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Abstract

Four new different types of inequalities similar to Hardy-Hilbert's inequality are
given.
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Suppose thaf andg are real functions, such théat < f0°° f2(t)dt < oo and
0< [;° g*(t)dt < oo, then

(1.1) // fory (/ (1) dt/ (t)dt),

wherer is best possible Ifa,,) and (b,,) are sequences of real numbers such

D=

that0 < > ° a2 <ocoand0 <> b2 < oo, then
oo [e.e] %
(1.2) Z Z (Z aizbi>
n=1 m=1 m + n n=1 n=1

The inequalities1.1) and (L.2) are called Hilbert's inequalities. These inequal-
ities play an important role in analysis (cf., [Chap. 9]). In their recent papers
Hu [5] and Gao {] gave two distinct improvements of (1) and Gao{] gave a
strengthened version of ().

The following definitions are given:

oa(r) = # (r=p,9), Fkxp)=B(pap), vr(q)),

and B is the beta function.
Recently, by introducing some parameters, Yang and Debrataje the
following extensions:
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Theorem A. If f,g>0,p > 1, >+ . =1, A > 2 —min {p, ¢}, such that

0</ t" A fP(t)dt < oo and 0</ ' g1(t)dt < oo,
0 0

then
(1.3) / / LT dwdy
AZE T By L L Four Inequalities Similar To
k)\ (p> 00 L P 00 L q Hardy-HiIbert’T Integral
AL —ASLP Inequalit
< Ao2®) Bor(@ (/0 vt (I)dl") (/0 y ey >dy> ’ ley
W.T. Sulaiman

where the constant factdék, (p) /A%>) B#x(@)] is the best possible.

TheoremB. If f > 0,p > 1, é +5 =1,A>2—min{p,q}, A, B > 0such Title Page
that0 < 7'} fP(t)dt < oo, then Contents
» 44 44
(1.4) /OO y(A—l)(Pfl) /oo LAdx dy < >
0 o (Az+ By)
ko (p) P oo Go Back
A 1-X pp
< (A%\ BSOA(Q)) /0 v fM(@)dz, Close
Quit
where the constant factdk, (p)/A#*® B# (@) is the best possible. The in-
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Theorem C. If a,,b, >0 (n € N),p> 1,1+ 1 =1,2—min{p,¢} < A <2,
A, B > 0 such that

oo oo
0< anﬂaﬁ <oo and 0< anﬂbg < 00,

n=1 n=1

then

(1-5) Z Z m Four Inequalities Similar To

n=1 m= 1 Hardy-Hilbert’s Integral
Inequality

Pre N
1-X 1-A1q W.T. Sulaiman
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where the constant factdk:, (p) /A#»®) B#»(9] is the best possible. Title Page
Theorem D. Ifa, > 0 (n € N), p > 1,% + % =1,2—min{p,q} < X <2, Contents
A, B > 0suchthat < > °° n'"*a? < oo, then < >
) ) a p 4 | J
16 L O-D(-1) m
( ) ; mz:l (Am + Bn)/\ Go Back
Close
1— )\
< (Aw p) Bea( q)) Zn Quit
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where the constant factdp, (p)/A#»® B (9] is the best possible. The in-
equalities (.5 and (1.6) are equivalent.
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The aim of this paper is to give the following results:

Theorem 2.1.LetIn f, In g be convex for nonnegative functiofiand g such
that f(0) = g(0) = 0, f(o0) = g(oo) = o0, f'(s) = 0, 4'(s) =2 0,5 €

{r, 4"} Leth > max{p,q},p > 1,5+ ¢ = 1. Let

P ()

OOt—
0</
0

dt < oo,

/(1)
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X / > dt Close
e
0 £(1)] 1 ou
. / t=° /7" [g(17)] +q/pdt> ' Page 6 of 18
0 lg'(t)]»

J. Ineq. Pure and Appl. Math. 7(2) Art. 76, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:waadsulaiman@hotmail.com
http://jipam.vu.edu.au/

Proof. Sinceln f is convex andcy < %’7 — %, then

zP +%) In f(zP) | In f(y9)

f(zy) = elnfley) < elnf( <e » T a4 = f%(:cp)fé(yq).

Therefore, we have

/ / 9(zy) S dxdy
f(zP) +g yq))
/ Py T
/ / [f'@P)) e a T
BN
f(zP) + g(y2))»

</ / fa)g” " (y") g (y )y Adm?);
x (P 1p/q [f'(xP)]a (f(xP) 4+ g(y9))

! )
q Q/p D\ £/ P\ p—1 é
(/ / Jyg" (@) [ (@) Admdy)
yla=Da/e [g'(ya)]» (f(2P) + g(y?))
- MPNq’
Then
M= 1/OO U [f ()] A+p/qd:z: /Oo <?Eip))) AU dy
470 ()] 0 5
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1/00 o P [ f(aP)]? /\+P/q / up/q
alJo [ (x)] o (I4+wu)

oo .—p?/q? P12~ >‘+P/q
=—B(p,A—p)/ / x)i dx

0 [f'(x)]«

Similarly,
—-4*/p 2=A+a/p
N=-B(q,A— q)/ [g,(y )]g dy.
0 l9' ()]

Therefore

/ / afp +g yj)) ey

_\q/ﬁpr(p,A p) Bi (¢, A — q)

Theorem 2.2. Let f, g, h be nonnegative functionsz, y) is homogeneous of
ordern such thath(0,1) = h(1,0) = 0, h(oco,1) = h(1,00) = co. Letp > 1,
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1 _
+1=1,

O0<1ldp—r<A re{q p} ho(z,y) >0, hy(z,y) >0,

D=

whereh, = dh/dz,0 < [ tP/9fP(t)dt < 00,0 < [ t9/Pgi(t)dt < oo, then

< f2)g(y)h (2, y)
@2) ]g /ﬁ A+ hizy)y W

1
< -B» <1+M—Q,A—1—M+Z—9> Bi <1+M—Q,A—1—M—€)
n q q p p

X (/Oootqfﬁfp(t)dt); (/Oootpzlgq(t)dt> "

Proof. Observe that

f()g(y)h* (. y)
l/‘t/h 1-+h oy
FT ) (s y)hy
= </0 o h9(x,y) (1+hx v)) )
Y

(/ / B/ ( hﬂi?hézﬁ Iw)

—Mqu say.

Q=
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Then

e e h# h
M = / fp(x)dx/ ; (@ 9)hy(z,9) )
0 o ha''(z,y) (1+ h(z,y))
Lety = xv, dy = xzdv and hence

dh(x, xv Ldh(1,v o1 dh(1,v
o) = ) L dhO) k(L)

—1
= = ———= =2"""h,(1,v),
a0 x i x T x (1,v)
dh(z,zv) d _
h”<x’ y) - dx - %J} h(l’ U) =n h<1’ U>’ Four Inequalities Similar To
Hardy-Hilbert’s Integral
therefore Inequality
u—p/q W.T. Sulaiman
oo o [enh(] - nhv 1’
M = L/ xp/q_lfp(m)dm/ ["h(1, v)] x )\( U)dv
e Jo 0 (1+a"h(1,v)) Title Page
1 oo
=—B (1 + ,u—g, A—1-— ,u+]2> / 2P 1L FP (1) d. Contents
np/q q q 0
. 44 44
Similarly.
< 4
1 o0
N=—-B (1+,u—g,/\—1—u+g) / Y12 (y)dy. Go Back
e P P ‘ Close
S
This implies Quit
R h* Page 10 of 18
/ / f(z)g(y) (x’g/)dxdy g
o Jo (14 h(z,y))
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|
< -B7 (1+M—Q,A—1—M+B>Bé (1+u—g,)\—1—u+g>
n q q p p

X (/OOO t”/q_lfp(t)dt> : (/OOO tq/p—ng(t)dt> % .

0
The following lemma is needed for the coming result.
Lemma 2.3.Lets > 1,0 < 1 + u < min {a, \} and define O ety Hiberte el
Inequality
S tp,

f(S) = 5—04/0 (1 " t)/\dt, W.T. Sulaiman
thenf(s) < f(1). Title Page
Proof. We have Contents

o= [ o “l»
S)=8 ——~ —Q) S
1+ Jo (141 ¢ >
< st asT! /s gy Go Back
T (49 (1+9) o Close
H—o
=2 S 1—- 2 V<o Quit
(1+3) b Page 11 of 18
age 11 o
This shows thaf is nonincreasing and hengés) < f(1). O
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Theorem 2. 4 Letf, g, F, G be nonnegative functions such thiélts) = [ f(t)dt
= [ygdt, let,p > 1, L+ 1 =1, (1 = \/2)r < A2+ a < 2q,

b g
re {q, p} ,
0< / (z — t)tI-MDP/a=A2ma pe=1(g) £(#)dt < oo,
0
0< / (z — t)tI=N2D/p=A2maGa1(1) g (1) dt < oo,
0

then
f Ve ap (A A
(2.3) // s+t ddt< 3(2 2)
X ( / (z — )t A BPamA 2 el () f(t)dt)p
0

X ( / (z — t)t(l_A/Q)Q/p_A/Q_an_l(t)g(t)dt)
0

Proof. Observe that

[
— /O’E /03” F(S() <%>A/Ql o <%>/\/21dsdt

s+t (s + )
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)21 )sM/2-1
dsdt
/ / s+t A g(h/2— 17’/‘1 / / 5+t t(A/2=1)q/p °

= Mqu say.
Then
T z (t\M2-1 1
M:/ (1—/\/2)p/q—/\/2Fp(3)dS/ (s) = dt
0 0o 1+
r a —a [T/s g A/2-1
— / 3(1*>\/2)p/q7>\/2pp(3)d5 <£> (f) / B S du
0 § s 0o (1+u)
o 1, 2/2-1
</ (1-X/2)p/q— /\/QFP( )ds (f) / e / du
—Jo s/ Jo (14w’
_ (A2 / (1=7/20p/a-N/2-0 [ () ds;
2 272

by virtue of the lemma.
As

Fr(s) = p / TP ) fw)du,
then

A A\ [ )
M= Ban (5.5 [seeds [Fpr
0 0
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ch‘B( )/ / (1=5/2p/a=3/2= =L () f (u)dsclu

p
2

— ]_jxaB / (x ) (1=X/2)p/q=A/2—a pp— 1( )f(s)ds.
2 2'2 0

Similarly,

A A

N=14p (—, —) / (z — )t NP2 2= a1 () g (1) dt.
2 2°2) J,

Therefore, we have

[ [ e
‘/_\/_ 2°B (2 2) (/ (m—t)t(l_’\/mp/q_A/Q_O‘Fp_l(t)f(t)dt);

x ( / (a;—t)t(lA/Q)q/pAﬂanl(t)g(t)dt)
0

]

Theorem 2.5.Let f, g be nonnegative functiong,is submultiplicative and is
concave nonincreasing; (x), ¢'(y) > 0, f(0) = g(0) = 0, f(o0) = g(o0) =
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00, p>1 3 4+2=1,0<a+1<A0<b+1<A,

dx < 00,

o [F()7 [g(a)]
0 5
- / )
< g [ f )
0 7
< )

dy < o0,

then

en [ [ fith

gszé (a+1,A—a—1)B1 (b+1,A—b—1)

([ e,
0 lg'(®)]

9 < [ o

lg'(t)]*

Proof. Since,/zy < %%, then

dt) |
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and hence
<[ fay)
/0 0 QA/2($y)dxdy
22 fr(x) f*(y)
<2 [ Lo

PO [167) A A €)) A YW 116) A LA
9M/2 / / @) (P a7 ,f W) o * )
A A . L
o Joo (g(z)+g(y)” (9(x) +9(y))e R oSl
- 2)\/2< x / > ()" (y)g' (y) dmdy>p ey
o Jo [g(@)]"]g(@)]7 (9(x) + g(»))" YT Suaman
1
. ( /°° /°° [11(y)g"(x)g () dxdy>q Ttle Page
a 4 A
o Jo [gw)" " g W) (9(x) + 9(v)) Contents
= 22 M N, say «“ o)
Then | >
. aA o (1" ¢ Go Back
o [ () %, o o
— . .
0 "(x)|q 0 9(y)
lg'(@) <1 + g(w)) Quit
0o np 1+a—A—bp/q
_Bla+1A—a— 1)/ Lf(2)]™ [g(2)] _ . Page 16 of 18
0 [g'(x)]«
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Similarly, we can show that

[g(y)]' TP

N:B(b+1,)\—b—1)/oo ™

The result follows.

dy.
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