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Abstract: In this paper, we obtain some second order differential subordinations of holo-
morphic mappings on a bounded convex balanced domainΩ in Cn. These results
imply some first order differential subordinations of holomorphic mappings on
a bounded convex balanced domainΩ in Cn. WhenΩ is the unit disc in the
complex planeC, these results are just ones of Miller and Mocanu et al. about
differential subordinations of analytic functions on the unit disc in the complex
planeC.
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1. Introduction

Let Cn be the space ofn complex variablesz = (z1, z2, . . . , zn) with the Euclidian
inner product〈z, w〉 =

∑n
j=1 zjwj and the norm‖z‖ =

√
〈z, z〉. A domainΩ is

called a balanced domain inCn if λz ∈ Ω for all z ∈ Ω andλ ∈ C with |λ| ≤ 1.
The Minkowski functional of the balanced domainΩ is

ρ(z) = inf
{
t > 0,

z

t
∈ Ω

}
, z ∈ Cn.

Suppose thatΩ is a bounded convex balanced domain inCn, andρ(z) is the
Minkowski functional ofΩ. Thenρ(·) is a norm ofCn such that

Ω = {z ∈ Cn : ρ(z) < 1}, ρ(λz) = |λ|ρ(z)

for λ ∈ C, z ∈ Cn (see [20]).
Let pj > 1 (j = 1, 2, . . . , n). Then

Dp =

{
(z1, z2, . . . , zn) ∈ Cn :

n∑
j=1

|zj|pj < 1

}
is a bounded convex balanced domain, and the Minkowski functionalρ(z) of Dp

satisfies

(1.1)
n∑

j=1

∣∣∣∣ zj

ρ(z)

∣∣∣∣pj

= 1.

ρ(z) =
(∑n

j=1 |zj|p
)1/p

is the Minkowski functional of domain

Bp =

{
z ∈ Cn :

n∑
j=1

|zj|p < 1

}
, where p > 1.
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Let Df(z) andD2f(z)(·, ·) denote the first Fréchet derivative and the second
Fréchet derivative for a holomorphic mappingf : Ω → Cn respectively. Then they
have the matrix representation

Df(z) =

(
∂fj(z)

∂zk

)
1≤j, k≤n

, D2f(z)(b, ·) =

(
n∑

l=1

∂2fj(z)

∂zk∂zl

bl

)
1≤j, k≤n

,

whereb = (b1, b2, . . . , bn) ∈ Cn. The mappingf : Ω → Cn is called locally
biholomorphic if the matrixDf(z) is nonsingular at each pointz in Ω.

The class of all holomorphic mappingsf : Ω → Cn is denoted byH(Ω,Cn).
Assumef, g ∈ H(Ω,Cn). Then we say that the mappingf is subordinate tog,
written f ≺ g or f(z) ≺ g(z), if there exists a holomorphic mappingw : Ω → Ω
with w(0) = 0 such thatf(z) ≡ g(w(z)) for all z ∈ Ω. If g is a biholomorphic
mapping, thenf(z) ≺ g(z) if and only if f(Ω) ⊂ g(Ω) andf(0) = g(0).

In classical results of geometric function theory, differential subordinations pro-
vide some simple proofs. They play a key role in the study of some integral op-
erators, differential equations, and properties of subclasses of univalent functions,
etc. S.S. Miller and P.T. Mocanu et al. have obtained some deep results for differ-
ential subordinations [10, 11, 12, 13, 16, 14]. There is a excellent textDifferential
Subordinations Theory and Applications, by S.S. Miller and P.T. Mocanu [15].

The geometric function theory of several complex variables has been studied by
many authors. Many important results for biholomorphic convex or starlike map-
pings inCn have been obtained (see [2, 3]). Some differential subordinations of
analytic functions in the complex plane are also extended toCn [4, 6, 8, 15, 22]. But
there are very few results on second order differential subordinations of holomorphic
mappings inCn.

In this paper, we obtain some second order differential subordinations of holo-
morphic mappings on a bounded convex balanced domainΩ in Cn. These results
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imply some first order differential subordinations of holomorphic mappings on a
bounded convex balanced domainΩ in Cn. WhenΩ is the unit disc in the complex
planeC, these results are just those of Miller and Mocanu et al. about differential
subordinations of analytic functions on the unit disc in the complex planeC.
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2. Main Results and Their Proofs

In the following, we always assume that the domainΩ is a bounded convex balanced
domain inCn andρ(z) is the Minkowski functional ofΩ. Thenρ(·) is a norm ofCn

such that
Ω = {z ∈ Cn : ρ(z) < 1}, ρ(λz) = |λ|ρ(z)

for λ ∈ C, z ∈ Cn.
In order to derive our main results, we need the following lemmas.

Lemma 2.1. Suppose thatρ(z) is twice differentiable inΩ − {0}, and letw ∈
H(Ω,Cn) withw(z) 6≡ 0 andw(0) = 0. If z0 ∈ Ω− {0} satisfies

ρ(w(z0)) = max
ρ(z)≤ρ(z0)

ρ(w(z)),

then there exists a real numbert ≥ 1/2 such that

(2.1)

〈
Dw(z0)(z0),

∂ρ

∂z
(w0)

〉
= tρ(w0),

and

(2.2) Re

〈
D2w(z0)(z0, z0),

∂ρ

∂z
(w0)

〉
≥ Re

{
n∑

j,l=1

∂2ρ

∂zj∂zl

(w0)bjbl −
n∑

j,l=1

∂2ρ

∂zj∂zl

(w0)bjbl

}
− tρ(w0),

wherew0 = w(z0), Dw(z0)(z0) = (b1, b2, . . . , bn).
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Proof. Sinceρ(w0) = max
ρ(z)≤ρ(z0)

ρ(w(z)), then we havew0 6= 0. Otherwise, there is

w(z) ≡ 0, which contradicts the hypothesis of Lemma2.1.
Letw(z) = (w1(z), w2(z), . . . , wn(z)), γ(t) = w(eitz0) = (γ1(t), γ2(t), . . . , γn(t)).

Then we haveγj(t) = wj(e
itz0) (j = 1, 2, . . . , n), γ(0) = w(z0) = w0 and

dγj(t)

dt
= ieit

n∑
k=1

∂wj(e
itz0)

∂zk

z0
k,

dγj(t)

dt
= −ie−it

n∑
k=1

(
∂wj(eitz0)

∂zk

z0
k

)
,

wherez0 = (z0
1 , z

0
2 , . . . , z

0
n). SetL(t) = ρ(γ(t)) (−π ≤ t ≤ π). Some straightfor-

ward calculations yield

L′(t) =
n∑

j=1

∂ρ

∂zj

(γ(t)) · dγj(t)

dt
+

n∑
j=1

∂ρ

∂zj

(γ(t)) · dγj(t)

dt

= −2 Im

[
eit

n∑
j,k=1

∂ρ

∂zj

(γ(t)) · ∂wj(e
itz0)

∂zk

z0
k

]

= −2 Im

〈
Dw(eitz0)(e

itz0),
∂ρ

∂z
(γ(t))

〉
,

L′′(t) = −2 Im

[
ieit

n∑
j,k=1

∂ρ

∂zj

(γ(t)) · ∂wj

∂zk

+ ie2it

n∑
j,k=1

∂ρ

∂zj

(γ(t))
n∑

l=1

∂2wj

∂zk∂zl

z0
kz

0
l

]

− 2 Im

[
i

n∑
j,k=1

n∑
l,m=1

∂2ρ

∂zj∂zl

(γ(t)) · ∂wl

∂zm

· (eitz0
m)
∂wj

∂zk

· (eitz0
k)

]

+ 2 Im

[
i

n∑
j,k=1

n∑
l,m=1

∂2ρ

∂zj∂zl

(γ(t)) ·
(
∂wl

∂zm

· (eitz0
m)

)
∂wj

∂zk

· (eitz0
k)

]
.
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NotingL(0) = max
−π≤t≤π

L(t) , we haveL′(0) = 0 andL′′(0) ≤ 0. It follows that

(2.3) Im

〈
Dw(z0)(z0),

∂ρ

∂z
(w0)

〉
= 0,

and

(2.4) Re

〈
D2w(z0)(z0, z0),

∂ρ

∂z
(w0)

〉
+ Re

〈
Dw(z0)(z0),

∂ρ

∂z
(w0)

〉
+ Re

[
n∑

j,l=1

∂2ρ

∂zj∂zl

(w0)bjbl −
∂2ρ

∂zj∂zl

(w0)bjbl

]
≥ 0.

On the other hand, by Schwarz’s Lemma inCn [19], we have

ρ(w(z))

ρ(z)
≤ ρ(w0)

ρ(z0)
for 0 < ρ(z) ≤ ρ(z0).

Let

ϕ(r) =
ρ(w(rz0))

ρ(rz0)
=
ρ(w(rz0))

rρ(z0)
.

Thenϕ(1) = max
0<r≤1

ϕ(r) . It follows that

ϕ′(1) = lim
r→1−

ϕ(r)− ϕ(1)

r − 1
≥ 0.

By a simple calculation, we obtain

ϕ′(1) = −ρ(w0)

ρ(z0)
+

2

ρ(z0)
Re

〈
Dw(z0)(z0),

∂ρ

∂z
(w0)

〉
≥ 0.
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If we let

t =
1

ρ(w0)
Re

〈
Dw(z0)(z0),

∂ρ

∂z
(w0)

〉
,

then we havet ≥ 1/2, therefore (2.1) of Lemma2.1 holds, and (2.2) follows from
(2.3) and (2.4). This completes the proof.

Remark1. Sinceρ(tz) = tρ(z) for t > 0, then forz ∈ Cn − {0}, we have

(2.5) ρ(z) =
dρ(tz)

dt

∣∣∣∣
t=1

=
n∑

j=1

∂ρ

∂zj

zj +
n∑

j=1

∂ρ

∂zj

zj = 2 Re

〈
z,
∂ρ

∂z
(z)

〉
.

For anyz ∈ Cn−{0}, we haveρ( z
ρ(z)

) = 1. Lettingw(z) ≡ z in (2.1), we obtain

that there exists a real numbert ≥ 1
2

such that〈
z,
∂ρ

∂z
(z)

〉
= tρ(z) ≥ 0, z ∈ Cn − {0}.

Hence it follows from (2.5) that

ρ(z) = 2

〈
z,
∂ρ

∂z
(z)

〉
, z ∈ Cn − {0}.

Lemma 2.2 ([10]). Let g(ξ) = a + b1ξ + b2ξ
2 + · · · be analytic in|ξ| < 1 with

g(ξ) 6≡ 0. If ξ0 = r0e
iθ0 (0 < r0 < 1) andRe g(ξ0) = min

|ξ|≤r0

Re g(ξ), then

(2.6) ξ0g
′(ξ0) ≤ − | a− g(ξ0) |2

2 Re(a− g(ξ0))
,

and

(2.7) Re{ξ2
0g

′′(ξ0) + ξ0g
′(ξ0)} ≤ 0.

http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au


2nd Order Differential Subordinations
of Holomorphic Mappings

Yu-Can Zhu and Ming-Sheng Liu

vol. 8, iss. 4, art. 104, 2007

Title Page

Contents

JJ II

J I

Page 11 of 30

Go Back

Full Screen

Close

Lemma 2.3. Suppose thatρ(z) is differentiable inΩ − {0}. Leth : Ω → Cn be a
biholomorphic convex mapping withh(0) = 0. Then for everyz ∈ Ω−{0}, we have∣∣∣∣2〈Dh(z)−1h(z),

∂ρ

∂z
(z)

〉
− ρ(z)

∣∣∣∣ ≤ ρ(z).

Proof. For eachz ∈ Ω − {0}, we letg(ξ) = 〈Dh(z)−1(h(z) − h(ξz)), ∂ρ
∂z

(z)〉 for
|ξ| ≤ 1. Theng(ξ) is analytic in|ξ| ≤ 1 and

g(ξ) =

〈
Dh(z)−1h(z),

∂ρ

∂z
(z)

〉
+ b1ξ + · · · .

From the result in [3, 7], we haveRe g(ξ) > 0 for all |ξ| < 1. Hence we obtain

0 = Re g(1) = min
|ξ|≤1

Re g(ξ).

By a simple calculation, we may obtain

g′(1) = −
〈
Dh(z)−1Dh(z)(z),

∂ρ

∂z
(z)

〉
= −

〈
z,
∂ρ

∂z
(z)

〉
= −ρ(z)

2
.

By (2.6), we have
−ρ(z) Re a+ |a|2 ≤ 0,

wherea =
〈
(Dh(z)−1h(z), ∂ρ

∂z
(z)
〉

. It follows that∣∣∣∣2〈Dh(z)−1h(z),
∂ρ

∂z
(z)

〉
− ρ(z)

∣∣∣∣ ≤ ρ(z).
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Lemma 2.4 ([23]). Suppose thatρ(z) is twice differentiable inΩ− {0}. If f : Ω →
Cn is a biholomorphic convex mapping, then we have

(2.8) Re

{
n∑

l,m=1

∂2ρ

∂zl∂zm

blbm

+
n∑

l,m=1

∂2ρ

∂zl∂zm

blbm −
〈
Df(z)−1D2f(z)(b, b),

∂ρ

∂z

〉}
≥ 0

for everyz = (z1, z2, . . . , zn) ∈ Ω−{0}, b = (b1, b2, . . . , bn) ∈ Cn with Re
〈
b, ∂ρ

∂z

〉
=

0.

Lemma 2.5. Assume thatρ(z) is differentiable inΩ− {0}. Then

(2.9) ρ(z) = 2

〈
z,
∂ρ

∂z
(z)

〉
, z ∈ Cn − {0},

and

(2.10)

∣∣∣∣2〈w, ∂ρ∂z (z)

〉∣∣∣∣ ≤ ρ(w), z ∈ Cn − {0}, w ∈ Cn.

Proof. From Remark1, we only need to prove (2.10). Let z ∈ Cn − {0} and

Ωz = {w ∈ Cn : ρ(w) < ρ(z)}.

ThenΩz is a convex domain inCn, and ∂ρ
∂z

(z) is the normal vector of∂Ωz at z. For

everyz, w ∈ Cn with ρ(z) = 1, ρ(w) = 1, we haveRe
〈
z − w, ∂ρ

∂z
(z)
〉
≥ 0. It

follows that

(2.11) 2 Re

〈
w,
∂ρ

∂z
(z)

〉
≤ 2 Re

〈
z,
∂ρ

∂z
(z)

〉
= ρ(z) = 1.
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When
〈
w, ∂ρ

∂z
(z)
〉

= 0, it is obvious that (2.10) holds.

When
〈
w, ∂ρ

∂z
(z)
〉
6= 0, thenρ(w) 6= 0. Using z

ρ(z)
to substitute forz and w

ρ(w)
e−iθ

to substitute forw in (2.11), we obtain∣∣∣∣2 Re

〈
w,
∂ρ

∂z
(z)

〉∣∣∣∣ ≤ ρ(w), z ∈ Cn − {0}, w ∈ Cn,

whereθ = arg
〈
w, ∂ρ

∂z
(z)
〉

and ∂ρ
∂z

(λz) = ∂ρ
∂z

(z) for all λ ∈ (0,+∞) and z ∈
Ω− {0}. This completes the proof.

Lemma 2.6. Suppose thatρ(z) is differentiable inΩ− {0}, and leth : Ω → Cn be
a biholomorphic convex mapping withh(0) = 0. Then for everyz ∈ Ω − {0} and
vectorξ ∈ Cn, the inequality∣∣∣∣2〈Dh(z)−1(ξ),

∂ρ

∂z
(z)

〉∣∣∣∣ ≤ (1 + ρ(z))2ρ(Dh(0)−1(ξ))

holds.

Proof. Without loss of generality, we may assume thath is a biholomorphic convex
mapping onΩ. If not, then we can replaceh(z) by hr(z) = h(rz), where0 < r < 1.

For any fixedz ∈ Ω − {0}, from the proof of Theorem 2.1 in [5, 9], there exist
z̃ ∈ ∂Ω andµ ∈ (0, 1) such thath(z) = µh(z̃) and

1− µ ≥ 1− ρ(z)

1 + ρ(z)
.

Let g(w) = h−1[(1−µ)h(w) +µh(z̃)]. Sinceh is a biholomorphic convex mapping
on Ω, theng ∈ H(Ω,Cn) with g(Ω) ⊂ Ω andg(0) = z. For everyξ ∈ Cn − {0},
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we set

ψ(λ) = 2

〈
g

(
λ

ξ

ρ(ξ)

)
,
∂ρ

∂z
(z)

〉
,

thenψ(λ) is an analytic function in|λ| < 1. By Lemma2.5, we obtain

|ψ(λ)| ≤ ρ

(
g

(
λ

ξ

ρ(ξ)

))
< 1

for all |λ| < 1, and

ψ(λ) = ρ(z) + 2

〈
Dg(0)

(
ξ

ρ(ξ)

)
,
∂ρ

∂z
(z)

〉
λ+ · · · .

From the classical result in [1], we have|ψ′(0)| ≤ 1− |ψ(0)|2. It follows that∣∣∣∣2〈Dg(0)(ξ), ∂ρ∂z (z)

〉∣∣∣∣ ≤ (1− ρ(z)2)ρ(ξ).

SinceDh(z)Dg(0) = (1− µ)Dh(0), then∣∣∣∣2〈Dh(z)−1Dh(0)(ξ),
∂ρ

∂z
(z)

〉∣∣∣∣ ≤ 1

1− µ
(1− ρ(z)2)ρ(ξ) ≤ (1 + ρ(z))2ρ(ξ)

for all ξ ∈ Cn, z ∈ Ω− {0}.
Setζ = Dh(0)(ξ), thenξ = Dh(0)−1ζ and∣∣∣∣2〈Dh(z)−1(ζ),

∂ρ

∂z
(z)

〉∣∣∣∣ ≤ (1 + ρ(z))2ρ(Dh(0)−1(ζ)),

which completes the proof.
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Theorem 2.7. Let f, g ∈ H(Ω,Cn) with f(0) = g(0), and letg be biholomorphic
convex onΩ. Suppose thatρ(z) is twice differentiable inΩ − {0}. If f is not
subordinate tog, then there exist pointsz0 ∈ Ω − {0}, w0 ∈ ∂Ω with 0 < ρ(z0) <
1, ρ(w0) = 1 and there is a real numbert ≥ 1/2 such that

1. f(z0) = g(w0),

2.
〈
Dg(w0)

−1Df(z0)(z0),
∂ρ
∂z

(w0)
〉

= t, and

3. Re
〈
Dg(w0)

−1D2f(z0)(z0, z0),
∂ρ
∂z

(w0)
〉
≥ −t.

Proof. If f is not subordinate tog, then there exist pointsz0 ∈ Ω − {0}, w0 ∈ ∂Ω
with 0 < ρ(z0) < 1, ρ(w0) = 1 such thatf(z0) = g(w0) andf(Dr) ⊂ g(Ω), where
Dr = {z ∈ Cn : ρ(z) < r} andr = ρ(z0).

Let w(z) = g−1(f(z)). Thenw : Dr → Ω is a holomorphic mapping with
w(z) 6≡ 0 andw(0) = 0 satisfyingf(z) = g(w(z)) for z ∈ Dr. Hence

1 = ρ(w0) = max
ρ(z)≤ρ(z0)

ρ(w(z)).

By a simple calculation, we have

Dw(z0)(z0) = Dg(w0)
−1Df(z0)(z0),

Dg(w0)
−1D2f(z0)(z0, z0) = Dg(w0)

−1D2g(w0)(Dw(z0)(z0), Dw(z0)(z0))

+D2w(z0)(z0, z0).

From (2.1), there is a real numbert ≥ 1/2 such that〈
Dw(z0)(z0),

∂ρ

∂z
(w0)

〉
= tρ(w0) = t.
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So we obtain 〈
Dg(w0)

−1Df(z0)(z0),
∂ρ

∂z
(w0)

〉
= t,

and

Re

〈
Dg(w0)

−1D2f(z0)(z0, z0),
∂ρ

∂z
(w0)

〉
= Re

〈
Dg(w0)

−1D2g(w0)(Dw(z0)(z0), Dw(z0)(z0)),
∂ρ

∂z
(w0)

〉
+ Re

〈
D2w(z0)(z0, z0),

∂ρ

∂z
(w0)

〉
≥ Re

〈
Dg(w0)

−1D2g(w0)(a, a),
∂ρ

∂z
(w0)

〉
+ Re

{
n∑

j,l=1

∂2ρ

∂zj∂zl

(w0)ajal −
n∑

j,l=1

∂2ρ

∂zj∂zl

(w0)ajal

}
− t,

wherea = Dw(z0)(z0) = (a1, a2, . . . , an). If we let b = (b1, b2, . . . , bn) with
bj = iaj, then we have

Re

〈
b,
∂ρ

∂z
(w0)

〉
= Re

{
i

〈
Dw(z0)(z0),

∂ρ

∂z
(w0)

〉}
= Re{it} = 0.

From Lemma2.4, we obtain

Re

〈
Dg(w0)

−1D2f(z0)(z0, z0),
∂ρ

∂z
(w0)

〉
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≥ −Re

〈
Dg(w0)

−1D2g(w0)(b, b),
∂ρ

∂z
(w0)

〉
+ Re

{
n∑

j,l=1

∂2ρ

∂zj∂zl

(w0)bjbl +
n∑

j,l=1

∂2ρ

∂zj∂zl

(w0)bjbl

}
− t

≥ −t.

This completes the proof.

Remark2. Whenn = 1, Ω is the unit disc in the complex planeC andρ(z) = |z|(z ∈
C), we may obtain Lemma 1 in [14] from Theorem2.7. Theorem2.7 will play a
key role in studying some second order differential subordinations of holomorphic
mappings on a bounded convex balanced domainΩ in Cn.

Let Ω1 be a set ofCn, and leth be a biholomorphic convex mapping onΩ. Sup-
pose thatρ(z) is twice differentiable inΩ− {0}. We defineΨ(Ω1, h) to be the class
of mapsψ : Cn × Cn × Cn × Ω → Cn that satisfy the following conditions:

1. ψ(h(0), 0, 0, 0) ∈ Ω1, and

2. ψ(α, β, γ, z) /∈ Ω1 for α = h(w),
〈
Dh(w)−1(β), ∂ρ

∂z
(w)
〉

= t,

Re
〈
Dh(w)−1(γ), ∂ρ

∂z
(w)
〉
≥ −t, andz ∈ Ω, whereρ(w) = 1 andt ≥ 1/2.

Theorem 2.8.Letψ ∈ Ψ(Ω1, h). If f ∈ H(Ω,Cn) with f(0) = h(0) satisfies

(2.12) ψ(f(z), Df(z)(z), D2f(z)(z, z), z) ∈ Ω1

for all z ∈ Ω, thenf(z) ≺ h(z).
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Proof. If f is not subordinate toh, then by Theorem2.7, there exist pointsz0 ∈
Ω − {0}, w0 ∈ ∂Ω with 0 < ρ(z0) < 1, ρ(w0) = 1 and there is a real number
t ≥ 1/2 such that

f(z0) = h(w0),

〈
Dh(w0)

−1Df(z0)(z0),
∂ρ

∂z
(w0)

〉
= t,

and

Re

〈
Dh(w0)

−1D2f(z0)(z0, z0),
∂ρ

∂z
(w0)

〉
≥ −t.

Setα = f(z0), β = Df(z0)(z0), γ = D2f(z0)(z0, z0), then according to the defini-
tion of Ψ(Ω1, h), we have

ψ(f(z0), Df(z0)(z0), D
2f(z0)(z0, z0), z0) /∈ Ω1

which contradicts (2.12). Hencef(z) ≺ h(z), and the proof of Theorem2.8 is
complete.

Theorem 2.9. LetA ≥ 0, h ∈ H(Ω,Cn) be biholomorphic convex withh(0) = 0,
and letψ(z) ∈ H(Ω,Cn) with ψ(0) = 0. Suppose thatρ(z) is twice differentiable
in Ω− {0}, k > 4‖Dh(0)−1‖, andϕ, φ : Ω1 × Ω → C are holomorphic such that

Reφ(α, z) ≥ A+ |ϕ(α, z)− 1| − Re[ϕ(α, z)− 1] + kρ(ψ(z))

for all (α, z) ∈ h(Ω) × Ω, whereΩ1 is a domain ofCn with h(Ω) ⊂ Ω1 and
‖Dh(0)−1‖ = sup

ρ(ξ)≤1

ρ(Dh(0)−1(ξ)). If f ∈ H(Ω,Cn) with f(0) = 0 satisfies

AD2f(z)(z, z) + φ(f(z), z)Df(z)(z) + ϕ(f(z), z)f(z) + ψ(z) ≺ h(z),

thenf(z) ≺ h(z).
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Proof. Without loss of generality, we may assume thatf andg satisfy the conditions
of Theorem2.9 on Ω. If not, then we can replacef(z) by fr(z) = f(rz), ψ(z) by
ψr(z) = ψ(rz), andh(z) by hr(z) = h(rz), where0 < r < 1. We would then prove
fr(z) ≺ hr(z) for all 0 < r < 1. By lettingr → 1−, we obtainf(z) ≺ h(z).

Let
ψ(α, β, γ, z) = Aγ + φ(α, z)β + ϕ(α, z)α+ ψ(z),

and letα = h(w),
〈
Dh(w)−1(β), ∂ρ

∂z
(w)
〉

= t, Re
〈
Dh(w)−1(γ), ∂ρ

∂z
(w)
〉
≥ −t,

whereρ(w) = 1, t ≥ 1/2. If we set

ψ(α, β, γ, z) = h(w) + λDh(w)(w),

then we have

λw = ADh(w)−1(γ) + φ(α, z)Dh(w)−1(β)

+ [ϕ(α, z)− 1]Dh(w)−1h(w) +Dh(w)−1(ψ(z)).

Since2
〈
w, ∂ρ

∂z
(w)
〉

= ρ(w) = 1 from Remark1, we obtain

(2.13) λ = 2A

〈
Dh(w)−1(γ),

∂ρ

∂z
(w)

〉
+ 2φ(α, z)

〈
Dh(w)−1(β),

∂ρ

∂z
(w)

〉
+ 2[ϕ(α, z)− 1]

〈
Dh(w)−1h(w),

∂ρ

∂z
(w)

〉
+ 2

〈
Dh(w)−1(ψ(z)),

∂ρ

∂z
(w)

〉
.

By Lemma2.3, we have∣∣∣∣2〈Dh(w)−1h(w),
∂ρ

∂z
(w)

〉
− 1

∣∣∣∣ ≤ 1.
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By Lemma2.6, we obtain

Reλ ≥ −2At+ 2tReφ(α, z) + Re[ϕ(α, z)− 1]

− |ϕ(α, z)− 1| − 4‖Dh(0)−1‖ρ(ψ(z))

≥ (2t− 1){|ϕ(α, z)− 1| − Re[ϕ(α, z)− 1]}
+ (k − 4‖Dh(0)−1‖)ρ(ψ(z)) ≥ 0.(2.14)

Now we verify thatψ(α, β, γ, z) /∈ h(Ω). Suppose not, then there existsw1 ∈ Ω
such thatψ(α, β, γ, z) = h(w1). From the result in [3, 7, 18, 19], we have

−Reλ = 2 Re

〈
Dh(w)−1(h(w)− h(w1)),

∂ρ

∂z
(w)

〉
> 0,

which contradicts (2.14), henceψ(α, β, γ, z) /∈ h(Ω). By Theorem2.8, we obtain
f(z) ≺ h(z), and the proof is complete.

Corollary 2.10. LetA ≥ 0, h ∈ H(Ω,Cn) be biholomorphic convex withh(0) = 0,
and letψ(z) ∈ H(Ω,Cn) with ψ(0) = 0. Suppose thatk > 4‖Dh(0)−1‖, ρ(z) is
twice differentiable inΩ− {0}, andB(z), C(z) ∈ H(Ω,C) satisfy

ReB(z) ≥ A+ |C(z)− 1| − Re[C(z)− 1] + kρ(ψ(z))

for all z ∈ Ω, where‖Dh(0)−1‖ = sup
ρ(ξ)≤1

ρ(Dh(0)−1(ξ)). If f ∈ H(Ω,Cn) with

f(0) = 0 satisfies

AD2f(z)(z, z) +B(z)Df(z)(z) + C(z)f(z) + ψ(z) ≺ h(z),

thenf(z) ≺ h(z).
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Corollary 2.11. LetA ≥ 0, h ∈ H(Ω,Cn) be biholomorphic convex. Suppose that
ρ(z) is twice differentiable inΩ− {0}, andB(z) ∈ H(Ω,C) with ReB(z) ≥ A for
all z ∈ Ω. If f ∈ H(Ω,Cn) with f(0) = h(0) satisfies

AD2f(z)(z, z) +B(z)Df(z)(z) + f(z) ≺ h(z),

thenf(z) ≺ h(z).

Corollary 2.12. Let h ∈ H(Ω,Cn) be biholomorphic convex withh(0) = 0. Sup-
pose thatρ(z) is twice differentiable inΩ − {0} andφ : Ω1 → C is holomorphic
such thatReφ(h(z)) ≥ 0 for all z ∈ Ω. If f ∈ H(Ω,Cn) with f(0) = 0 satisfies

f(z) + φ(f(z))Df(z)(z) ≺ h(z),

thenf(z) ≺ h(z).

Remark3. Whenn = 1, we haveDf(z)(z) = zf ′(z) andD2f(z)(z, z) = z2f ′′(z).
From Corollary2.10, we may obtain Theorem 2 in [13], Theorem 3.1a in [15], The-
orem 1 for case 1 in [12] and Theorem 1 in [14]. From Corollary2.11, we may
obtain Corollary 2.1 in [13].

Example2.1. Let β > 0 andγ ∈ C with 2 Re γ ≥ β. The unit ball inCn is denoted
by B = {z ∈ Cn : ‖z‖ < 1}. If u ∈ Cn with ‖u‖ = 1, thenh(z) = z

1−〈z,u〉 is a
biholomorphic convex mapping onB (see [17]). By a simple calculation, we have

Re

[
β

〈
z

1− 〈z, u〉
, u

〉
+ γ

]
(2.15)

=
Re γ|1− 〈z, u〉|2 + β[Re〈z, u〉 − |〈z, u〉|2]

|1− 〈z, u〉|2

≥ β|1− 〈z, u〉|2 + 2β[Re〈z, u〉 − |〈z, u〉|2]
2|1− 〈z, u〉|2
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=
β(1− |〈z, u〉|2)
2|1− 〈z, u〉|2

> 0

for all z ∈ B. If f ∈ H(B,Cn) with f(0) = 0, then by Corollary2.12, we have

f(z) +
Df(z)(z)

β〈f(z), u〉+ γ
≺ z

1− 〈z, u〉
=⇒ f(z) ≺ z

1− 〈z, u〉
.

Example2.2. Let A ≥ 0, β ≥ 0 andγ ∈ C with Re γ ≥ β/2 + A, u ∈ Cn with
‖u‖ = 1. If f ∈ H(B,Cn) with f(0) = 0, then by Theorem2.9, Corollary2.11and
(2.15), we have

AD2f(z)(z, z) +

[
β

〈z, u〉
1− 〈z, u〉

+ γ

]
Df(z)(z) + f(z)

≺ z

1− 〈z, u〉
=⇒ f(z) ≺ z

1− 〈z, u〉
,

and

AD2f(z)(z, z)+[β〈f(z), u〉+γ]Df(z)(z)+f(z) ≺ z

1− 〈z, u〉
=⇒ f(z) ≺ z

1− 〈z, u〉
.

Let ρ(z) be differentiable inΩ − {0}. ForM > 0, we defineΨ(M) to be the
class of mapsψ : Cn × Cn × Cn × Ω → Cn that satisfy the following conditions:

1. ρ(ψ(0, 0, 0, 0)) < M and

2. ρ(ψ(α, β, γ, z)) ≥M for all ρ(α) = M, 2
〈
β, ∂ρ

∂z
(α)
〉

= tM,

2 Re
〈
γ, ∂ρ

∂z
(α)
〉
≥ (t2 − t)M, and t ≥ 1.
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Theorem 2.13.Letψ ∈ Ψ(M). If w ∈ H(Ω,Cn) withw(0) = 0 satisfies

(2.16) ρ(ψ(w(z), Dw(z)(z), D2w(z)(z, z), z)) < M

for all z ∈ Ω− {0}, thenρ(w(z)) < M for z ∈ Ω.

Proof. Suppose that the conclusion of Theorem2.13 is false. Then there exists a
point z0 ∈ Ω− {0} such thatρ(w(z0)) = M andρ(w(z)) ≤M for ρ(z) ≤ ρ(z0). It
impliesw0 = w(z0) 6= 0.

Let

ϕ(ξ) = 2

〈
w

(
z0

ρ(z0)
ξ

)
,
∂ρ

∂z
(w0)

〉
, ξ ∈ C.

Thenϕ(ξ) is an analytic function in|ξ| < 1. By Lemma2.5, we have

|ϕ(ξ)| ≤
∣∣∣∣2〈w( z0

ρ(z0)
ξ

)
,
∂ρ

∂z
(w0)

〉∣∣∣∣ ≤ ρ

(
w

(
z0

ρ(z0)
ξ

))
≤ ρ(w(z0))

for all |ξ| ≤ ρ(z0), and

ϕ(ρ(z0)) = 2

〈
w(z0),

∂ρ

∂z
(w0)

〉
= ρ(w(z0)) = max

|ξ|≤ρ(z0)
|ϕ(ξ)|.

By a simple calculation, we have

ρ(z0)ϕ
′(ρ(z0)) = 2

〈
Dw(z0)(z0),

∂ρ

∂z
(w0)

〉
,

ρ(z0)
2ϕ′′(ρ(z0)) = 2

〈
D2w(z0)(z0, z0),

∂ρ

∂z
(w0)

〉
.
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Using Lemma A in [10] (also see [15, p. 19]), there exists a real numbert ≥ 1 such
that

2

〈
Dw(z0)(z0),

∂ρ

∂z
(w0)

〉
= tM,

2 Re

〈
D2w(z0)(z0, z0),

∂ρ

∂z
(w0)

〉
≥ (t2 − t)M.

By the definition ofψ, we have

ρ(ψ(w(z0), Dw(z0)(z0), D
2w(z0)(z0, z0), z0)) ≥M,

which contradicts (2.16). Henceρ(w(z)) < M for z ∈ Ω, and the proof is complete.

Theorem 2.14.Letρ(z) be differentiable inΩ−{0}. Suppose thatA(z), B(z), C(z) ∈
H(Ω,C) withA(z) 6= 0 for all z ∈ Ω satisfy

(2.17) Re
B(z)

A(z)
≥ max

{
−1,

1

|A(z)|
− Re

C(z)

A(z)
+
ρ(ϕ(z))

|A(z)|

}
,

or

Re
C(z)

A(z)
≥ 1

|A(z)|
+
ρ(ϕ(z))

|A(z)|
+ 1(2.18)

and 1− 2

√
Re

C(z)

A(z)
− 1

|A(z)|
− ρ(ϕ(z))

|A(z)|
≤ Re

B(z)

A(z)
≤ −1

for all z ∈ Ω. If w(z) ∈ H(Ω,Cn) withw(0) = 0 satisfies

ρ(A(z)D2w(z)(z, z) +B(z)Dw(z)(z) + C(z)w(z) + ϕ(z)) < 1

for all z ∈ Ω, thenρ(w(z)) < 1 for z ∈ Ω.
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Proof. Let
ψ(α, β, γ, z) = A(z)γ +B(z)β + C(z)α+ ϕ(z),

whereρ(α) = 1, 2
〈
β, ∂ρ

∂z
(α)
〉

= t, 2 Re
〈
γ, ∂ρ

∂z
(α)
〉
≥ (t2 − t) andt ≥ 1. From

(2.9) and (2.10), we have

ρ(ψ(α, β, γ, z)) ≥
∣∣∣∣2〈ψ(α, β, γ, z)e−iθ,

∂ρ

∂z
(α)

〉∣∣∣∣
=

∣∣∣∣|A(z)|2
〈
γ,
∂ρ

∂z
(α)

〉
+B(z)e−iθ2

〈
β,
∂ρ

∂z
(α)

〉
+ C(z)e−iθ2

〈
α,
∂ρ

∂z
(α)

〉
+ 2e−iθ

〈
ϕ(z),

∂ρ

∂z
(α)

〉∣∣∣∣
≥ |A(z)|

{
t2 + t

[
Re

B(z)

A(z)
− 1

]
+ Re

C(z)

A(z)
− ρ(ϕ(z))

|A(z)|

}
,

whereθ = argA(z). Let

L(t) = t2 + t

[
Re

B(z)

A(z)
− 1

]
+ Re

C(z)

A(z)
− ρ(ϕ(z))

|A(z)|

for t ≥ 1. Then we have

L′(t) = 2t+ Re
B(z)

A(z)
− 1.

If Re B(z)
A(z)

≥ −1 for z ∈ Ω, thenL′(t) ≥ Re B(z)
A(z)

+ 1 ≥ 0. Hence we obtain

min
t≥1

L(t) = L(1) = Re
B(z)

A(z)
+ Re

C(z)

A(z)
− ρ(ϕ(z))

|A(z)|
≥ 1

|A(z)|
.
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It follows thatρ(ψ(α, β, γ, z)) ≥ 1.
If Re B(z)

A(z)
≤ −1 for z ∈ Ω, then

min
t≥1

L(t) = L

(
1

2

(
1− Re

B(z)

A(z)

))
= −1

4

(
Re

B(z)

A(z)
− 1

)2

+ Re
C(z)

A(z)
− ρ(ϕ(z))

|A(z)|

≥ 1

|A(z)|
.

It also follows thatρ(ψ(α, β, γ, z)) ≥ 1.
Hence we haveψ ∈ Ψ(1). From Theorem2.13, we obtainρ(w(z)) < 1 for

z ∈ Ω.

Remark4. Settingn = 1, ϕ(z) ≡ 0, A(z) ≡ A andC(z) = 1 − B(z) in Theorem
2.14, we get Theorem 4 in [13].

Corollary 2.15. Suppose thatB(z) ∈ H(B,C) andA ≥ 0 satisfyReB(z) ≥ 0 for
all z ∈ B. If w(z) ∈ H(B,Cm) withw(0) = 0 satisfy

‖AD2w(z)(z, z) +B(z)Dw(z)(z) + w(z)‖ < 1

for all z ∈ B, then‖w(z)‖ < 1 for z ∈ B.

Example2.3. Let k andn1 be positive integers and letα = (α1, α2, . . . , αm) ∈ Cm.
We defineαk = (αk

1, α
k
2, . . . , α

k
m). SupposeA1, A2, . . . , An1 ∈ H(B,C) (n1 ≥ 2)

satisfy

ReA1(z) ≥
n1∑

k=2

|Ak(z)|
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for z ∈ B, whereB is the unit ball inCn. If w(z) = (w1(z), w2(z), . . . , wm(z)) ∈
H(B,Cm) with w(0) = 0 satisfies

m∑
υ=1

∣∣∣∣∣
n∑

j,l=1

∂2wυ(z)

∂zj∂zl

zjzl +
n∑

j=1

∂wυ(z)

∂zj

zj +

n1∑
k=1

Ak(z)[wυ(z)]
k

∣∣∣∣∣
2

< 1

for all z ∈ B, then
∑m

υ=1 |wυ(z)|2 < 1 for all z ∈ B.
In fact, if we let

ψ(α, β, γ, z) = γ + β +

n1∑
k=1

Ak(z)α
k

for ‖α‖ = 1, 〈β, α〉 = t, Re〈γ, α〉 ≥ t2 − t andt ≥ 1, then we have

‖ψ(α, β, γ, z)‖ ≥

∣∣∣∣∣〈γ, α〉+ 〈β, α〉+ A1(z) +

n1∑
k=2

Ak(z)〈αk, α〉

∣∣∣∣∣
≥ Re{〈γ, α〉+ 〈β, α〉+ A1(z)} −

n1∑
k=2

|Ak(z)|

(
m∑

j=1

|αj|k+1

)

≥ t2 + ReA1(z)−
n1∑

k=2

|Ak(z)| ≥ 1.

Henceψ ∈ Ψ(1) for ρ(z) =
√∑n

j=1 |zj|2. According to Theorem2.13, we have∑m
υ=1 |wυ(z)|2 < 1 for all z ∈ B.
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