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ABSTRACT. This paper generalizes a Tatar’s result of an impulsive nonlinear singular Gronwall-
Bihari inequality with delay [J. Inequal. Appl., 2006(2006), 1-12] to a new type of inequalities
which includes: distinct nonlinear terms.
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1. INTRODUCTION
In order to investigate problems of the form
= f(t,x), t#ty,
Az = Iy(z), t=1y,
Samoilenko and Perestyuk [6] first used the following impulsive integral inequality

t
u(t) < a+ / b(s)u(s)ds + Y meulty), t>0.
¢ 0<tp<t
Then Bainov and Hristova [2] studied a similar inequality with constant delay. In 2004, Hristova
[3] considered a more general inequality with nonlinear functions. inAll of these papers
treated the functions (kernels) involved in the integrals which are regular. Recently, Tatar [7]
investigated the following singular inequality

u(t) < a(t) + bt) /0 b (t, $)u™ (s)ds + c(t) /0 Fa(t, 8)u(s — 7)ds

+d(t) > mpulty), t>0,

0<tr<t

(1.1) u(t) < p(t), te[-7,0, 7>0
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2 SHENGFU DENG AND CARL PRATHER

where the kernelg; (¢, s) are defined by;(t, s) = (t — s)% 15" Fy(s) for 3; > 0 andy; >
—1, 7« = 1,2, the pointst, (called "instants of impulse effect") are in increasing order and
lim,_ .., t, = +oo. This inequality was called the impulsive nonlinear singular version of the
Gronwall inequality with delay by Tatar|[7]. In this paper, we will consider an inequality
n bi(t)
1@)§MO+§:/] (t — )% 16" fi(t, s)wi(u(s))ds
0

=1

m+n b;(t)
+ Z /0 (t —s)% 1" £(t, s)wj(u(s — 7))ds

j=n+1
(1.2) +d(t) > mpulty), t>0,
0<tr<t
U(t) S Sp(t)v te [_T7 0]7 T > 07
wheren, m are positive integersy; > 0,r, > —1forl =1,...,n+ m andn, > 0 and other

assumptions are given in Sectjgn 2. This inequality is more general[than (1.1)[since (1n2) has
nonlinear terms.

2. MAIN RESULTS

Notation: Following [1] and [5], we sayw; o« w; for wi,wy : A C R — R\{0} if 32 is
nondecreasing oA. This concept helps us to compare the monotonicity of different functions.
Now we make the following assumptions:
(H1) all w; (: = 1,...,n + m) are continuous and nondecreasing@mo) and positive on
(0,00), andw; o< wg X -+ X Wy,
(H2) a(t) andd(t) are continuous and nonnegative [0nco);
(H3) all b, : [0,00) — [0,00) are continuously differentiable and nondecreasing such that
0< bl<t) < ton[O, OO), tr, < bl(t) <tr+T7 fort e [tL,tL—i—T] andtL+T < bl(t) <tr+1
fort € [tp+7,tp41],l=1,...,n+mandL =0,1,2,... wheret, = 0. The points,
are called instants of impulse effect which are in increasing ordedjand. ., t;, = oo;
(H4) all fi(t,s) (I = 1,...,n + m) are continuous and nonnegative functionsj@mo) x
[0, 00);
(H5) ¢(t) is nonnegative and continuous;
(H6) u(t) is a piecewise continuous function frafn— R = [0, co) with points of discon-
tinuity of the first kind at the points, € R. It is also left continuous at the pointg.
This space is denoted YC(R, R™).
Without loss of generality, we will suppose that thesatisfyr < t;,1 —t;, < 27, L =
0,1,2,.... Asin Remark 3.2 of([7], other cases can be reduced to this one.

Theorem 2.1. Let the above assumptions hold. Suppose thaatisfies [(1]2) and is in
PC([-7,00),[0,00)). Theniif3, > —1 + 1andr, > —1, it holds that

( UL7Q(t), t e (tL,tL+T],
(

ura(t), te (to+ 7t
u(t) < Q4 uo(t), tE€ (tity+7] ifty+7<T,
upa(t), te (e +7T) ifty+7<T,
L uko(t), te€ (ty,T] ifty+7>T,
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wheret, < T < ty,1 and

Q=

bn ()

ur,(t) = [Wnl (Wn(’YL,l,n(t)) "‘/

tr+IlT

(n+m+ L+ 1)"710?1(15)]‘?;{(2?, s)ds>] ,

Youg(t) = W2 {le(%,l,jl(ﬂ)

bj—1(t) ~
+/ (n+m+L+1)"c_ (1) ;f_l(t,s)ds], Jj#1,
t

L+l

n

Yoa(t) = (n+m+ L+1)71 a%(t) + Z/o o () fi(t, s)wl(p(s))ds

+Z/ f%@wwwm+2&w¢m4,

(uro(t), t€ (t,ty+7),t € (tpty +7] ity +7<T,
o(t) = andt € (ty,T] ftpy+7>T,
L upa(t), te(tp+rtrpa]andt e (ty+7,7] ifty+7<T,
((e(t), te[-70]
uro(t), t€ (tp,ty +7),t € (by,ty + 7] ifty+7<T,
andt € (t,T) ifty+7>T,

\ ULJ(t), te (tL +T,tL+1] andt € (tk + 7, T] if th+717<T,
i(t) = max ala),  falt,s) = max fu(e,s), d(t) = max do)

0<z<t

v od
Wilw) = [ ——, u>0, u >0,
w w!(v3)

o (f) = i HPara (m +p(Ba — 1))T(1 —i—pra)>71»

“ F(2 +p(ﬁcx +Ta — 1)) 7
for L=0,1,....;k=1,a=1,2,...,n+m,1=0,1,andi,j = 1,...,n where; + : = 1 for
p > 0andq > 1, andT is the largest number such that

b;(t) _ S
(21) VVj(/yL,l,j(t)) +/ (n +m + L + 1)q_1Cj(t)qu(t, S)dS S / q—l/q’

tr T u; wj(z )
forall t € (tp,t, + 7], allt € (tg,tr, +7]ift, +7 <Tandallt € (t,,T]if t, +7 > T as
l=0,orallte[t,+7,t,1]andallt € [ty +7,T)ift,+7<Tasl=1wherej =1,...,n
l=0,1andL =0,1...,k— 1.

Before the proof, we introduce a lemma which will play a very important role.

Lemma 2.2([1]). Suppose that

(1) all w; (i = 1,...,n) are continuous and nondecreasing fnoc) and positive on
(0,00), andw; o< wy X + -+ X Wy,
(2) a(t) is continuously differentiable ihand nonnegative ofto, ),
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(3) all b, are continuously differentiable and nondecreasing such #haj < ¢ for ¢ €
[to, 1)

wheret,, t; are constants and, < t;. If u(¢) is a continuous and nonnegative function on
[to, 1) satisfying

n bi(t)
u(t) <a(t)+ Y filt, s)wi(u(s))ds, to <t <ty
i=1 7 bi(to)
then
N » bn(t) _
alt) < Wt | Wo(ym()) + / Futs)ds|, to<t<T,
bn(tO)
where

Vi (t) = Wz_—l1

i—1(to)

. bi1(t) _
Wiy (-1 (t)) + / fiza(t, s)ds] . 1=2,3,...,n,
b

dz
wz’(z)’

u; > 0,

() = alto) +/t: @/ (s)lds,  Wi(u) = /uu

i

T, < t; andT; is the largest number such that

~ bz‘(Tl) - o0 dZ
Wi((Th) + / (T, 5)ds < / i—l..n
b; U

i (to) w;(z)’

i

Proof of Theorerfi 2]1Since3, > —% + 1 andr, > —% fora = 1,...,n + m, by Holder’s
inequality we obtain

1

| </() ot s <“<S”d8> |
+ mif (/ot(t _ s)pwj—l)sprjds)‘l’ (/obj% FH(t, s)w(u(s — T>)d8>}z

j=n+1

+ Z d(t)nru(ty)

o<tp<t

bi(t)
<a()+Y ) ( | e s)w?(u(s))ds)

I~
~—~
~
S~—
AN
)
—~
~
N—
+
VR
N
—~ -
~
|
V)
N—
=3
®
|
=
v
3
3
Q.
wn
~
]

q

m+4n bj(t) .
+ > o(t) (/O ff(tS)w?(U(S—T))dS) + ) d(t)nulty)

j=n+1 0<tr<t

where we usé, (t) < t and the definition of, (). Now we use the following result[4]:
If A,,..., A, are nonnegative fat € N, then forg > 1,

(Av+ -+ A < TN (A + -+ AD).
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Sincet, <t <T < ty,1, we have

wl(t) < (I1+n+m+ k)"

+Z / FUt, s)w? (u(s))ds

(1) k
DN / it yusals = P)ds + > d(efuc (e

j=n+1 L=1

We note thati(t) > a(t), d(t) > d(t) and f.(t,s) > f.(t,s) and they are continuous and
nondecreasing ih The above inequality becomes

Ulad(t) + Z (2 A(t) / L+1 fat, s)w(u(s))ds

bi(t)
() / ff(zf,s>w3<u<s>>ds>

ty

ul(t) < (1+n+m+k)"

+ (Z_: C?(t) / L1 f]‘?(u S)Mg(U(S — T))ds

j=n+1 \L=0 22
bi(t) k
(2.2) + cg-(t)/t [t s)wi(u(s —7) Z Oniul(tr)| .
k L=1

In the following, we apply mathematical induction with respeck to

(1) k = 0. We note that, = 0 and we have for any fixetc [0, ]

) _
) + Z / 97, s)w! (u(s))ds

b, (1)
+ Z / (t~7 S)W?(U(S — T))ds]

j=n+1

(2.3) ui(t) < (n+m+ 1)1

fort € [0,7] sincec,(t) are nondecreasing. )
Now we considett € [0,7] C [0,¢;] andt € [0,¢]. Note that0 < b;(t) < tso—7 <
b;(t) — 7 < 0fort € 0,t]. Sinceu(t) < p(t) for t € [—,0], we have

ul(t) < zp0(t), te]0,1],

where

(2.4) z00(t) = (n+m +1)7"

=1
mAn ()
£ Y am [ R s ulets - s
j=n+1 0
It implies that
(2.5) u(t) < zo0(t)Y?,  te€0,1).
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Thus, [2.4) becomes

n bi(t)
@8 z0o(t) < (n+m+ 1) @@ + 3 cfd) | syl ()ds
= b;(P)
T Z / (t~, s)wi(p(s — T))ds] .

By Lemmd 2.2,[(2J6) andl (2.1), we have

bn(t) o
200(t) < W, [Wn(%,o,n(t)) + /O (n+m+ 1)q‘lcn(t)f3(tys)ds] :

Y0,0,4(t) = VVj_—ll [Wj—l(%,o,jq(t))

bj—1(t) B
n / (n+m+ 1) e, 1<t>f-q_1<t,s>ds], P41
0

’3/07071( ) (n+m+1

ne 'y / (s - r))ds]

Jj=n+1

sincey(t) = ¢(t) fort € [—,0].
Since [(2.5) is true for any < [0, 7] and¥o 0. (1) = v0,0,;(%), we have

u(t) < 200(H)Y? < ugo(f).
We know thatt € [0, 7] is arbitrary so we replaceby ¢ and get
(27) U(t) < ono(t% fort e [O, T].

This implies that the theorem is true foe [0, 7] andk = 0.
Fort € [r,t] andt € [r,t], use the assumption (H3) and then we know thét) = 7 and
T < bo(t) <ty fort e [r,t;Janda=1,...,n+ m. Thus,

0<by(t) =T <ty —7<T

sincer < t; —to = t; < 27. Using this fact,[(2]3) andl (2.7), we get

+Zc /fqts u(s))ds

wl(t) < (n+m+1)7
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3 / "I St (uno(s))ds

n bi(t) -
+ch(t~)/ fi(t, s)wy(u(s))ds

<(n+m+1)71

m+n
/ fq t,s)wi((s —7))ds
j= n+1
m+n ~ (t) o
+ Y D) / G s>wg<u0,0(s—7))ds]
j=n+1 T
< (et 1) a0 + 300 [ syut(o(s)ds
=1 0
+ Zc / fa(t, s)w(u(s))ds
m+n t)
+ Y / 9(E, s)wd (s — T))ds]
j=n+1
= 2071(25)
where we use the definitions ofand. Thus,
(2.8) u(t) < Zé,/lq(t), t € [r,1).

Therefore,

201_(n+m+1

—l—Zc /fqts (s))ds
+ZC /(fqt5> (ZO/lq( ))ds

fas bi(®)
+ > @) /O f;?(t,s)w;(w(s—r))ds],

j=n+1

Using Lemma 22[(2]1) anig,(7) = 7, we obtain fort € [, ]
ba(t) o
20(t) W, [Wn(%,m(t)) +/ (n+m+ 1) e (D) £, S)d8] :

bj—1(t) .
Yo,1,5(t) = W, {Wj_lwo,l,j_l(t))nu / (n+m+ 1)1 e (0) f (1, s)ds] R

:}/07171@) (n +m "‘

) + Z/ @) F1(E, s)w?(¢(s))ds

n+m b(t)
S / B FE sy <w<s—r>>ds].

j=n+1
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Since [2.8) is true for any € [r, 1] and¥o 1.1 (f) = 70,1.1(f), we have

u(®) < 2041(F) < uoa(B).
We know thatt € [r, ] is arbitrary so we replaceby ¢ and get
(2.9) u(t) < wug(t), t € [r,t1].
This implies that the theorem is valid fok |7, ¢,] andL = 0.

(2) L = 1. Firstwe considet € (¢,,], wheret € (¢,,t,+7] is arbitrary. Note that < t,—#; <
27. (H3) givesh,(t1) =ty andt; < b,(t) <t +71fort € (t1,t1+7] 80t —7 < bo(t) —7 < t;
for ¢ € (¢1,¢ + 7). By (2.9) and[(2.9)[(2]2) can be written as

D+t ([ + ) demtatons

i(t)
—l—Zc / Fa(E, s)w(u(s))ds

mm (/ /)fus (u(s — 7))ds

j= n+1

#3000 [ gt - o)
+ 2D / I syu((s))ds

/1 FA(E, 5w (u(s))ds

;i () o
+ Z o[ <t2s>w;<w<s—r))dswg(tmfug,l(tl)]

j=n+1
::Zl’g (t),

where we use the definitions gfand so

wl(t) < (n+m+2)7

<(n+m+2)7t

(2.10) u(t) < 24(t), e (t,1).

Thus,
D+ 30 [ uttots)

—l—Zc / FO(E, s)wd (2/3(s))ds

2170(25) S (TL +m + 2)q71

m-+n

@ o
3@ [ R s~ s+ E O 0)

j=n-+1
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By Lemmg 2.2,[(2]1) andl, (t,) = t;, we obtain fort € (¢,,1]

bn (1) o
z0(t) < W, ! [ano,n(t» + / (n+m+2) el (1) f(E, s)ds] :

t1

b1 (1) o
F04(t) = Wi {M/jlﬁﬁ,&jl(ﬂ)"’ / (n+m+2)7" e () f 8)d8] ,J# 1,

t1

n

Fro1(t) = (n+m+2)7" [a%(t) + Z /0 1 cl(t) Niq(f, s)wi(p(s))ds

nmeebit) o
<> c§<t>f;f<t,s>wz<¢<s—T>>ds+dq<t>n;fug,1<t1>].

Since (2.1D) is true for anye (¢1,7] and¥, 1 (t) = v1.0.1 (%), we have
u(f) < 215(F) < wiof).

We know thatt € (¢,,t, + 7] is arbitrary so we replaceby ¢ and get

(211) u(t) < ULO(t), te (tl, t1 + T].

This implies that the theorem is valid fore (¢1,¢; + 7] andL = 1.

We now considet € [t; + 7,1], wheret € [t, + 7,t,] is arbitrary. Again, by (H3) we have
t1+7 < ba(t) <ty fort e [t1+7'7 tg] andba<t1+7') =t1+750t; < ba(t)—’?' <to—7 <t +T
sincer <ty —t; < 27. Obviously, by[(2.]7),[(2]9) and (2.]L1), (.2) becomes

n titr
)+ YD) [ sulue)s
i=1 0

wl(t) < (n+m+2)7"

bi(t)

+ Z Cg(f) /t f;q(f, s)wi(u(s))ds

i=1 1+7
m+n ti+1
LY A / FU(E s)w(u(s — 7))ds
j=n-+1 0
m+n bi(t) ~
+ 3 A [ RSl - n)ds + d%f)n%u%,o(m]
j=n+1 titr

<(n4+m+2)7?

(1) + 3 ) / A st (6(s)ds

bi(t)
3 / 9(E, 5)w! (u(s)) ds

i=1 1+7
mAn bl .
+ Z ci(t) / fi(t, s)wi(¥(s —7))ds + dq(t)nfugﬁl(tl)]
J=n+l 0
= z11(1),
that is,
(2.12) u(t) < 20(t), tet +7d
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Thus,
2 (t) < (n+m o+ 2)7 [ +Zc / I ul(6(s))ds

bi(t) -
) / FA(E, syt (179(s)) ds

1+7
m+n {)
+»§: / Q@ﬁmﬂww—fnw+d%)m%gh1.

Using Lemma 22[(2]1) anfg,(t, + 7) = ¢, + 7, we obtain fort € (¢, 7]
ba(t)

t1+7

aa(t) < W, [Wn(%,l,n(t)) +/ (n+m+2)" (D) AT, S)dS] ,

bj—1(t) B
() = Wi [Wj—l(%,l,j—l(t))Jr/ (n+m+2)7" et (D) fL(E s)d ] J#0,

t14+7

F11(t) = (n+m+2)7"

ntmeebi) o
N c§<t>f;f<t,s>wz<¢<s—T>>ds+dq<t>n;fug,1<t1>].

j=n+1
Since (2.1D) is true for anye (¢,,%] and¥, 1 1(t) = v1.1.1(¢), we have
u(f) < 27 (E) < ura (D).
We know thatt € [t; + 7, t,] is arbitrary so we replaceby ¢ and get
u(t) < wugq(t), t €[t + 7,1
This implies that the theorem is valid for [t; + 7, t,] andL = 1.

(3) Finally, suppose that the theorem is valid fqrthen fork + 1 we redefinep and by
replacingk with £ + 1. In a similar manner as in steps (1) and (2), we can see that the theorem
holds fort € (t341,7T) C (trs1, terol-

The proof is now completed. O
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