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Abstract: Recently, Gao introduced some quadratic parameters, such( &S andf.(X). It
In this paper, we obtain some sufficient conditions for normal structure in terms Cl
of Gao’s parameters, improving some known results. ose
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1. Introduction

There are several parameters and constants which are defined on the unit sphere
or the unit ball of a Banach space. These parameters and constants, such as the
James and von Neumann-Jordan constants, have been proved to be very useful in
the descriptions of the geometric structure of Banach spaces.

Based on a Pythagorean theorem, Gao introduced some quadratic parameters re-

cently [1, 2]. Using these parameters, one can easily distinguish several important Fyihagorean Parameters
classes of spaces such as uniform non-squareness or spaces having normal structure, °"o"e! %20 and iin fang
In this paper, we are going to continue the study in Gao’s parameters. Moreover, vol. 9, fss. £, art. 21, 2008

we obtain some sufficient conditions for a Banach space to have normal structure.
Let X be a Banach space aid its dual. We shall assume throughout this paper

Title Page
that Bx andSy denote the unit ball and unit sphere®f respectively.
One of Gao’s parametefs (X) is defined by the formula G
E(X) =sup{||z + ey||* + ||z — ey||® : 2,y € Sx}, <« >
wheree is a nonnegative number. It is worth noting ti#a{ X') was also introduced < 3
by Saejung 3] and Yang-Wang J] recently. Let us now collect some properties
related to this parameter (sek £, 5]). Fegserily
(1) X is uniformly non-square if and only if.(X) < 2(1+¢)? for somee € (0, 1]. Go Back
(2) X has uniform normal structure .(X) < 1 + (1 + ¢)* for somee € (0, 1]. Full Screen
(3) E.(X) = E.(X), whereX is the ultrapower ofX . Close
(4) BE(X) =sup{||lz + ey[]* + ||z — ey|* : #,y € Bx}. journal of inequalities
It follows from the property (4) that in pure and applied
E(X)= inf{ cx,y € X, x| + ||yl # 0} . issn: L443-575k
max (|| =], [ly[*)
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Now let us pay attention to another Gao’s paramgték’), which is defined by
the formula

fo(X) = inf{[lz + ey|* + lz — ey[|* : 7,y € Sx},

wheree is a nonnegative number.
We quote some properties related to this parameter (5§ [

(1) If f(X) > 2 for somee € (0, 1], thenX is uniformly non-square.

(2) X has uniform normal structure jf (X) > 32/9.
Using a similar method to4] Theorem 3], we can also deduce tifatX) =
fe(X), whereX is the ultrapower ofX.
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2. Main Results

We start this section with some definitions. Recall thais calleduniformly non-
squareif there existsy > 0, such that ifz,y € Sy then|lz + y||/2 < 1 -0 or
|z —y||/2 < 1 —4. In what follows, we shall show thaf (X) also provides a
characterization of the uniformly non-square spaces, nafiely) > 2.

Theorem 2.1. X is uniformly non-square if and only ff (X) > 2. Pythagorean Parameters

Hongwei Jiao and Bijun Pang

Proof. Itis convenient for us to assume in this proof thah X < oco. The extension

of the results to the general case is immediate, depending only on the formula Vol S 55 4 At 21, 2008

fe(X) =inf{f.(Y) : Y subspace oK and dimY = 2}.

Title Page
We are going to prove that uniform non-squareness imglie&’) > 2. Assume on Contents
the contrary thay,(X) = 2. It follows from the definition off.(X) that there exist
x,y € Sy so that <44 »»
2+ yll* + llz =yl = 2. < >
Then, since|z + y|| + ||z — y|| > 2, we have Page 5 of 10
lz£yl*=2~llaFyl* <2- 2~ z£yl)? Go Back
which implies that|z+y|| = 1. Now letus puts = x+y, v = x—y, thenu,v € Sx Full Screen
and|lu £ v|| = 2. This is a contradiction. The converse of this assertion was proved
by Gao R, Theorem 2.8], and thus the proof is complete. O Close
Consider now the definitions of normal structure. A Banach spade said to journal of inequalities
have (veak normal structureprovided that every (weakly compact) closed bounded in pure and applied
convex subsef’ of X with diam(C) > 0, contains a non-diametral point, i.e., there mathematics

existszy € C such thakup{||z — x| : € C} < diam(C). It is clear that normal issni L443-5756
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structure and weak normal structure coincides wheis reflexive. A Banach space
X is said to haveniform normal structuréf inf{diam(C')/rad(C)} > 1, where the
infimum is taken over all bounded closed convex subSei$ X with diam(C') > 0.

To study the relation between normal structure and Gao’s parameter, we need a
sufficient condition for normal structure, which was posed by Saejirigemma 2]
recently.

Theorem 2.2. Let X be a Banach space with Pythagorean Parameters
9 Hongwei Jiao and Bijun Pang
E(X)<2+e +evd+e vol. 9, iss. 1, art. 21, 2008
for somee € (0, 1], thenX has uniform normal structure.
Proof. By our hypothesis it is enough to show théathas normal structure. Suppose Title Page
that X lacks normal structure, then bg,[Lemma 2], there exist,, 7,, 73 € Sy and Contents
fl; fQ, f3 € S)F‘ SatiSfying: <« >
@) ||Z; — 7,]| = 1 andf;(Z,) = 0 for all i # ;. < >
(b) fi(%;) = 1fori=1,2,3and Page 6 of 10
(C) ||%3— (fg—f-%l)u > ||52+%1|| Go Back
Let2a(e) = v4 + €2 4+ 2 — e and consider three possible cases. Full Screen
CASE 1. |77 + 22| < a(e). In this case, let us put = 7; — 7, andy = (7; + Close

Ty)/a(e). It follows thatz,y € B, and

- - . _ journal of inequalities
17 + eyll = (1 + (¢/a(e))) T1 — (1 — (e/ale))) T2 in pure and applied

> (1+(c/a(9) fi(@) — (1 = (c/al0) 1i(F2) maihemaiics
= 1+ (e/ale).
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17— eyl = |1+ (e/ex(€))) 2 = (1 = (e/a(e))) Tl
> (1+ (e/ale))) f2(2) — (1= (¢/ale))) fa(T1)
=1+ (¢/ale).
CASE 2. ||Ec“1 + To|| > af(e ) and||z; + 7o — 71|| < a(e). In this case, let us put
T =Ty — 23 andy = (T3 + T2 — 71)/a(e). It follows thatz,y € By, and
17+ egll =11 + (e/a(€))) To — (1 = (¢/a(€))) T3 — (e/ale)mll
> (1+ (e/a(e))) fol@) — (1 = (¢/a(€))) fo(@s) — (¢/ale)) [o(F1)
=1+ (¢/a(e))
17— eyll = [[(1 + (¢/a(€))) Zs — (1 = (¢/a(e))) T2 — (e/x(€)) 1)

> (1+ (e/ale)) f5(Fs) — (1 — (e/ale)) f3(F2) — (e/ale)) f3(F1)
=1+ (e/afe)).

\_/

)

—~

CASE 3. ||:z:1 + Zo|| > a(e) and |73 + T2 — Z1|| > a(e). In this case, let us put
T = x3 — x; andy = . It follows thatz,y € S, and

|’§3+€§2 —E1|l
|73 + T — 71| — (1 —¢)
ale) +e—1,

17 + ey

AVARAVARN]

|73 — (22 + 21)|
|73 — (T2 +71)|| = (1 —¢)
afe) +e—1.

17— eyll

AVANAVARN]
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Then, by definition ofz.(X) and the factt, (X) = E.(X),
E.(X) > 2min {1 + (¢/a(e)), ale) + e —1}°
=2+ +eVa+ e
This is a contradiction and thus the proof is complete. ]

Remarkl. Itis proved that? (X) < 1+ (1 + ¢)? for somee € (0, 1] implies thatX
has uniform normal structure. So Theorérfiis an improvement of such a result.

Theorem 2.3.Let X be a Banach space with
fo(X) > (14 ) +2e(1 — )2+ € — V4 + €2)
for somee € (0, 1], thenX has uniform normal structure.

Proof. By our hypothesis it is enough to show thé@thas normal structure. Assume
that X lacks normal structure, then from the proof of Theor&r we can find
7,y € Bg such that

17+ eyll > 1+ (e/ale)) = afe) + e =1 =: 5(e).
Putu = (Z + €y)/[(e) andv = ( — €y)/[(e). It follows that|u||, ||7|| > 1, and

S+ 9+l 97|

(1+e)+e(l—e
B(e) ’
- | = —— —€)T +¢€ €
Hu—wﬂ—ﬁ&%ﬂ )7+ e(1+€)y)
(I—¢€)+e(l+e)
B(e) .

|u + ev]] =

<

<
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Hence, by the definition of.(X) and the factf.(X) = f.(X), we have

£(X) < (1+e€)+e€(l— e))ﬁ;ge()(l —€)+e(l+e)
= (14 ) +2(1 — )2+ € — Vi + €2),
which contradicts our hypothesis. O

Remark2. Lettinge = 1, one can easily get that jf;(X) > 4(3 — v/5), thenX
has uniform normal structure. So this is an extension and an improvemeat of [
Theorem 5.3].

Pythagorean Parameters
Hongwei Jiao and Bijun Pang

vol. 9, iss. 1, art. 21, 2008

Title Page
Contents
44 44
< >
Page 9 of 10
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

References

[1] J. GAO, Normal structure and Pythagorean approach in Banach spacies!.
Math. Hungar, 51(2) (2005), 19-30.

[2] J. GAO, A Pythagorean approach in Banach spatesiequal. Appl.(2006),
1-11. Article ID 94982

[3] S. SAEJUNG, On James and von Neumann-Jordan constants and sufficient con-
ditions for the fixed point property, Math. Anal. App|.323(2006), 1018-1024.

[4] S. SAEJUNG, Sufficient conditions for uniform normal structure of Banach
spaces and their dualk,Math. Anal. Appl 330(2007), 597-604.

[5] C. YANG AND F. WANG, On a new geometric constant related to the von
Neumann-Jordan constadt,Math. Anal. Appl.324(2006), 555-565.

Pythagorean Parameters
Hongwei Jiao and Bijun Pang

vol. 9, iss. 1, art. 21, 2008

Title Page
Contents
44 44
< >
Page 10 of 10
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

	Introduction
	Main Results

