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ABSTRACT. Our aim in this paper is to obtain Hardy’s inequality in variable exponent Lebesgue
spacesLP(®) (0, 00), where the test functiom(z) vanishes at infinity. We use a local Dini-
Lipschitz condition and its the natural analogue at infinity, which play a central role in our proof.
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1. INTRODUCTION

Over the last decades the variable exponent Lebesgue £pa¢e) and the corresponding
Sobolev spacél’™()(Q)) have been a subject of active research stimulated by development
of the studies of problems in elasticity, fluid dynamics, calculus of variations, and differential
equations withp(z)— growth [10,12]. These spaces are a special case of the Musielak-Orlicz
spacesl[[8]. Ifp is the constant, thei?)(Q2) coincides with the classical Lebesgue spaces.
We refer to [4] 7] for fundamental properties of these spaces and to0[[5] 6, 11] for Hardy type

inequalities.
The classical Hardy inequality|[9] is
o] p [ele]
1.1 / w(z)|P 2Pdx < (L) / o' ()P PP d,
(1.1) i |u(x)| 71) /. |u'()]

wherel < p < oo,—1 < < oo, u is an absolutely continuous function ¢, o) and
u(oo) = lim u(z) = 0.
rT—00
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Kokilashvili and Samko[[6] gave the boundedness of Hardy operators with fixed singularity
in the space4”()(p, Q) over a bounded open setlRf with a power weighp(z) = |z — |7,
1o € Q and an exponent(x) satisfying the Dini-Lipschitz condition. The Hardy type inequality
can be derived

(1.2) ‘ x%u xﬁﬂu'

< C(p(z), ¥ ‘ ,
p(m),(o,f) ( ( ) ) p(l’),(o,f)

where > —1,1 < p~ < p' < oo, £ is a positive finite number, andis an absolutely continu-
ous function on0, ¢) in the Lebesgue space with variable exponent for bounded domains from
Theorem E in([B].

Recently, Harjulehto, Hast6 and Koskenoja [5] have obtained the norm version of Hardy’s
inequality using Diening’s corollaries in the variable exponent Sobolev space. Also they have
given a necessary and sufficient condition for Hardy’s inequality to hold.

We consider the problem of the extension of Hardy’s inequality to the case of variable
p(x). Such inequalities with variablg(z) are already known for a finite intervél, ¢) in
the one-dimensional case. Our aim in this paper is to obtain a Hardy type inequality in a
one-dimensional Lebesgue spadé® (0, oo) using a distinct method, by considering relevant
studies in[[1] and [6].

2. PRELIMINARIES

Let Q@ C R™ be an open sep(-) : 2 — [1,00) be a measurable bounded function and be

denoted agp™ = esssup p(x) andp™ = eSSiélf p(z). We define the variable exponent Lebesgue
e z€

spaceL”") (Q) consisting of all measurable functiofis Q2 — R such that the modular

Alh) = [ 1f@Pds
is finite. If p© < oo then we callp a bounded exponent and we can introduce the norm on
(2.1) 1£1l,0 = inf {/\ >0: A, G) < 1}

andL*")()) becomes a Banach space. The ngrff, ., o is in close relation with the modular
Ap(f)-

Lemma 2.1([4]). Letp(x) be a measurable exponent such that p~ < p(z) < p* < coand
let 2 be a measurable set iR™. Then,
() [/l = A #0ifand only if A, ({) = 1;
@) /1]y < H=1>1) & A(f) <1 (= 13> 1);
(iii)y For anyp(z), the following inequalities

+ —
1o < A(f) S W flpw s Ifllye <1
and B N
1o < AN < oy Ifllpw =1
hold.
Lemma 2.2([4,[7]). The generalization of Hblder’s inequality
| #@eta)ds| <l el
holds, wherey/(z) = pé‘;()’“zl and the constant > 0 depends only op(z).

J. Inequal. Pure and Appl. Math?(3) Art. 106, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

HARDY INEQUALITY 3

We say that the exponept-) : 2 — [1, o0) is Dini-Lipschitz if there exists a constant> 0
such that
C

2.2 p(x) —p < —,

(2.2) Ip(z) — p(y)] “og |z — 3

for everyz,y € Q with |z — y| < §. The natural analogue df (2.2) is
C

2.3 — L —

(2.3) p(z) — p(y)| < og (c £ [2])

for everyz,y € €, |y| > |z| at infinity. Under these conditions, most of the properties of
the classical Lebesgue space can be readily generalized to the Lebesgue space with variable
exponent.

Theorem 2.3([5, Theorem 5.2]) Let = [0, M) for M < oo, p : I — [1,00) be bounded,
p(0) > 1 and

1
lim sup(p(z) — p(0)) log — < o0
z—0+ z

andp(*(m) = p(0) for somex, € (0,1). Ifa € [0, 1— ﬁ) then Hardy'’s inequality
u(x o
24) 1) <@,
p(x)

holds for every, € Wr@) () with u(0) = 0.
Throughout this paper, we will assume thét) is a measurable function and use this notation
Hf”p(m) = Hpr(m),(0,00) :

Moreover, we will use: andc; as generic constants, i.e. its value may change from line to line.

3. MAIN RESULT

Theorem 3.1.Let3 > —1andp : (0,00) — (1,00) be such that < p~ < p*™ < cc and

1
3.1 — < — -yl < = R*.
(3.0 ) )| € ot vl <5 mye

C

Assume that there exists a numbéso) € [1,00) anda > 1 such that
C

3.2 0< — < - > a.
(3.2) < p(r) —p(oo) < geta) *2°
Then, we have
(3.3) ’ x%u(x) <c x%Hu’(J;)

p(z) p(z)

for every absolutely continuous function (0, co) — R with u(co) = 0.

Proof. To prove this inequality it suffices to consider the case
=1

) p(z)
for a monotone decreasing functionUsing Holder’s inequality, we obtain

xﬁﬂu'(x)

ee B _B__
(3.4) u(a) = _/ u/(t)dt < CHtp(t)Hu/(t)Hp(t),(am)Ht »() al’(t%(aW) < ¢,
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1’
for (0, c0), using Hardy’s inequality for the fixed exponeribo) we have

(35) / Pu(a)@de < & / PPula) P dr < oy / 2 (ol ()P

wherep'(x) = pg’gz and the positive constaat depends only op(x) andg. Sinceu(z) < ¢;

If we divide the intervala, co) into three sets such that
A={te (a,00):t|u(t)] > 1},
B={te(a,00):t772 <tl(t)| <1},
C = {t € (a,00) : th'(t)| <t~}
then we can write
/ T |t (1) [P dt = / 9|t () [P dt 4 / Pt ()P dt + / Pt ()P dt.
a A B C

Now, let us estimate each integral. It is easy to see that

/ Pt (8)[Pdt < / Pl () POdt < 1
A a

and -
/ Pt (8) |POdt < / PP 2dt < / P10 2dt < c.
C C a
Since
HB+D@EO-P() — (p(O=p(00))5+2
1 B+2
S <tlog(e+t)>
logt /6+2
S <610g(e+t)>
< et
we have

/ £8[td (1) [Pt < / £ (72|t (1)) 7P el (1) it
B B

< / B0 5y (1) PO

< P2 / T |t ()P O dt
< ePt2 ‘

Hence, we obtain

(3.6) / T ()P dt < c.

On the other hand, by using inequality (1.2) and the assumpption (3.1) for the infervalwe
can write

(3.7) / 7 lu(@®)PY dt < c.
0
Combining inequalitieq (3]6) anfd (3.7), we get

/ 7 lu() PP dt < ¢

0
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and hence from the relation between norm and modular we have

(3.8)

_B_
70 () ) < e

Consequently, we have the required result frpm|(3.8) for

u(?)

t%“u/(t)

p(t)
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