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ABSTRACT. A generalized Ostrowski type inequality for twice differentiable mappings in terms
of the upper and lower bounds of the second derivative is established. The inequality is applied
to numerical integration.
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1. I NTRODUCTION

The integral inequality that establishes a connection between the integral of the product of
two functions and the product of the integrals is known in the literature as the Grüss inequality.
The inequality is as follows:

Theorem 1.1. Let f, g : [a, b] −→ R be integrable functions such thatΨ ≤ f(x) ≤ ϕ and
γ ≤ g(x) ≤ Γ for all x ∈ [a, b], whereΨ, ϕ, γ andΓ are constants. It follows that,

(1.1)

∣∣∣∣ 1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a

∫ b

a

f(x)dx
1

b− a

∫ b

a

g(x)dx

∣∣∣∣
≤ 1

4
(ϕ−Ψ) (Γ− γ) ,

where the constant1
4

is sharp.
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2 A. RAFIQ, N. A. M IR, AND FIZA ZAFAR

In [2], S.S. Dragomir and S. Wang proved the following Ostrowski type inequality in terms
of lower and upper bounds of the first derivative.

Theorem 1.2.Letf : [a, b] −→ R be continuous on[a, b] and differentiable on(a, b) and where
the first derivative satisfies the condition,

γ ≤ f ′(x) ≤ Γ for all x ∈ [a, b],

then,

(1.2)

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t)dt− f(b)− f(a)

b− a

(
x− a + b

2

)∣∣∣∣ ≤ 1

4
(b− a) (Γ− γ)

for all x ∈ [a, b].

In [1], S.S. Dragomir and N.S. Barnett, proved the following inequality.

Theorem 1.3. Let f : [a, b] −→ R be continuous on[a, b] and twice differentiable on(a, b),
where the second derivativef ′′ : (a, b) −→ R satisfies the condition,

ϕ ≤ f ′′ (x) ≤ Φ for all x ∈ (a, b) ,

then,

(1.3)

∣∣∣∣∣f(x) +

[
(b− a)2

24
+

1

2

(
x− a + b

2

)2
]

f ′(b)− f ′(a)

b− a

−
(

x− a + b

2

)
f ′ (x)− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 1

8
(Φ− ϕ)

[
1

2
(b− a) +

∣∣∣∣x− a + b

2

∣∣∣∣]2

for all x ∈ [a, b].

In this paper we establish a more general form of (1.3) and apply the result to numerical
integration.

2. M AIN RESULTS

Theorem 2.1. Let f : [a, b] −→ R be a continuous mapping on[a, b], and twice differentiable
on (a, b) with second derivativef ′′ : (a, b) −→ R satisfying the condition:

ϕ ≤ f ′′ (x) ≤ Φ, for all x ∈
[
a + h

b− a

2
, b− h

b− a

2

]
.

It follows that,

(2.1)

∣∣∣∣(1− h)

[
f(x)−

(
x− a + b

2

)
f ′ (x)

]
+ h

f (a) + f (b)

2

+

[
1

2
(1− h)

(
x− a + b

2

)2

− (3h− 1) (b− a)2

24

] (
f ′(b)− f ′(a)

b− a

)
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤ 1

8
(Φ− ϕ)

[
1

2
(b− a) (1− h) +

∣∣∣∣x− a + b

2

∣∣∣∣]2

,

for all x ∈ [a + h b−a
2

, b− h b−a
2

] andh ∈ [0, 1] .
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Proof. The proof uses the following identity,

(2.2)
∫ b

a

f(t)dt = (b− a) (1− h) f(x)

− (b− a) (1− h)

(
x− a + b

2

)
f ′ (x) + h

b− a

2
(f (a) + f (b))

− h2 (b− a)2

8
(f ′ (b)− f ′ (a)) +

∫ b

a

K (x, t) f ′′ (t) dt.

for all x ∈ [a + h b−a
2

, b− h b−a
2

], where the kernelK : [a, b]2 → R is defined by

(2.3) K(x, t) =


1
2

[
t−

(
a + h b−a

2

)]2
if t ∈ [a, x]

1
2

[
t−

(
b− h b−a

2

)]2
if t ∈ (x, b].

This is a particular form of the identity given in [3, p. 59; Corollary 2.3].
Observe that the kernelK satisfies the estimation

(2.4) 0 ≤ K(x, t) ≤


1
2

[(
b− h b−a

2

)
− x

]2
, x ∈

[
a + h b−a

2
, a+b

2

)
1
2

[
x−

(
a + h b−a

2

)]2
, x ∈

[
a+b
2

, b− h b−a
2

]
.

Applying the Grüss inequality for the mappingsf ′′ (·) andK (x, ·) we get,

(2.5)

∣∣∣∣ 1

b− a

∫ b

a

K (x, t) f ′′ (t) dt− 1

b− a

∫ b

a

K (x, t) dt
1

b− a

∫ b

a

f ′′ (t) dt

∣∣∣∣
≤ 1

4
(Φ− ϕ)×


1
2

[(
b− h b−a

2

)
− x

]2
, x ∈

[
a + h b−a

2
, a+b

2

)
1
2

[
x−

(
a + h b−a

2

)]2
, x ∈

[
a+b
2

, b− h b−a
2

]
.

Observe that,

∫ b

a

K(x, t)dt =

∫ x

a

[
t−

(
a + h b−a

2

)]2

2
dt +

∫ b

x

[
t−

(
b− h b−a

2

)]2

2
dt

=
1

6

[(
x−

(
a + h

b− a

2

))3

+

((
b− h

b− a

2

)
− x

)3

+
h3 (b− a)3

4

]

= (b− a) (1− h)

[
(b− a)2 (1− h)2

24
+

1

2

(
x− a + b

2

)2
]

+
h3 (b− a)3

24
.(2.6)
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Using(2.6) in (2.5) , we get

∣∣∣∣∣ 1

b− a

∫ b

a

K (x, t) f ′′ (t) dt−

[
(b− a)2 (1− h)3

24
+

1

2
(1− h)

(
x− a + b

2

)2

+
h3 (b− a)2

24

] (
f ′(b)− f ′(a)

b− a

)∣∣∣∣∣
≤ 1

4
(Φ− ϕ)×


1
2

[(
b− h b−a

2

)
− x

]2
, x ∈

[
a + h b−a

2
, a+b

2

)
1
2

[
x−

(
a + h b−a

2

)]2
, x ∈

[
a+b
2

, b− h b−a
2

]
.

Also, by using identity(2.2) , the above inequality reduces to,

∣∣∣∣(1− h)

[
f(x)−

(
x− a + b

2

)
f ′ (x)

]
+ h

f (a) + f (b)

2

+

[
1

2
(1− h)

(
x− a + b

2

)2

− (3h− 1) (b− a)2

24

] (
f ′(b)− f ′(a)

b− a

)
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 1

4
(Φ− ϕ)×


1
2

[(
b− h b−a

2

)
− x

]2
, x ∈

[
a + h b−a

2
, a+b

2

)
;

1
2

[
x−

(
a + h b−a

2

)]2
, x ∈

[
a+b
2

, b− h b−a
2

]
.

Since,

max

{[(
b− h b−a

2

)
− x

]2

2
,

[
x−

(
a + h b−a

2

)]2

2

}

=


1
2

[(
b− h b−a

2

)
− x

]2
, x ∈

[
a + h b−a

2
, a+b

2

)
1
2

[
x−

(
a + h b−a

2

)]2
, x ∈

[
a+b
2

, b− h b−a
2

]
,

but on the other hand,

max

{[(
b− h b−a

2

)
− x

]2

2
,

[
x−

(
a + h b−a

2

)]2

2

}

=
1

2

[
1

2
(b− a) (1− h) +

∣∣∣∣x− a + b

2

∣∣∣∣]2

,

inequality (2.1) is proved. �

Remark 2.2. Forh = 0 in (2.1), we obtain (1.3).
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Corollary 2.3. If f is as in Theorem 2.1, then we have the following perturbed midpoint
inequality:

(2.7)

∣∣∣∣(1− h) f

(
a + b

2

)
+ h

f (a) + f (b)

2

− (3h− 1) (b− a)

24
(f ′(b)− f ′(a))− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 1

32
(Φ− ϕ) (b− a)2 (1− h)2 ,

giving,

(2.8)

∣∣∣∣f (
a + b

2

)
+

(b− a)

24
(f ′(b)− f ′(a))− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤ 1

32
(Φ− ϕ) (b− a)2 ,

for h = 0.

Remark 2.4. The classical midpoint inequality states that

(2.9)

∣∣∣∣f (
a + b

2

)
− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣ ≤ 1

24
(b− a)2 ‖f ′′‖∞ .

If Φ− ϕ ≤ 4
3
‖f ′′‖∞ , then the estimation provided by(2.7) is better than the estimation in the

classical midpoint inequality(2.9). A sufficient condition forΦ − ϕ ≤ 4
3
‖f ′′‖∞ to be true is

0 ≤ ϕ ≤ Φ.Indeed, if0 ≤ ϕ ≤ Φ, thenΦ− ϕ ≤ ‖f ′′‖∞ < 4
3
‖f ′′‖∞ .

Corollary 2.5. Letf be as in Theorem 2.1, then,

(2.10)

∣∣∣∣f(a) + f (b)

2
− (b− a)

12
(f ′(b)− f ′(a))− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 1

32
(Φ− ϕ) (2− h)2 (b− a)2 .

Proof. Putx = a andx = b in turn in (2.1) and use the triangle inequality. �

Corollary 2.6. Let f be as in Theorem 2.1, then we have the following perturbed Trapezoid
inequality:

(2.11)

∣∣∣∣f(a) + f (b)

2
− (b− a)

12
(f ′(b)− f ′(a))− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 1

32
(Φ− ϕ) (b− a)2 .

Proof. Puth = 1 in (2.10). �

Remark 2.7. The classical Trapezoid inequality states that

(2.12)

∣∣∣∣f(a) + f (b)

2
− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣ ≤ 1

12
(b− a)2 ‖f ′′‖∞ .

If we assume thatΦ − ϕ ≤ 2
3
‖f ′′‖∞ , then the estimation provided by(2.10) is better than the

estimation in the classical Trapezoid inequality(2.12).
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3. APPLICATIONS IN NUMERICAL I NTEGRATION

Let In : a = x0 < x1 < · · · < xn−1 < xn = b be a division of the interval[a, b],
ξi ∈ [xi, xi+1], (i = 0, 1, . . . , n− 1) a sequence of intermediate points andhi := xi+1 − xi

(i = 0, 1, . . . , n− 1) . Following the approach taken in [1] we have the following:

Theorem 3.1. Let f : [a, b] −→ R be continuous on[a, b] and a twice differentiable function
on (a, b), whose second derivative,f ′′ : (a, b) −→ R satisfies:

ϕ ≤ f ′′(x) ≤ Φ, for all x ∈ (a, b),

then,

(3.1)
∫ b

a

f(t)dt = A (f, f ′, In, ξ, δ) + R (f, f ′, In, ξ, δ) ,

where

(3.2) A (f, f ′, In, ξ, δ) = (1− δ)
n−1∑
i=0

hif(ξi)

− (1− δ)
n−1∑
i=0

hi

(
ξi −

xi + xi−1

2

)
f ′(ξi) + δ

n−1∑
i=0

hi

(
f (xi) + f (xi+1)

2

)

+
n−1∑
i=0

[
1

2
(1− δ)

(
ξi −

xi + xi+1

2

)2

−(3δ − 1) h2
i

24

]
(f ′ (xi+1)− f ′ (xi))

and the remainderR (f, f ′, In, ξ, δ) satisfies the estimation:

|R (f, f ′, In, ξ, δ)| ≤
1

8
(Φ− ϕ)

n−1∑
i=0

hi

[
(1− δ)

2
hi +

∣∣∣∣ξi −
xi + xi+1

2

∣∣∣∣]2

≤ 1

32
(Φ− ϕ) (1− δ)2

n−1∑
i=0

h3
i ,(3.3)

whereδ ∈ [0, 1] andxi + δ hi

2
≤ ξi ≤ xi+1 − δ hi

2
.

Proof. Applying Theorem 2.1 on the interval[xi, xi+1] (i = 0, . . . , n− 1) gives:∣∣∣∣(1− δ)

[
hif(ξi)− hi

(
ξi −

xi + xi+1

2

)
f ′(ξi)

]
+ δhi

(
f (xi) + f (xi+1)

2

)
+

[
1

2
(1− δ)

(
ξi −

xi + xi+1

2

)2

− (3δ − 1) h2
i

24

]
(f ′ (xi+1)− f ′ (xi))−

∫ xi+1

xi

f (t) dt

∣∣∣∣∣
≤ 1

8
(Φ− ϕ) hi

[
1

2
(1− δ) hi +

∣∣∣∣ξi −
xi + xi+1

2

∣∣∣∣]2

,

≤ 1

8
(Φ− ϕ) (1− δ)2 h3

i

as ∣∣∣∣ξi −
xi + xi+1

2

∣∣∣∣ ≤ (1− δ)
hi

2
for all i ∈ {0, 1, ..., n− 1}

for any choiceξi of the intermediate points.
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Summing the above inequalities overi from 0 to n − 1, and using the generalized triangle
inequality, we get the desired estimation(3.3) . �

Corollary 3.2. The following perturbed midpoint rule holds:

(3.4)
∫ b

a

f (x) dx = M (f, f ′, In) + RM (f, f ′, In) ,

where

(3.5) M (f, f ′, In) =
n−1∑
i=0

hif

(
xi + xi+1

2

)
+

1

24

n−1∑
i=0

h2
i (f ′ (xi+1)− f ′ (xi))

and the remainder termRM(f, f ′, In) satisfies the estimation:

(3.6) |RM(f, f ′, In)| ≤ 1

32
(Φ− ϕ)

n−1∑
i=0

h3
i .

Corollary 3.3. The following perturbed trapezoid rule holds

(3.7)
∫ b

a

f (x) dx = T (f, f ′, In) + RT (f, f ′, In) ,

where

(3.8) T (f, f ′, In) =
n−1∑
i=0

hi
f (xi) + f (xi+1)

2
− 1

12

n−1∑
i=0

h2
i (f ′ (xi+1)− f ′ (xi))

and the remainder termRT (f, f ′, In) satisfies the estimation:

(3.9) |RT (f, f ′, In)| ≤ 1

32
(Φ− ϕ)

n−1∑
i=0

h3
i .

Remark 3.4. Note that the above mentioned perturbed midpoint formula(3.5) and perturbed
trapezoid formula(3.8) can offer better approximations of the integral

∫ b

a
f (x) dx for general

classes of mappings as discussed in Remarks 2.2 and 2.4.
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