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Integral inequality.

The aim of this short note is to establish an integral inequality and its reverse
which give an affirmative answer to an open problem posed by QUOC ANH
NGO, DU DUC THANG, TRANT TAT DAT, and DANG ANH TUAN, in the
paper Notes on an integral inequality, Ineq. Pure and Appl. Math., 7(4)(2006),
Art. 120.]
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1. Introduction

Very recently, in the paperl] the authors studied some integral inequalities and
proposed the following open problem:

Problem 1.1. Letf be a continuous function df, 1] satisfying

(1.1) /lf(t)dt > /1 tdt, Yz €10,1].
Under what conditions does the inequality

(1.2) /0 1 OB (x)dx > /0 1 2 fP(x)dx
hold for o and 57

This type of integral inequality is a complement, variant and continuation of Qi’'s
inequality ]. Before giving an affirmative answer to Probleim. and its reverse,
we establish the following essential lemma:

Lemma 1.2. Let f(z) be nonnegative function, continuous fanb] and differen-
tiable on(a, b).
If [° f(t)dt < [*(t — a)dt, Yz € [a,b], then

(1.3) flz) <zx-—a.
If [* f(t)dt > [*(t — a)dt, Yz € [a,b], then
(1.4) f(z) > x—a.
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Proof. In order to prove 1.3, set

b
G(m):/[f(t)—(t—a)]dtg(), Vz € [a,b],
we have /
G(x)=x—a— f(z), Vazé€la,b.

We shall give an indirect proof, we suppoger) > « — a, thenG'(z) < 0, G()
decreases, ard(z) > 0, because of7(b) = 0. This contradiction establishes.¢).
The proof of (L.4) is the same as the proof of.(). O

Now, our results can be stated as follows:
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2. Main Results

Theorem 2.1.Let f(x) be a nonnegative function, continuous|any| and differen-
tiable on(a, b), and letae and 5 be positive numbers.

If [° f(t)dt < [°(t — a)dt, Yz € [a,b], then

2.1) / " ot ) de < / (& a)* ()
If [° f(t)dt > [*(t — a)dt, Yz € [a,b], then

2.2) /  p B e > / (& a)* 1 ()
Proof. Set

F(z) = /m [fo12(t) — (t —a)* fP(t)dt], Yz € [a,b)].

We can see that

!

Fi(x) = f*"(x) = (x — a)* fP(x),
so that

Fl(z) = [f*(x) — (x — a)*] f(2).
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/bf(t)dt < /b(t —a)dt, Yz € [a,bl,

and from (L.3) of Lemmal.2, we havef(z) < (z — a), so thatf*(z) < (z — a)“.
ThusF'(z) < 0, andF(z) is decreasing ofu, b]. SinceF (a) = 0, we haveF(z) <
0, Va € [a, b], which gives the inequalityX( 1).
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When
/ f(t dt>/(t—a)dt Vz € [a,b],

we have from (.4) f*(x) > (z — a)®, and the rest of the proof is the same as that

of (2.1). 0

Remarkl. If f(z) =0or f(x) =z — a, the equality in £.1) holds.

Now we establish new integral inequalities similar folf and ¢.2) involving n
functions: f;(z), i =1,...,n.

Theorem 2.2. Let f;(z), i = 1,2,...,n be nonnegative functions, continuous on
la, b] and differentiable onja, b), and letay;, 5;, i = 1,...,n be positive numbers.
If

/: fi(t)dt < /:(t —a)dt, Vzx € la,b],

then

b N n
(2.3) / H Foithi(z)de < / (z —a)=>= " [[ £ (2)dz
a a i=1

/b fi(t)dt > /b(t —a)dt, Vzx € la,b],

then

b . n
ey [ Hfm L | F O
a i=1
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Proof. As in proof of 2.1) and ¢.2), we let

0= [ [H FE () — (¢ — )= [ <t>] at

=1
thus
= [H ffé2 (l’) — (1‘ — a)zz'l:l i H ffz (.I'), Note on an Open Problem
=1 =1 Lazhar Bougoffa
when vol. 8, iss. 2, art. 58, 2007
b b b b
/ fit)dt < / (t —a)dt (resp. fit)dt > / (t— a>dt) . Vo€ lab, Tile Page
using Lemmadl..2, we have Contents
fle)<z—a (respfie)>x—a), i=12...n, A
< >
and
‘ Page 7 of 10
fit(@) < (@—a)* (resp.f(z) = (x —a)™), i=12,...,n,
Go Back
thus
Full Screen
[[F@) < (@ —a)>= (resp [[F@) = (- a)”ﬁ‘“) : Close
=1
. ) _ journal of inequalities
The rest of the proof is the same as in Theofefmand we omit?.3) and ¢.4). [ in pure and applied

mathematics

In order to illustrate a possible practical use of this result, we shall give in the , T
issn: =

following a simple example in which we can apply Theorgm

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:bougoffa@hotmail.com
http://jipam.vu.edu.au

Example2.1L Fora=p3=1:

i) Let f(t) = cost +ton[0, 7], we see that all the conditions of Theorem are
fulfilled. Indeed,

™

3 1 2
/ (cost+t)dt:1—sinx+§(%—xZ)

3 1 /72 T
_/z tdt 2(4 x), Vo € 0,2,

and straightforward computation yields

3 5 3
/0 (Cosx+x)2dx:£+%—2
g

>/ x(cosx + x)dx
0

™ 7T3

2 24
That is,

/og 2 (x)dw > /og zf(x)de.

i) Letf(t) =t—F+coston|[F,n], allthe conditions of Theorem 1 be satisfied.

We see that

/;(t—g—i—cost)dtg/;(t—g)dt, Vo € [g,w],
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which is equivalent to
s ) T
/ costdt = —sinx <0, x¢€ [—,77] ,
x

and direct computation yields

T T 2 T
- = dr=—+——2
/g(w 2+cosx> X 4+

That is

/7; fA(z)dr < /7; (:1: - g) f(z)dx.
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