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Abstract

We establish several sharp inequalities involving the function Si(z) = ‘}L‘,‘ *“,” dt.

2000 Mathematics Subject Classification: 26D15, 26D05, 33B10.
Key words: Sine integral function, Positive trigonometric integrals, Sharp inequali-

ties.
Some Inequalities for the Sine
Integral
1 Introduction. . . ... ... 3 Stamatis Koumandos
2 LeMMaAS. . oot e 5
3 Proof of Theorenl.1.......... ... .. ... 7 Title Page
References
44 44
| | 2
Go Back
Close
Quit
Page 2 of 12

J. Ineq. Pure and Appl. Math. 6(1) Art. 25, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:skoumand@ucy.ac.cy
http://jipam.vu.edu.au/
http://www.ams.org/msc/

Let * gin
sma:/‘?iﬁ,
0 t

be the sine integral function which plays an important role in various topics of
Fourier analysis (cf.7]). In this article we prove that the functi®ii(z) satisfies
the inequalities given in the theorem below.

Theorem 1.1.For all > 0 andy > 0, we have
(1.1) 0 <Si(x)+ Si(y) — Si(z +y) <2 Si(r) — Si(27) = 2.285722....

Both bounds are sharp. We also have

(1.2) 0 < Si(z) + Si(y) <z +y

and

(1.3) SUT) T o 2>y >0,
Si(y) ~

Note that inequality1.1) contains the sub-additive property of the function
Si(z) and may be viewed as a two-dimensional analogue of the classical in-
equality

0 < Si(z) < Si(r) = 1.8519...,

forall z > 0.
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Inequalities {.2) and (L.3) are also sharp because
Si(z) =z + O(2*), as z — 0.

A special case ofl(.2) is the following

(1.4) O<M<1, for = > 0.
T

The discrete analogue of (1), where the functiorbi(x) is replaced by Fe-
jér's sumsS, (z) = >°_, 22 has been obtained in]|
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For the proof of inequalities1(l) to (1.3) we need the following elementary
lemmas.

Lemma 2.1. We suppose that the functighhas a continuous derivative on
[0, c0) and that f(0) = 0. If zf'(x) < f(z) for all z in [0, co) then for
0<t<s,wehave f(sx) <sf(tz) <twxsf'(0)forall z € [0, ).

Proof. We fix z in [0, co) and define Some Inequalities for the Sine

Integral
g(t) == @, for ¢t >0, Stamatis Koumandos
andg(0) = = f’(0). Differentiating with respect towe obtain Title Page
t2g'(t) = tof'(tx) — f(tx). Contents
It follows from this thatg is decreasing of0, co) therefore for) <t < s, we 4 dd
getg(s) < g(t) < g(0), which completes the proof of Lemn2al. O 4 >
Lemma 2.2. For all z > 0 we have Go Back
d (1 Close
(2.1) e {;Sl(&?)} < 0. Quit
Proof. It is clear that £.1) is equivalent to AR D@
(22) Sl(l’) —sinx > O, x> 0. A (R el Yl AT, GIH) A 2, 200
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The functionSi(z) attains its absolute minimum o, c0) atz = 27 and
Si(2r) = 1.4181.... Thus we have to prove2(2 only for 0 < = < .
The functionSi(z) is strictly increasing on this interval and sin8g=/2) =
1.37. .., itremains to show tha®(2) is valid for0 < = < 7/2.

Let h(x) := Si(x) — sin(x). This function is strictly increasing o, =/2)
because the inequality (x) > 0 is equivalent tar cot z < 1 which is clearly
true for this range of and therefore the proof o2(2) is complete. O

Notice that 2.1) implies (L.4).
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1.1

It follows from Lemmaz2.2 that the functionf(x) = Si(z) satisfies the condi-
tions of Lemma2.1 Obviously f’(0) = 1. Therefore, fol0 < t < s, we have

(3.1) tSi(sz) <sSi(tz) <tsz forall z>0.

Forx > 0, y > 0, settingz =z +y,t = ﬁy s = 1 in this inequality we
obtain

Si(x +y) < Si(z) <=z,

r+y
and similarly forz = x +y, t = #y s = 1 we have
Y

p Si(x +y) <Si(y) <y.

From these inequalities we concludeZ) and the first inequality ofl(1). In-
equality (L.3) follows easily from 8.1) settingz =1, t =y, s = .

In order to prove the second inequality in 1) we distinguish the following
cases:

a)r+y>mand
b)0<z+y<m.

In the case a) we recall that the functisiix) attains its absolute maximum
on [0, c0) atz = m while its absolute minimum ofr, oo) is attained at = 27.
Hence in this case we have

Si(z) + Si(y) — Si(z +y) < 2 Si(r) — Si(27) = 2.285722. . ..
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In the case b) we consider the following subcases:
bl) 0 <z +y < /4,
b2) /4 <z +y < m/2,
b3) /2 <z +y<3n/4and
bd)3n/4 < x4y <m,

keeping in mind that the functid®i(z) is strictly increasing of0, .
In the case bl) we have

Si(z) + Si(y) — Si(z +y) < 2 Si (%) — 1.5179. ..
in the case b2) we have
m m
. o w coa (MY _a (™)
Si(x) + Si(y) — Si(z +y) <2 Si (2> Si (4) 1.9825. ..,
in the case b3) we have
Si(z) + Si(y) — Si(z +y) < 2 Si (%ﬁ) —Si (g) — 2.10873. ..

and finally in the case b4) we have

Si(z) + Si(y) — Si(z +y) < 2 Si(m) — Si (%) =1.96412... .

The numerical values of the functi&i(z) have been calculated using Maple 8.

The proof of Theorem.1is now complete. 0J
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Remark 1. Alternately, one can prove the inequalities ih1) using standard
techniques from multivariate calculus. Indeed, let

K(z, y) := Si(z) + Si(y) — Si(z + y) .
We first observe that
K(0,0) =0, K(x,0)=0, K(0,y)=0.

Next, we assume that> 0, y > 0. The system of equations

0 0
K -0 —K —
P (z,y) =0, 99 (z,y) =0,

has as solutions the lattice points

(z,y) = (um, vm), pveN,

and this follows from the properties of the functidnz/x. Using the Hessian
matrix test we conclude that

1) Whenu is even and is oddor . is odd andv is even, the point§: 7, v )
are saddle points.

2) Wheny is odd andv is odd the functiors (z, y) has a local maximum at
(um, vm).

3) Whenu is even and’ is even the Hessian matrix test gives no information
about the nature of the pointg 7, v ).
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We deal with the case 3) separately.
It is easy to see that

K(z,y) = /Ox (Sint - Sin(t+y>> dt

t t+y

therefore, form, n =1,2,3..., we have

2mm 1 1 )
K(2mm, 2nm) = - — sint dt.
0

t t4+2nm

It follows from this that

1
0 < K(2mm, 2nm) < / (— -
0

t t+4+2nm

Next in the case 2) we obtain for, n =0,1,2.. .,

2m+1)7 1 1
K((2 1 2 1 = -+ ————— |sintdt
(2m+ L)m, (2n+ 1)7) /0 (t+t+(2n+1)7r>sm
1 1 )
g/ S~ )sintdt
o \t  t+(@2n+ D

! + L intdt

— sin

t t+m

=2 Si(m) — Si(27) = 2.285722.. ..

This yields {.1).

) sintdt < Si(mw) = 1.8519...
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Remark 2. Using Lemma&.1, one can prove more general inequalities involv-
ing the functiorSi(z). Indeed, for the functiorf(z) = (Si(z))* «” the condi-
tionz f'(z) < f(x) is equivalent to

(3.2) (1 —p)Si(x) —asinz >0, z>0.

This inequality is valid precisely whem+ 6 < 1 anda > 0. To see this,

suppose first that3(2) holds. Dividing bySi(z) and lettingz — 0 we obtain

the first condition. From3.2) whena + 3 — 1 we geta > 0, taking into N :
> . Some Inequalities for the Sine

account @.2). Conversely, whea + 5 < 1 anda > 0, inequality 8.2) follows Integral

from (2.2). Thus we obtain analogous results to inequalitieg), (1.3) and to

the first inequality in {.1) for the functionf (z) = (Si(z))® z°.

Stamatis Koumandos
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