

(z)

p
≺ ψ(z) ≺ 1 + Az

1 +Bz
(z ∈ U),

where the functionψ given by

ψ(z) =


A
B

+
(
1− A

B

)
(1 +Bz)−1

2F1

(
1, 1; µ+p

λ(p+m)
+ 1; Bz

1+Bz

)
(B 6= 0);

1 + (µ+p)A
µ+p+λ(p+m)

z (B = 0)

is the best dominant of (3.1). Further,

(3.2) f ∈MCµ,m
p,α1

(q, s; pρ) ,

where

ρ =


A
B

+
(
1− A

B

)
(1−B)−1

2F1

(
1, 1; µ+p

λ(p+m)
+ 1; B

B−1

)
(B 6= 0);

1− (µ+p)A
µ+p+λ(p+m)

(B = 0).
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The result is the best possible.

Proof. Setting

(3.3) ϕ(z) = −
zp+1

(
Hm,µ

p,q,s(α1)f
)′

(z)

p
(z ∈ U),

we note thatϕ is of the form (2.1) and is analytic inU. Making use of the identity
(1.7) in (3.3) and differentiating the resulting equation, we get

ϕ(z)+
zϕ′(z)

(µ+ p)/λ
(3.4)

= −
zp+1

{
(1− λ)

(
Hm,µ

p,q,s(α1)f
)′

(z) + λ
(
Hm,µ+1

p,q,s (α1)f
)′

(z)
}

p

≺ 1 + Az

1 +Bz
(z ∈ U).

Now, by applying Lemma2.1(with κ = (µ+ p)/λ) in (3.4), we deduce that

−
zp+1

(
Hm,µ

p,q,s(α1)f
)′

(z)

p

≺ ψ(z) =
µ+ p

λ(p+m)
z
− µ+p

λ(p+m)

∫ z

0

t
µ+p

λ(p+m)
−1
(

1 + Az

1 +Bz

)
dt

=


A

B
+

(
1− A

B

)
(1 +Bz)−1

2F1

(
1, 1;

µ+ p

λ(p+m)
+ 1;

Bz

1 +Bz

)
(B 6= 0)

1 +
(µ+ p)A

µ+ p+ λ(p+m)
z (B = 0)
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by a change of variables followed by the use of the identities (2.2), (2.3), (2.4) and
(2.5), respectively. This proves the assertion (3.3).

To prove (3.2), we follow the lines of proof of Theorem 1 in [18]. The result is
the best possible asψ is the best dominant. This completes the proof of Theorem
3.2.

SettingA = 1 − (2η/p) , B = −1, µ = 0, m = 1 − p, α1 = λ =
p and αi+1 = βi (i = 1, 2, . . . , s) in Theorem3.2 followed by the use of the
identity (2.6), we get

Corollary 3.3. If f ∈
∑

p satisfies

−<
{
zp+1 ((p+ 2)f ′(z) + zf ′′(z))

}
> η (0 5 η < p; z ∈ U),

then

−<{zp+1f ′(z)} > η + 2(p− η)(ln 2− 1) (z ∈ U).

The result is the best possible.

PuttingA = 1 − (2η/p) , B = −1, µ = 0, m = 2 − p, α1 = λ =
p and αi+1 = βi (i = 1, 2, . . . , s) in Theorem3.2, we obtain the following result
due to Pap [11].

Corollary 3.4. If f ∈
∑

p,2−p satisfies

−<
{
zp+1 ((p+ 2)f ′(z) + zf ′′(z))

}
> −p(π − 2)

4− π
(z ∈ U),

then
−<{zp+1f ′(z)} > 0 (z ∈ U).

The result is the best possible.
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The proof of the following result is much akin to that of Theorem 2 in [18] and
we choose to omit the details.

Theorem 3.5. If f ∈MCµ,m
p,α1

(q, s; η) (0 5 η < p), then

−<
[
zp+1

{
(1− λ)

(
Hm,µ

p,q,s(α1)f
)′

(z) + λ
(
Hm,µ+1

p,q,s (α1)f
)′

(z)
}]

> η

(|z| < R(p, µ, λ,m)),

where

R(p, µ, λ,m) =

[√
(µ+ p)2 + λ2(p+m)2 − λ(p+m)

µ+ p

] 1
p+m

.

The result is the best possible.

Upon replacingϕ(z) by zpHm,µ
p,q,s(α1)f(z) in (3.3) and using the same techniques

as in the proof of Theorem3.2, we get the following result.

Theorem 3.6. If f ∈
∑

p,m satisfies

zp
{
(1− λ) Hm,µ

p,q,s(α1)f(z) + λ Hm,µ+1
p,q,s (α1)f(z)

}
≺ 1 + Az

1 +Bz
(z ∈ U),

then

zpHm,µ
p,q,s(α1)f(z) ≺ ψ(z) ≺ 1 + Az

1 +Bz
(z ∈ U)

and
<
{
zpHm,µ

p,q,s(α1)f(z)
}
> ρ (z ∈ U),

whereψ andρ are given as in Theorem3.2. The result is the best possible.
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Letting

A =

{
2F1

(
1, 1;

p

λ(p+m)
+ 1;

1

2

)
− 1

}{
2− 2F1

(
1, 1;

p

λ(p+m)
+ 1;

1

2

)}−1

,

B = −1, µ = 0, α1 = p and αi+1 = βi (i = 1, 2, . . . , s) in Theorem3.6, we
obtain

Corollary 3.7. If f ∈
∑

p,m satisfies

(3.5) <
{

(1 + λ)f(z) +
λ

p
zp+1f ′(z)

}

>
3− 2 2F1

(
1, 1; p

λ(p+m)
+ 1; 1

2

)
2
{

2−2 F1

(
1, 1; p

λ(p+m)
+ 1; 1

2

)} (z ∈ U),

then

<{zpf(z)} > 1

2
(z ∈ U).

The result is the best possible.

For a functionf ∈
∑

p,m, we consider the integral operatorFδ,p defined by

Fδ,p(z) = Fδ,p(f)(z)(3.6)

=
δ

zδ+p

∫ z

0

tδ+p−1f(t) dt

=

(
z−p +

∞∑
k=m

δ

δ + p+ k
zk

)
∗ f(z) (δ > 0; z ∈ U∗).
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It follows from (3.6) thatFδ,p(f) ∈
∑

p,m and

(3.7) z
(
Hm,µ

p,q,s(α1)Fδ,p(f)
)′

(z) = δ Hm,µ
p,q,s(α1)f(z)−(δ+p) Hm,µ

p,q,s(α1)Fδ,p(f)(z).

Using (3.7) and the lines of proof of Theorem 1 [2], we obtain the following
inclusion relation.

Theorem 3.8. Letφ ∈ Ω with maxz∈U<{φ(z)} < (δ + p − η)/(p − η) (0 5 η <
p; δ > 0). If f ∈MSµ,m

p,α1
(q, s; η;φ), thenFδ,p(f) ∈MSµ,m

p,α1
(q, s; η;φ).

Theorem 3.9. If f ∈
∑

p,m and the functionFδ,p(f), defined by (3.6) satisfies

−
zp+1

{
(1− λ)

(
Hm,µ

p,q,s(α1)Fδ,p(f)
)′

(z) + λ
(
Hm,µ

p,q,s(α1)f
)′

(z)
}

p
≺ 1 + Az

1 +Bz
(z ∈ U),

then

−<

{
zp+1

(
Hm,µ

p,q,s(α1)Fδ,p(f)
)′

(z)

p

}
> % (z ∈ U),

where

% =


A
B

+
(
1− A

B

)
(1−B)−1

2F1

(
1, 1; δ

λ(p+m)
+ 1; B

B−1

)
(B 6= 0)

1− δA
µ+p+λ(p+m)

(B = 0).

The result is the best possible.

Proof. If we let

(3.8) ϕ(z) = −
zp+1

(
Hm,µ

p,q,s(α1)Fδ,p(f)
)′

(z)

p
(z ∈ U),
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thenϕ is of the form (2.1) and is analytic inU. Using the identity (3.7) in (3.8)
followed by differentiation of the resulting equation, we get

ϕ(z) +
zϕ′(z)

δ/λ
≺ 1 + Az

1 +Bz
(z ∈ U).

The proof of the remaining part follows by employing the techniques that proved
Theorem3.2.

Upon settingA = 1− (2η/p) , B = −1, λ = µ = 1, α1 = p+1 and αi+1 =
βi (i = 1, 2, . . . , s) in Theorem3.9, we have

Corollary 3.10. If f ∈
∑

C(p; η) (0 5 η < p), then the functionFδ,p(f) defined by
(3.6) belongs to the class

∑
C(p; κ), where

κ = η + (p− η)

{
2F1

(
1, 1;

δ

p+m
+ 1;

1

2

)
− 1

}
.

The result is the best possible.

Remark1. Under the hypothesis of Theorem3.9and using the fact that

zp+1
(
Hm,µ

p,q,s(α1)Fδ,p(f)
)′

(z) =
δ

zδ

∫ z

0

tδ+p
(
Hm,µ

p,q,s(α1)f
)′

(t) dt (δ > 0; z ∈ U),

we obtain

−<
{
δ

zδ

∫ z

0

tδ+p
(
Hm,µ

p,q,s(α1)f
)′

(t) dt

}
> % (z ∈ U),

where% is given as in Theorem3.9.

Following the same lines of proof as in Theorem3.9, we obtain
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Theorem 3.11. If f ∈
∑

p,m and the functionFδ,p(f) defined by (3.6) satisfies

zp
{
(1− λ) Hm,µ

p,q,s(α1)Fδ,p(f)(z) + λ Hm,µ
p,q,s(α1)f(z)

}
≺ 1 + Az

1 +Bz
(z ∈ U),

then
<
{
zpHm,µ

p,q,s(α1)Fδ,p(f)(z)
}
> % (z ∈ U),

where% is given as in Theorem3.9. The result is the best possible.

In the special case whenA = 1 − 2η, B = −1, λ = 1, µ = 1 − p, α1 =
δ + 1, β1 = δ, αi = βi (i = 2, 3, . . . , s) and αs+1 = 1 in Theorem3.11, we get

Corollary 3.12. If f ∈
∑

p,m satisfies

<{zpf(z)} > η (0 5 η < 1; z ∈ U),

then

<
{
δ

zδ

∫ z

0

tδ+p−1f(t) dt

}
> η + (1− η)

{
2F1

(
1, 1;

δ

p+m
+ 1;

1

2

)
− 1

}
(δ > 0; z ∈ U).

The result is the best possible.

Theorem 3.13. Let −1 5 Bj < Aj 5 1 (j = 1, 2). If fj ∈
∑

p satisfies the
following subordination condition:

zp
{
(1− λ)Hµ

p,q,s(α1)fj(z) + λHµ+1
p,q,s(α1)fj(z)

}
≺ 1 + Ajz

1 +Bjz
(3.9)

(j = 1, 2; z ∈ U),

http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au


Meromorphically Multivalent
Functions

Jagannath Patel and Ashis Ku. Palit

vol. 10, iss. 1, art. 13, 2009

Title Page

Contents

JJ II

J I

Page 21 of 33

Go Back

Full Screen

Close

then

(3.10) <
[
zp
{
(1− λ)Hµ

p,q,s(α1)g(z) + λHµ+1
p,q,s(α1)g(z)

}]
> τ (z ∈ U),

where

(3.11) g(z) = Hµ
p,q,s(α1)(f1 ∗ f2)(z) (z ∈ U∗)

and

τ = 1− 4(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

{
1− 1

2
2F1

(
1, 1;

µ+ p

λ
+ 1;

1

2

)}
.

The result is the best possible whenB1 = B2 = −1.

Proof. Setting

ϕj(z) = zp
{
(1− λ)Hµ

p,q,s(α1)fj(z) + λHµ+1
p,q,s(α1)fj(z)

}
(3.12)

(j = 1, 2; z ∈ U),

we note thatϕj is of the form (2.7) for eachj = 1, 2 and using (3.9), we obtain

ϕj ∈ P(γj)

(
γj =

1− Aj

1−Bj

; j = 1, 2

)
so that by (2.8),

(3.13) ϕ1 ∗ ϕ2 ∈ P(γ3) (γ3 = 1− 2(1− γ1)(1− γ2)) .

Using the identity (1.7) in (3.12), we conclude that

Hµ
p,q,s(α1)fj(z) =

µ+ p

λ
z−p−µ+p

λ

∫ z

0

t
µ+p

λ
−1ϕj(t)dt

(j = 1, 2; z ∈ U∗)
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which, in view of (3.11) yields

Hµ
p,q,s(α1)g(z) =

µ+ p

λ
z−p−µ+p

λ

∫ z

0

t
µ+p

λ
−1ϕ0(t)dt (z ∈ U∗),

where, for convenience

ϕ0(z) = zp
{
(1− λ)Hµ

p,q,s(α1)g(z) + λHµ+1
p,q,s(α1)g(z)

}
(3.14)

=
µ+ p

λ
z−

µ+p
λ

∫ z

0

t
µ+p

λ
−1 (ϕ1 ∗ ϕ2)(t) dt (z ∈ U).

Now, by using (3.13) in (3.14) and by appealing to Lemma2.3and Lemma2.5, we
get

<{ϕ0(z)} =
µ+ p

λ

∫ 1

0

s
µ+p

λ
−1 <(ϕ1 ∗ ϕ2)(sz) ds

=
µ+ p

λ

∫ 1

0

s
µ+p

λ
−1

(
2γ3 − 1 +

2(1− γ3)

1 + s|z|

)
ds

>
µ+ p

λ

∫ 1

0

s
µ+p

λ
−1

(
2γ3 − 1 +

2(1− γ3)

1 + s

)
ds

= 1− 4(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

(
1− µ+ p

λ

∫ 1

0

s
µ+p

λ
−1 (1 + s)−1 ds

)
= 1− 4(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

{
1− 1

2
2F1

(
1, 1;

µ+ p

λ
+ 1;

1

2

)}
= τ (z ∈ U).

This proves the assertion (3.10).
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WhenB1 = B2 = −1, we consider the functionsfj ∈
∑

p defined by

Hµ
p,q,s(α1)fj(z) =

µ+ p

λ
z−p−µ+p

λ

∫ z

0

t
µ+p

λ
−1

(
1 + Ajt

1− t

)
dt

(j = 1, 2; z ∈ U∗).

Then it follows from (3.14) that and Lemma2.2that

ϕ0(z)

=
µ+ p

λ

∫ 1

0

s
µ+p

λ
−1

(
1− (1 + A1)(1 + A2) +

(1 + A1)(1 + A2)

1− sz

)
ds

= 1− (1 + A1)(1 + A2) + (1 + A1)(1 + A2)(1− z)−1
2F1

(
1, 1;

µ+ p

λ
+ 1;

z

z − 1

)
−→ 1− (1 + A1)(1 + A2) +

1

2
(1 + A1)(1 + A2) 2F1

(
1, 1;

µ+ p

λ
+ 1;

1

2

)
asz → 1−,

which evidently completes the proof of Theorem3.13.

By takingAj = 1 − 2ηj, Bj = −1 (j = 1, 2), µ = 0, α1 = p and αi+1 =
βi (i = 1, 2, . . . , s) in Theorem3.13, we get the following result which refines the
corresponding work of Yang [22, Theorem 4].

Corollary 3.14. If each of the functionsfj ∈
∑

p satisfies

<
[
zp

{
(1 + λ) fj(z) +

λ

p
zf ′j(z)

}]
> ηj

(0 5 ηj < 1, j = 1, 2; z ∈ U),
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then

<
[
zp

{
(1 + λ) (f1 ∗ f2)(z) +

λ

p
z(f1 ∗ f2)

′(z)

}]
> σ (z ∈ U),

where

σ = 1− 4(1− η1)(1− η2)

{
1− 1

2
2F1

(
1, 1;

p

λ
+ 1;

1

2

)}
.

The result is the best possible.

For Aj = 1 − 2ηj, Bj = −1 (j = 1, 2), µ = 0, λ = 1, α1 = p + 1 and
αi+1 = βi (i = 1, 2, . . . , s) in Theorem3.13, we obtain

Corollary 3.15. If each of the functionsfj ∈
∑

p satisfies

<{zp fj(z)} > ηj (0 5 ηj < 1, j = 1, 2; z ∈ U),

then

<{zp(f1 ∗ f2)(z)} > 1−4(1−η1)(1−η2)

{
1− 1

2
2F1

(
1, 1; p+ 1;

1

2

)}
(z ∈ U).

The result is the best possible.

Theorem 3.16. Let −1 5 Bj < Aj 5 1 (j = 1, 2). If each of the functions
fj ∈

∑
p,m satisfies

(3.15) zpHm,µ+1
p,q,s (α1)fj(z) ≺

1 + Ajz

1 +Bjz
(j = 1, 2; z ∈ U),

then the functionh = Hm,µ
p,q,s(α1)(f1 ∗ f2) satisfies

<
{Hm,µ+1

p,q,s (α1)h(z)

Hm,µ
p,q,s(α1)h(z)

}
> 0 (z ∈ U),
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provided

(3.16)
(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

<
2µ+ 3p+m

2

[{
(p+m) 2F1

(
1, 1; µ+p

p+m
; 1

2

)
− 2
}2

+ 2(µ+ p)

] .
Proof. From (3.15), we have

zpHm,µ+1
p,q,s (α1)fj(z) ∈ P(γj)

(
γj =

1− Aj

1−Bj

; j = 1, 2

)
.

Thus, it follows from (2.8) that

<

{
zpHm,µ+1

p,q,s (α1)h(z) +
z
(
zpHm,µ+1

p,q,s (α1)h
)′

(z)

µ+ p

}
(3.17)

= <
{
zpHm,µ+1

p,q,s (α1)f1(z) ∗ zpHm,µ+1
p,q,s (α1)f2(z)

}
> 1− 2(A1 −B1)(A2 −B2)

(1−B1)(1−B2)
(z ∈ U),

which in view of Lemma2.1for

A = −1 + 4
(A1 −B1)(A2 −B2)

(1−B1)(1−B2)
,

B = −1, n = p+m and κ = µ+ p
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yields

(3.18) <
{
zpHm,µ+1

p,q,s (α1)h(z)
}

> 1 +
(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

{
2F1

(
1, 1;

µ+ p

p+m
;
1

2

)
− 2

}
(z ∈ U).

From (3.18), by using Theorem3.6for

A = −1− 4
(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

{
2F1

(
1, 1;

µ+ p

p+m
;
1

2

)
− 2

}
,

B = −1 and λ = 1,

we deduce that

(3.19) <{zpϑ(z)}

> 1− 2
(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

{
2F1

(
1, 1;

µ+ p

p+m
;
1

2

)
− 2

}2

(z ∈ U),

whereϑ(z) = zpHm,µ
p,q,s(α1)h(z). If we set

ϕ(z) =
Hm,µ+1

p,q,s (α1)h(z)

Hm,µ
p,q,s(α1)h(z)

(z ∈ U),

thenϕ is of the form (2.1), analytic inU and a simple calculation gives

(3.20) zpHm,µ+1
p,q,s (α1)h(z) +

z
(
zpHm,µ+1

p,q,s (α1)h
)′

(z)

µ+ p

= ϑ(z)

{
(ϕ(z))2 +

zϕ′(z)

µ+ p

}
= Ψ (ϕ(z), zϕ′(z); z) (z ∈ U),
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whereΨ(u, v; z) = ϑ(z) {u2 + (v/(µ+ p))}. Thus, by applying (3.17) in (3.20),
we get

<{Ψ (ϕ(z), zϕ′(z); z)} > 1− 2
(A1 −B1)(A2 −B2)

(1−B1)(1−B2)
(z ∈ U).

Now, for all realx, y 5 −(p+m)(1 + x2)/2, we have

<{Ψ(ix, y; z)} =

(
y

µ+ p
− x2

)
<{ϑ(z)}

5 − p+m

2(µ+ p)

{
1 + x2 +

2(µ+ p)

p+m
x2

}
<{ϑ(z)}

5 − p+m

2(µ+ p)
<{ϑ(z)} 5 1− 2

(A1 −B1)(A2 −B2)

(1−B1)(1−B2)
(z ∈ U),

by (3.16) and (3.19). Thus, by Lemma2.4, we get<{ϕ(z)} > 0 in U. This com-
pletes the proof of Theorem3.16.

TakingAj = 1 − 2ηj, Bj = −1 (j = 1, 2), µ = 0, λ = 1, α1 = p + 1 and
αi+1 = βi (i = 1, 2, . . . , s) in Theorem3.16, we have

Corollary 3.17. If each of the functionsfj ∈
∑

p,m satisfies

<{zpfj(z)} > ηj (0 5 ηj < 1, j = 1, 2; z ∈ U),

then

<
{

z2p(f1 ∗ f2)(z)∫ z

0
t2p−1(f1 ∗ f2)(t) dt

}
> 0 (z ∈ U),
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provided

(1− η1)(1− η2) <
3p+m

2

[{
(p+m) 2F1

(
1, 1; p

p+m
; 1

2

)
− 2
}2

+ 2p

] .
Theorem 3.18. If f ∈ MCµ,m

p,α1
(q, s;λ;A,B) and g ∈

∑
p,m satisfies (3.5), then

f ∗ g ∈MCµ,m
p,α1

(q, s;λ;A,B).

Proof. From Corollary3.7, it follows that<{g(z)} > 1/2 in U. Since

−
zp+1

{
(1− λ)(Hm,µ

p,q,s(α1)(f ∗ g))′(z) + λ(Hm,µ+1
p,q,s (α1)(f ∗ g))′(z)

}
p

=
zp+1

{
(1− λ)Hm,µ

p,q,s(α1)f)′(z) + λ(Hm,µ+1
p,q,s (α1)f)′(z)

}
p

∗ g(z) (z ∈ U)

and the function(1 + Az)/(1 + Bz) is convex(univalent) inU, the assertion of the
theorem follows from (1.10) and Lemma2.5.

Theorem 3.19. Let0 6= β ∈ C and0 < γ 5 p be such that either|1 + 2βγ| 5 1 or
|1− 2βγ| 5 1. If f ∈

∑
p satisfies

(3.21) <
{Hµ+1

p,q,s(α1)f(z)

Hµ
p,q,s(α1)f(z)

}
< 1 +

γ

µ+ p
(z ∈ U),

then {
zpHµ

p,q,s(α1)f(z)
}β ≺ q(z) = (1− z)2βγ (z ∈ U)

andq is the best dominant.
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Proof. Letting

(3.22) ϕ(z) =
{
zpHµ

p,q,s(α1)f(z)
}β

(z ∈ U)

and choosing the principal branch in (3.22), we note thatϕ is analytic inU with
ϕ(0) = 1. Differentiating (3.22) logarithmically, we deduce that

zϕ′(z)

ϕ(z)
= β

{
p+

z
(
Hµ

p,q,s(α1)f
)′

(z)

Hµ
p,q,s(α1)f(z)

}
(z ∈ U),

which in view of the identities (1.7) and (3.21) give

(3.23) −p+
zϕ′(z)

β ϕ(z)
≺ −p

1−
(

1− 2γ

p

)
z

1− z
(z ∈ U).

If we takeq(z) = (1− z)2βγ, θ(z) = −p, Φ(z) = 1/βz in Lemma3.11, then by
Lemma2.6, q is univalent inU. Further, it is easy to see thatq, θ andΦ satisfy the
hypothesis of Lemma2.7. Since

Q(z) = zq′(z)Φ(q(z)) = − 2γ z

1− z

is starlike (univalent) inU,

h(z) =
−p+ (p− 2γ)z

1− z
and <

{
zh′(z)

Q(z)

}
= <

{
1

1− z

}
> 0 (z ∈ U),

it is readily seen that the conditions (i) and (ii) of Lemma2.7are satisfied. Thus, the
assertion of the theorem follows from (3.23) and Lemma2.7.
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Puttingµ = 0, γ = p(1 − η), β = −1/2γ, α1 = p and αi+1 = βi (i =
1, 2, . . . , s) in Theorem3.19, we deduce that

Corollary 3.20. If f ∈
∑

p satisfies

−<
{
zf ′(z)

f(z)

}
> p η (0 5 η < 1; z ∈ U),

then

<{zpf(z)}
−

1

2p(1− η) >
1

2
(z ∈ U).

The result is the best possible.
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