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Convex harmonic functions, Starlike harmonic functions, extremal problems.

The class of univalent harmonic functions on the unit disc satisfying the condition
Y ores (E™ — ak™)(Jar| +|bk|) < (1 —a)(1— |b1]) is given. Sharp coefficient
relations and distortion theorems are given for these functions. In this paper we
find that many results of Ozturk and Yalcif] fare incorrect. Some of the results

of this paper correct the theorems and exampleS§joHurther, sharp coefficient
relations and distortion theorems are given. Results concerning the convolutions
of functions satisfying the above inequalities with univalent, harmonic and con-
vex functions in the unit disc and harmonic functions having positive real part
are obtained.
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1. Introduction

Let U denote the open unit disc arff}; denote the class of all complex valued,
harmonic, orientation-preserving, univalent functighs U normalized byf(0) =
f-(0) — 1 =0. Eachf € Sy can be expressed gs= h + g whereh andg belong
to the linear spacé/ (U) of all analytic functions ori/.

Firstly, Clunie and Sheil-SmalB] studiedSy together with some geometric sub-

Harmonic Univalent Functions

classes oby. They proved that althoug$i; is not compact, it is normal with respect K K. Dixit and
to the topology of uniform convergence on compact subsets. dfleanwhile, the Saurabh Porwal
subclassS?, of Sy consisting of the functions having the property tifig) = 0 is vl 20, s, Iy L 20 205
compact.
In this article we concentrate on a subclass of univalent harmonic mappings de- =
. . . . . . . itle Page
fined in Section?. The technique employed by us is entirely different to that of
Ozturk and Yalcin §]. Contents
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2. The ClassHS(m,n; «)

LetU, = {z: |z| < r,0 <r <1} andU; = U. A harmonic, complex-valued,

orientation-preserving, univalent mappifiglefined onJ can be written as:

(2.1) f(2) = h(z) +9(2),

where

(2.2) h(z) =z + Z apz”®, g(z) = Z b2"
f=2 k=1

are analytic inl.

Denote byH S(m, n, ) the class of all functions of the form (1) that satisfy the
condition:
(2.3) > (K™ = ak™)(la| + [be]) < (1 —a)(1 — [bu]),

k=2

wherem € Nyn € Ny, m>n, 0 < a < land0 < |b| < 1.
The classH S(m, n, a) with b, = 0 will be denoted byH S°(m, n, «).

We note that by specializing the parameter we obtain the following subclasses

which have been studied by various authors.

1. The classe$/S(1,0,a) = HS(a) andH S (2,1, o) = HC(«) were studied by
Ozturk and Yalcin 5.

2. The classe$15(1,0,0) = HS andHS(2,1,0) = HC were studied by Avci
and Zlotkiewicz P]. If h, g, H, G, are of the form¥.2) and if f(z) = h(z) +
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g(2) andF(z) = H(z) + G(z), then the convolution of and F is defined to
be the function:

(f*F —2+ZakAkz +ZkakZ

while the integral convolution is defined by:

e e}

<f<>F = Z ap Ay Sk kak Sk

k
k=2 k=1

The — neighborhood of is the set:

Ns(f) = {F : Zkﬂak — Ag| + |bk — Bi|) + [by — Bi| < 5}

k=2

(see L], [6]). In this case, let us define the generalizedeighborhood off to be
the set:

k=2

N(f) = {FiZ(k—a)(|ak—f1k|+|bk—Bk|)+(1—a)|bl—Bl| < (1—@)5}-

In the present paper we find that many results of Ozturk and Yalifieorem

3.6, 3.8] are incorrect, and we correct them. It should be noted that the examples
supporting the sharpness &f [Theorem 3.6, 3.8] are not correct and we remedy this

problem. Finally, we improve Theorem 3.15 of Ozturk and Yal&h [

Harmonic Univalent Functions
K.K. Dixit and

Saurabh Porwal

vol. 10, iss. 1, art. 27, 2009

Title Page
Contents
44 44
< >
Page 5 of 18
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:kk.dixit@rediffmail.com
mailto:kk.dixit@rediffmail.com
http://jipam.vu.edu.au

3. Main Results ||\v

First, let us give the interrelation between the clagé&$m, n, o) andH S(m, n, as)
where) < a; < ap < 1.

Theorem 3.1. HS(m,n,as) € HS(m,n,a;) where0 < a; < ay < 1. Conse-
quentlyH S°(m,n, as) C HS°(m,n,aq). Inparticular HS(m,n,a) C HS(m,n,0)

andH S° (m, n, Oé) - HSO(T)’L7 n, 0) . HarmonicKUinS_le_nt Fténctions
.K. Dixit an
Proof. Let f € HS(m,n, ay). Thus we have: Saurabh Porwal
vol. 10, iss. 1, art. 27, 2009
N Y
(3.1) > (el + [oel) < (1= [ba]).
k=2 — Q2 Title Page
Now, using 8.1), Contents
=k — oq k" k™ — qok” « >
> ol + 10el) < D0 =2 (] + (b
1-— aq | >
k=2 k=2
(1 |bl‘) Page 6 of 18
Thusf € HS(m,n, ay). Go Back
This completes the proof of Theoreinl ]
Full Screen
Theorem 3.2. HS(m,n,a) € HS(a),Vm € N, Vn € Ny, HS(m,n,a) C Close
HC(a),Vm € N — {1}, ¥n € Ny,where0 < o < 1.
Proof. Let f € HS(m,n, ). Then journal of inequalities
in pure and applied
o) K XD mathematics
(3-2) Z ﬁ(‘aﬂ + |bk’) < (1 - \61]). issn: 1443-575k
k=2
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Now using @.2),

k-« k" (k— )
> ol + Ioel) < 30 (o] + el
k=2 k=2
k" — akn
:Zﬁ(’adﬂbk\)

k=2

= k™ — ak™ ,
< - -
_; T (lag| + |bk]) (sincem > n)
< (L= [bif).
Thusf € HS(«) and we haved S(m,n,a) C HS(«a).
We have to show thatf S(m,n,a) C HC(«). By (3.2),
k(k — ) k™ — ak” .
Zﬁﬂak\ﬂbﬂ) < ;ﬁ(’ak‘_‘"‘bk‘) (since m > 2)

k=2

[e.e]

< (1 = [ba])-
Thusf € HC(«). So we haved S(m,n,«) C HC(«). O

Theorem 3.3. The classH S(m,n,«) consists of univalent sense preserving har-
monic mappings.

Proof. If z; # =, then:

Fe) = )| - (ala) — g(z)
Mm—mmzl‘mm—mw
I )

21— 20+ Y gy ap(zF — 25)
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k™M _ k™
e 1Dk | e (0

k=1 11—«
>1-— >1- e >0
1‘2?:2’“‘““ 1- ;ozzk 1_2616 |ag| 7

which proves univalence.
Note thatf is sense preserving i because

'(2)| = 1= klag]|2]*!
k=2

(e e

k™ — ak™
>1-)
k=2

k™ — ok
> -

k=1

k™ — ok _
> Zﬁ\bk“ﬂk '

k=1

> > Kbl = 19" (2)].

oo
k=1

Theorem 3.4.1f f € HS(m,n,«) then

1—
FE < A+ b)) + g (1= [Ba) 2P

and

1= 1= l0) (1 = ).

a2n
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Equalities are attained by the functions:

19— l -« _ 2
(3.3) fol2) = 2+ Iba|e”z 4+ (1~ b))
and
1
(3.4) fo(2) _Z+|bl|ewz+m(1— |b1])2>

for properly chosen red.
Proof. We have

@) < LA+ o) + 1217 Y (lax] + (i)

1—« k™ — ok™
< L1+ ) e 3 (el + )
k=2

1l -«
< 2~ - (1-—
<AL 1) + o e (1= )
and
F(2)] = (1= [ba)l2l = > (lak] + [bel)]2[* > (1 = [bi])]2] — |Z|Z|ak|+!bk
k=2
1—a w=k™—ak"
> (1 — .12
> (1= Ie| = |2 g D =gl + )
11—«
> (1 — — 122 -
> (1= ba])l2] = [2f* e (1 = o]

= (1= |by]) (|Z| - |Z|2%)'
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It can be easily seen that the functiffx) defined by §.3) and (3.4) is extremal for
Theorems3.4.

Thus the clasd1S(m,n,a) is uniformly bounded, and hence it is normal by
Montel's Theorem. O]

Remarkl.

(i) Form=1,n=0, HS(1,0,a) = HS(«). The above theorem reduces to:

Harmonic Univalent Functions

K.K. Dixit and
1—«a
. < _ 2 Saurabh Porwal
(3 5) |f(Z>| - |Z|(1 + |b1‘) + 2 — Oé(l |bl‘)|z| ’ vol. 10, iss. 1, art. 27, 2009
l—a Title Page
(3.6) = (= bl) (12l = 512 ) - °
B Contents
This result is different from that of Ozturk and Yalcis, [Theorem 3.6]. Also, « "
our result gives a better estimate than thatspblecause
TG < 01+ [bul) + (1 = e .
z z — z
- ! 2—« ! Page 10 of 18
(1-a?) 2
< |z|(1+|b1|)+T(1— 1b1]) 2] Go Back
and Full Screen
11—« (1—a?) Close
72 @ = o] (121 - 5=ol:?) = = o) (1 - S50

Although, Ozturk and Yalcing] state that the result is sharp for the function

(1—161])

1 — a2)32
2 ( OC)Z,

fo(z) =2z + |b1|ei02+
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it can be easily seen that the functigh(z) does not satisfy the coefficient
condition for the clas$/ S(«) defined by them. Hence, the functigy(z) does
not belong inf/ S(«). Therefore the results of Ozturk and Yalcin are incorrect.
The correct results are mentioned i) and (3.6) and these results are sharp
for functions in ¢.3) and @.4) withm = 1, n = 0.

(i) Form=2,n=1, HS(2,1,a) = HC(«). Theorem3.4reduces to

Harmonic Univalent Functions
— K.K. Dixit and

(1 - ‘bll)‘z|2a Saurabh Porwal
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1
] S A+ b)) + 7o

and .
—
512 @ =1 (121 - 7 =gmls?) Tie Page
This result is different from the result of Ozturk and Yalct Theorem 3.8], G
and it can be easily seen that our result gives a better estimate. Also, it can be pp >
easily verified that the sharp result f&; [Theorem 3.8] given by the function
< >
- 3—a—2a?
fo(2) = z + |b1|e?z + TEQ Page 11 of 18
" . Go Back
does not belong td/C(«). Hence the results of Ozturk and Yalcif] [are
incorrect. The correct result is obtained by Theoremby puttingm = 2, Full Screen
n=1.
Close

Theorem 3.5.The extreme points &f S°(m, n, o) are functions of the form +ay, 2"
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Proof. Suppose that

= i (akzk +W>

is such that

= k™ — ak"
k=2
Then, if A > 0 is small enough we can replaeg by a, — A\, a, + A and we
obtain two functions that satisfy the same condition, for which one objins=
[f1(2) + f2(2)]. Hencef is not a possible extreme point 85°(m, n, «).
Now let f € HS°(m, n, ) be such that

[e.e]

k™ — ak™
3.7) S el o) = 1.

1 ag 7é 0, bl % 0.
k=2

If A > 0is small enough and ji, 7 with || = |7| = 1 are properly chosen complex
numbers, then leaving all bu,, b, coefficients off(z) unchanged and replacing
ag, bl by

l—a 11—«
ay + )\W by — )\mﬂ
-« 11—«
A gt A ™
we obtain functiong(z), f»(z) that satisfy 8.2) such thatf(z) = [fl( )+ fa(2)].
In this casef cannot be an extreme point. Thus fai| = =2=, |b| =

=o' f(2) = z4a,2" or f(2) = 2+ b2l are extreme points d1.5°(m, n,a). O

m—alm?
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Remark2.

1. If m =1, n = 0 the extreme points of the clagtS°(«) are obtained.
2. If m = 2, n = 1 the extreme points of the clagsC°(«) are obtained.

Let K¢, denote the class of harmonic univalent functions of the fdtri) (with
by = 0 that mapU onto convex domains. It is knowr3,[ Theorem 5.10] that the
sharp inequalitiesd;| < £, |By| < %1 are true. These results will be used in
the next theorem.

Theorem 3.6. Suppose that
Fz) =2+ (Akzk + Bkzk)
k=2

belongs toK¢,. If f € HS°(m, n, a)thenf« FF € HS°(m—1,n—1; a)ifn>1
andf o F e HS°(m, n; «).

Proof. Sincef € HS°(m, n; a), then

NE

(3.8) (™ — k™) (|ag| + |be]) < 1 — a.

B
[|

2

Using (3.9), we have
Ay

k

NE

> (k" — k") (JarAx| + |bxBy|) = + |b]

By,
k
=2 3

= k) (Jas

)

2

NE

(™ — k™) (|ag| + |be]) < 1 — o

i
[}
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It follows thatf x e HS°(m — 1, n — 1; ). Next, again usingd.9),
n ( ap Ay kak )
— ak™)
k
k:2
 m n Ay By
<> - o) (jad 5|+ il | 3]
k=2
00 Harmonic Univalent Functions
K.K. Dixit and
<> (K™ — ak™)(|ag] + [bx]) < 10 Saurabh Porwal
k=2 vol. 10, iss. 1, art. 27, 2009
Thus we have $F € HS?(m, n; «). O
Let S denote the class of analytic univalent functions of the fdfta) = 2 + Title Page
> one, Agz®. Itis well known that the sharp inequalityl;| < k is true. It is needed FET—
in next theorem.
Theorem 3.7.1f f € HS°(m, n; a)andF € Sthenfor| ¢ | <1, f* (F+ € « >
Fye HS°m—1,n—1;a)ifn> 1. < >
Proof. Sincef € HS°(m, n; a), we have Page 14 of 18
(3.9) (k™ — k™) (Jag| + |[bx]) <1 —a. Go Back
k=2 Full Screen
Now, using 8.9) Close
(K™~ — ak" ™) (JarAx| + |bxBy) Z — ok”)(|ax| + |bk]) journal of inequalities
k=2 k=2 in pure and applied
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Let P§, denote the class of functiorfs complex and harmonic ity, f = h + g
such thaRe f(z) > 0, z € U and

H(z) = 1+2Akzk, G(z) :ZBkzk.
k=1 k=2

It is known (4, Theorem 3] that the sharp inequalities.| < k+1, |By| < k-1
are true.

Theorem 3.8. Suppose that
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belong toPy;. Thenf € HS°(m, n; a) and for 3 < |A;] < 2, Allf x [ € e
HS°(m—1,n—1, a)ifn>1and A%f OF € HS(m, n; «) Contents
Proof. Sincef € HS°(m,n;«a), then we have <« >
N < S
(3.10) (k™ — ak™)(ax| + |br]) <1 — a.
k=2 Page 15 of 18
Now, using 8.10), ——
Z(km—l . akn—l) ( ar Ak by By, ) Full Screen
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B o ol E41 (bl k1 Close
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Thus A%f x FF'e HS°(m — 1,n — 1, ) if n > 1. Similarly, we can show that
A%f()F € HS°(m, n; «). O

Theorem 3.9. Let
f(2) =2 +biz+ Z (akzk —i—bk7>
k=2

be amember off S(m, n, a). If § < (52)(1—|by|), thenN(f) € HS(a), provided
thatn > 1.

Proof. Let f € HS(m, n; «) and

F(Z) =z —|—B_1Z—|— Z (Akzk -+ Bk2k>
k=2
belong toN(f). We have

(I-a |Bl|+z — a)(|Ax| + | Bxl)

< (1 —a)|By = by + (1 — )by

+Z (1A — ail + B = bel) + > (k — @) (Jar| + [bel)
k=2
1 oo
<1 -a)d+ (1 -a)fu] + D (R — k™) (Jax] + |bkl)
o

<(1-a)d+ (1 -a)fu] + 57 : (=)l = b)) < (1 —a),

if 0 < (552) (1—|by]). ThusF(z) € HS(a). O
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Remark3. For f € HS(2, 1, «) = HC(«), our result is different from the result

given by Ozturk and Yalcing, Theorem 3.15]. It can be easily seen that our result
improves it.
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