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By using the Euler-Maclaurin’s summation formula and the weight coefficient, a
pair of new inequalities is given, which is a decomposition of Hilbert's inequal-
ity. The equivalent forms and the extended inequalities with a pair of conjugate
exponents are built.
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gestions in improving this work.
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1. Introduction

In 1908, H. Weyl published the following Hilbert inequality: {&., }, {b, } are real
sequences) < > a2 < occand0 < Y77 b2 < oo, then [1]

n=1 n =1"n
1
(1.1) ;mzlern ﬂ(%ﬁ%%) ,

where the constant factor is the best possible. In 1925, G. H. Hardy gave an
extension of {.1) by introducing one pair of conjugate exponefits;) (2—1) + é =1)
asPlIfp>1,a,,b,>00<)° a? <ooandd <) > bl < oo, then

(1.2) szm o (Zw)é (253)3,

n=1 m=1

where the constant factor/ sin(7) is the best possible. We refer t0.f) as the
Hardy-Hilbert inequality. In 1934 Hardy et al3][gave some applications of (1)
and (L.2). By introducing a pair of non-conjugate exponefits;) in (1.1), Hardy et
al. [3gave: Ifp,g> 1,1 +1>1,0<A=2—(;+1) <1 then

5

where the constant factdr (p, ¢) is the best value only fok = 1. In 1951, Bonsall
[4] considered {.3) in the case of a general kernel. In 1991, Mitrinoeit al. ]
summarized the above method and results.

==

(1.3) ZZ m+n K(p,q) (i )

n=1 m=1 n=1
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In 1997-1998, by using weight coefficients, Yang and G&d /] gave a strength-
ened version ofl(.2) as:

(1.4) sz—i-n

n=1 m=1

= s L—7] , P& T 1—7 ‘
E — E _ be

= { [sin(ﬂ) nl/p ] a”} { [sin(ﬂ) nl/a ] ”} '
n=1 P n=1 p

where,1 — v = 0.42278433" (y is the Euler constant). In 2001, Yang] gave an
extension of {.1) by introducing an independent parameier A < 4 as

1
D 00 - oo - 2
@y Y o an(33) (z iy b) |

n=1 m=1

where the constant facta#(
In 2004, Yang 9] published

) is the best possibleé](u, v) is the Beta function).
dual form ofi(2) as follows

(1.6) Z Z - + n < sl (Z n?~ 2ap> (2:1 nq_Qb‘fl>

n=1m=1

ey
D Nl

h

Forp = ¢ = 2, both (L.6) and (L.2) reduce to {.1). It means that there are two differ-
ent best extensions of (1). To generalize!.2) and (L.6), in 2005, Yang 10] gave an
extension of {.2) and (L.6) with two pairs of conjugate exponertits q), (r, s)(p, r >

1) and parameters, A > 0 (a) < min{r, s}) as: If0 < 3 n?(:=5)"1ap < o0
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ando0 < 3 n¢(1=%)"1pe < o0, then

(17) Z Z ma + na

nlml

1 1
[e¢) ) [ee) q
a a
r) E :np(l ) laﬁ E nd1=57) lb% :
Hilbert’s Inequality
n=1 n=1

Bicheng Yang
where the constant factdy,\(r) = 1B(2,2) is the best possible. T. K. Pogany vol. 10, iss. 1, art, 25, 2009
[11] also considered a best extension dff with the non-homogeneous kernel as

m (u, )\mapn > O)

We have a non-negative decomposition of kerneilir)( Title Page
1 max{m,n} min{m,n} ( €N Contents
= m.n
m+n (m +n)? (m +n)? ’ < >
(Nis the set of positive integer numbers). In this paper, by using the Euler-Maclaurin < >
summation formula and the weight coefficient as &, [we give a pair of new Page 5 of 18
Hilbert-type inequalities as g
1 Go Back
(1.8) Z Z m:(imn n} mbn < ( ) <Z Z 62) : Full Screen
n=tm=1 Close

(1.9) Z Z mm{m n} by < (g - 1) (; a? ;ﬁ) 7 journal of inequalities

n=1m=1 in pure and applied

where the sum of two best constant factors.ig'he equivalent forms and extended JLelI el 2
inequalities with a pair of conjugate exponents are considered. pssni AHA3=S756
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2. Some Lemmas

Lemma 2.1 (Euler-Maclaurin’'s summation formula, cf. [8, 12, Lemma 1]). If
f(z) € C'[1,0), then we have

0 %) 1 e} .

@D 0= [ sadet 30+ [ R@f

k= 1 1

1

whereP, (z) = z—[z]—3 is the Bernoulli function of the first order; jf € C*[1, c0),
(=1)'g9(z) > 0, g (c0) =0, (i = 0,1,2,3), then

1o = 9() < [ Pu@lgta)ds <o
1

—Eg(n) < /noo P (z)g(x)dx < 0.

(2.2)

Lemma 2.2.If ; < a < 1, setting the weight coefficient«, m) as

o0

2.3) wloym) =3 “‘(Z“{fé;}nrfa (m e N),

n=1

then we have
(2.4) k(o) =As(m) + w(a,m); w <%,m) <k <1> =T 1,

where
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Proof. For fixed < o < 1,m € N, settingf(z) := %, z € (0,
(2.2), it follows that

(2.5) w(a,m) =m* Z f(n)

= | [ @+ 4 [T A

= ma/o f(x)dz — m®p(a, m), Py(x)f'(z)dx.

o0), then by

(2.6) p@m%zéf@ﬂwéﬂw—[wH@W@Mv
We find . . 4 )
/= 2m 112 2m+1)  2m i 12

and

m ! m 1
———dx > ——dr = ——;
/ fl@ / (m + )2z x_/o (m+ z)? v m+1’

/ f@ d:c</ m%a 1—1a)m'

Forz € (0,m), f(z) =

W, it follows f’( ) = —2m am for

(m+z)3z® — (mAz)2zot] ;
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1

x € (m,00), f(x) = ﬁ, we find

, — 21« e
Jl) = (m+ )3 * (m + x)2x
_ —2(x+m —m) -«
 (m+ )3z (m + z)%ze
—2 2m l—-a

(m+z)2z®  (m+ )3z i (m + )%z

In the following, it is obvious thay, (z) = m, ga(r) = W and

g3(z) = m are suited to apply in2). Then by ¢.2), we obtain
27 - / Pi(2) f'(x)da
1
B /m 2mP(x)dx N /m amPy(z)dz
1 1 (

(m + x)3x m + z)2zett

- 2m [ I 1 ] L om [ 1 1 ]
12 [8m3te  (m+41)3] 12 [4m3te  (m +1)2

_a+1 « 2—« 1 _

T 48m2te 12(m+1)  12(m+1)2 * 6(m + 1)3’

(2.8) — /m OoPl(x) f'(x)dz
. /MM _ /OO 2mPy(x)dr (1-a) /°° Py(z)dx

m (m+ )2z (m + x)3z m (m+ )2z
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-1 oo
e / Pi(a)f ()

:—/ P1 dl’ P1 dx
1

m

a—1 2—-« . 1
48m2te 12(m +1) 12(m+1)2 " 6(m+1)3

. Hilbert’s Inequality
Hence by 2.6), for o = 3, it follows that
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2.9 - >
(2.9) p(2,m> 2(m+1)+2(m+1)2+m+1

L_ 1 9_ 1 1 Title Page
4+ 2 . 2 . 2 +
48m2t1/2 12(m+1) 12(m+1)2  6(m+1)3 Contents
N | S B B » "
C24(m+1)  24(m+1)2 0 96m2tY2 0 6(m + 1)3
SO B e A S ‘ g
~24(m+1)  [96m?  96m2|  6(m+1)3 " Page 9 of 18
By (2.7) and @.8), we obtain Go Back
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Then by ¢.6), it follows

(2.10) 0 < m'~*m*p(a, m)]
._—m n m . 1 n 2—a
2(m+1) 2(m+1)?2 1—a 48m!t«
1 1
213 (m — 00).

Settingu = (z/m)*, we find

(2.11) m/ f(z)dz = m* max{m x} dz

(m+ z) 21;‘"
B max{u"/*, 1} 1 ,
= a/(; —(ul/a+1)2 U du—k(Oé),
1 > 21 Vood
(2.12) k(= _2/ %du_zl/—u
2 o (u?+1)? o (u?+1)?

:4/400829d9:z+1.

0 2

Hence by £.9), (2.9), (2.10 and @.117), (2.4) is valid and the lemma is proved.[]
Similar to Lemma?.2, we still have

Lemma 2.3.1f ; < a < 1, setting the weight coefficient(a, m) as

(2.13) wlaym) =y nlmnbm® oy

c—~ (m+n)’n®

then we have

(2.14)  k(a) = Bo(m) + w(a,m); @ (l m) <k (1) =T,
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where

~ 1 [~ min{u/* 1}
o) = — [ DWW ) ey
(Oé) /0v (ul/a + 1)2 u u
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3. Main Results and their Equivalent Forms

Theorem 3.1.1f p > 1,1

+——1an,b > 0,0 < Y nila? < oo and

0<> 7, n3 =1 < oo, then we have the following equivalent inequalities

(3.1)

(3.2)

where the constant factofs+ 1 and (5 +

SO ok

max{m,n}

(m+n)?

N——
S =
oY
3

ANk

L

S

3
N—
Q|

p 0
71— p g_l
am] < <§ + 1> ;n2 ab

1) are the best possible.

Proof. By Holder’s inequality and4.3) — (2.4), we find

(3.3)

- max{m,n}a g
[Z (m +n)? m]

) &= max{m,n}
o {Z (m + n)?

ml/(20) nt/en )"
{ /) “m} {ml/@q)}

A
[M]¢
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o0

(m+n)2 nt/2 ™

m P=1 X = max{m, n} mp/ (2
e (fay e ’

m+n)2 nlt/Zz ™

n=1m=1
m p-1 =, max{m,n} mp/(9)
— (T 1> i
) X [Z CE e

p—1 > 1 P p > P
= (g + 1) mZ:lw (§,m> m2 taP, < (g + 1) Z m2taP .

Therefore 8.2) is valid. By Holder’s inequality, we find that

(3.4) I= i [nézli i —max{m,n}am] [n%“r%bn]

2
n=1 m=1 (m + TL)

1
< Jv (Z nglbg> .
n=1

Then by @3.2), we have §.1). On the other hand, suppose thatlj is valid. Setting

) p—1
A [Z Mam] Coaen

(m +n)?

m=1
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then it follows> > Anz ~1p¢ = J. By (3.3), we confirm that/ < co. If J = 0, then
(3.2) is naturally valid; if0 < J < oo, then by @3.1), we find

o0

o=y =1 < (5 )(2”1 >;<§:n51bz>;;
(i“b> =< (5 )(Zn’ﬁ ) |

and inequality £.2) is valid, which is equivalent to3(1).

For0 < ¢ < 4, setting = {@,}22,, b = {b,}22, asa *,b7 7, forn € N, if
there exists a constadt< £ < 7 + 1, such that §.1) is still valid when we replace
5 + 1 by k, then we find

Z Z rnax{m n}am n

n=1 m=1 m+n

—zmwzm’“{m e tae O]

— ern?nfr

W
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And then by £.4) and the above results, it follows that

— 1 1 e\ 1 1
(3.5) k;n1+€>k(§+5>mz:1ml+s 1_k:<%+ >A§+Z(m)

1 ¢ =1 1 =1
' (§+5> D i T k(l +§> ZlmHEA%*Z(m)

m=1

I I e\ 1 2 met #A%Jr%(m)]
2 + & Z mlte L= 1, ¢ 00 1
m=1 k (5 + (‘1> Zmzl mite
00 1 1\3-5
1 2=t 7z 0 ((E) q)
k >k <§ + E) 1 - L
E(3+2) S e

q
Settinga = 3 + £, by Fatou's Lemma, it follows that

1 1 [ Ve 11
limk(§+f>_ lim L / max{u 1} 1o,
0

et q (ul/a + 1)2

©  max{ut/* 1} 1, 1 m
>o [ fim BT g, () =24
22 | ek (3) = 3

Then by ¢.5), we havek > % + 1 (¢ — 07). Hencek = 5 + 1 is the best value

of (3.1). We confirm that the constant factor it 9) is the best, otherwise we would
obtain a contradiction bys(4) that the constant factor i3 (1) is not the best possible.
The theorem is proved. O
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In the same manner, by Lemmia3, we have:

Theorem 3.2.1f p > 1,2 4+ 1 = 1, a,,b, > 0,0 < > n5 a2 < oo and
0<> 2, n3~'b? < oo, then we have the following equivalent inequalities

o EE R (S (£

n=1 m=1 n=1

0o p 0

p_q min{m,n} T p 4
2 [Z Wm] <(5-1) 2 miar,
where the constant factofs— 1 and (3 — 1) are the best possible.

Remarkl. Forp = ¢ = 2, (3.1) reduces to1.8) and (3.6) reduces to1.9).

W
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