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We consider a dynamic frictionless contact problem for an electro-viscoelastic
body with long-term memory and damage. The contact is modelled with normal
compliance. The adhesion of the contact surfaces is taken into account and mod-
elled by a surface variable, the bonding field. We derive variational formulation
for the model which is formulated as a system involving the displacement field,
the electric potential field, the damage field and the adhesion field. We prove the
existence of a unique weak solution to the problem. The proof is based on ar-
guments of evolution equations with monotone operators, parabolic inequalities,
differential equations and fixed point.
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1. Introduction

The piezoelectric effect is the apparition of electric charges on surfaces of particular
crystals after deformation. Its reverse effect consists of the generation of stress and
strain in crystals under the action of the electric field on the boundary. Materials un-
dergoing piezoelectric materials effects are called piezoelectric materials, and their
study requires techniques and results from electromagnetic theory and continuum
mechanics. Piezoelectric materials are used extensively as switches and, actually,
in many engineering systems in radioelectronics, electroacoustics and measuring
equipment. However, there are very few mathematical results concerning contact
problems involving piezoelectric materials and therefore there is a need to extend
the results on models for contact with deformable bodies which include coupling
between mechanical and electrical properties. General models for elastic materials
with piezoelectric effects can be found ihZ 13, 14, 22, 23] and more recently in

[1, 21]. The adhesive contact between deformable bodies, when a glue is added to
prevent relative motion of the surfaces, has also recently received increased atten-
tion in the mathematical literature. Analysis of models for adhesive contact can be
foundin [3, 4, 6, 7, 16, 17, 18] and recently in the monographs9, 20]. The nov-

elty in all these papers is the introduction of a surface internal variable, the bonding
field, denoted in this paper hy, which describes the pointwise fractional density

of adhesion of active bonds on the contact surface, and is sometimes referred to as
the intensity of adhesion. Followin@,[7], the bonding field satisfies the restriction

0 < a < 1. Whena = 1 at a point of the contact surface, the adhesion is complete
and all the bonds are active, when= 0 all the bonds are inactive, severed, and
there is no adhesion, whén< o < 1 the adhesion is partial and only a fractian

of the bonds is active. The importance of the paper lies in the coupling of the elec-
tric effect and the mechanical damage of the material. We study a dynamic problem
of frictionless adhesive contact. We model the material with an electro-viscoelastic

J
bas
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constitutive law with long-term memory and damage. The contact is modelled with
normal compliance. We derive a variational formulation and prove the existence and
uniqueness of the weak solution.

The paper is structured as follows. In Sectibwe present notation and some
preliminaries. The model is described in Sectiomhere the variational formulation
is given. In Section?, we present our main result stated in Theorérmand its
proof which is based on arguments of evolution equations with monotone operators, =~ bynamic problem with adhesion
parabolic inequalities, differential equations and fixed points. and damage
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2. Notation and Preliminaries

In this short section, we present the notation we shall use and some preliminary
material. For more details, we refer the reader2o5, 15]. We denote byS? the
space of second order symmetric tensor®6id = 2, 3), while”-” and|-| represent

the inner product and the Euclidean normssrandR?, respectively. Lef) c R? be

a bounded domain with a regular bound&rgnd letr denote the unit outer normal Dynamic problem with adhesion
onI". We shall use the notation and damage

H=L*Q)"= {u = (u;) [ u; € L*(Q) } : Selmani Mohamed
H' () ={u=(w)/u € H(Q) },
M ={o=(0y) ) 0i =05 € L*() }, Title Page

Hi={0c€H/Divocec H},

wheree : H'(Q)? — H andDiv : H, — H are the deformation and divergence
operators, respectively, defined by

vol. 10, iss. 1, art. 6, 2009
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e(u) = (gi5(n)), eiy(u) = %(um +u;), Divo = (0ij;).
Page 5 of 39
Here and below, the indiceésandj run betweerl to d, the summation convention
over repeated indices is used and the index that follows a comma indicates a partial
derivative with respect to the corresponding component of the independent variable. =l SereEn
The space#l, H'(Q)¢, H andH, are real Hilbert spaces endowed with the canonical

inner products given by

(u,v)y = u-vdr Va.ve H journal of inequalities
T g 7 ’ in pure and applied
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where

Vv = (Ui,j) Vv € H1<Q)d,

(U,T>H:/U'Tdﬂ? Vo, 7 € H,
Q
(0,71, = (0,7)n + (Div o, Div 1)y Yo, € H;.

The associated norms on the spaégsH' ()¢, H and’H; are denoted by:|,;,
|1 (qa » |l @nd ||, respectively. Letir = H:2(T')and lety : H'(Q)¢ — Hy be
the trace map. For every element H'(Q2)¢, we also use the notationto denote

the traceyv of v onT' and we denote by, andv, the normal and the tangential

components o on the boundary' given by
(2.1) v, =V,

V, =V —U,l.

Similarly, for a regular (say’'!) tensor fields : Q — S¢ we define its normal and

tangential components by
(2.2) o, = (ov) - v,

0, =0V — O,U,

and we recall that the following Green’s formula holds:

(2.3) (0,e(V))n+ (Divo,v)y = /O’V -vda

T

Vv e HY(Q)

(24) (D,V¢)H—|—(dZU D,¢)L2(Q) :ADV¢da V¢GH1(Q)

Finally, for any real Hilbert spacé&’, we use the classical notation for the spaces
LP(0,T; X) andW*?(0,T; X), wherel < p < +oo andk > 1. We denote by
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C(0,T; X)andC*(0,T; X) the space of continuous and continuously differentiable
functions from[0, T'] to X, respectively, with the norms

f = f(t
| |C(O,T;X) fg&%“ ( )|X7

Flovorox) = ma. |60 + mas [F(0)]

respectively. Moreover, we use the dot above to indicate the derivative with respect
to the time variable and, for a real numberme user, to represent its positive part,

that isr, = max{0,r}. For the convenience of the reader, we recall the following
version of the classical theorem of Cauchy-Lipschitz (see, @.p[ 48]).

Theorem 2.1. Assume thatX, |-|) is a real Banach space arid > 0. Let F'(¢, -) :
X — X be an operator defined a.e. ¢, T") satisfying the following conditions:

1. There exists a constarmt» > 0 such that

|F(t,x) — F(t.y)lx < Lrlz —yly Va,ye X, aete(0,T).

2. There existy > 1 such that — F(t,z) € L?(0,T;X) Vz e X.
Then for anyr, € X, there exists a unique functiane W7(0,7; X) such that
x(t) = F(t,z(t)) a.e.te(0,7),
z(0) = xg.
Theorem2.1 will be used in Section! to prove the unique solvability of the
intermediate problem involving the bonding field. MoreoverXif and X, are real

Hilbert spaces thetX; x X, denotes the product Hilbert space endowed with the
canonical inner produdt, -) x, x x, -
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3. Mechanical and Variational Formulations

We describe the model for the process and present its variational formulation. The
physical setting is the following. An electro-viscoelastic body occupies a bounded
domainQ2 C R? (d = 2,3) with outer Lipschitz surfac&. The body is submitted

to the action of body forces of densify and volume electric charges of density

qo- It is also submitted to mechanical and electric constraints on the boundary. We
consider partitioning” into three disjoint measurable paits, I'; andI's, on one
hand, and into two measurable parisandI’,, on the other hand, such thatcas

(I'y) > 0, meas (I';) > 0andI's C I',. LetT > 0 and let[0,7] be the time
interval of interest. The body is clamped dn x (0,7"), so the displacement field
vanishes there. A surface traction of dendityacts onI's x (0,7") and a body
force of densityf; acts inQ2 x (0,7"). We also assume that the electrical potential
vanishes o', x (0,7") and a surface electric charge of dengityis prescribed on

I', x (0, 7). The body is in adhesive contact with an obstacle, or foundation, over
the contact surfacks. Moreover, the process is dynamic, and thus the inertial terms
are included in the equation of motion. We denoteubthe displacement field, by

o the stress tensor field and byu) the linearized strain tensor. We use an electro-
viscoelastic constitutive law with long-term memory given by

o =Ae(a) + G(e( /Mt—s (u(s)) ds — EYE(y),

D = &z(u) + BE(p),

where A is a given nonlinear functionl/ is the relaxation tensor, arglrepresents
the elasticity operator wher@is an internal variable describing the damage of the
material caused by elastic deformations(y) = —V is the electric fieldf =
(ei;1) represents the third order piezoelectric tengbrjs its transposition and
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denotes the electric permittivity tensor. The inclusion used for the evolution of the
damage field is

B—k A B+ 0pk(8) 3 S(e(u), B),
whereK denotes the set of admissible damage functions defined by

K={¢cH(Q)/0<¢(<1 ae.inQ},

k is a positive coefficient)y denotes the subdifferential of the indicator function
wi ands'is a given constitutive function which describes the sources of the damage
in the system. Whep = 1 the material is undamaged, whgn= 0 the material is
completely damaged, and for< ( < 1 there is partial damage. General models
of mechanical damage, which were derived from thermodynamical considerations
and the principle of virtual work, can be found i8] and [9] and references therein.
The models describe the evolution of the material damage which results from the

excess tension or compression in the body as a result of applied forces and tractions.

Mathematical analysis of one-dimensional damage models can be foul(d.in [

To simplify the notation, we do not indicate explicitly the dependence of various
functions on the variables € Q U T andt € [0,7]. Then, the classical formula-
tion of the mechanical problem of electro-viscoelastic material, frictionless, adhesive
contact may be stated as follows.

Problem P. Find a displacement field1 : Q x [0,7] — R¢, a stress fieldr :  x
[0, 7] — S4, an electric potential fielgp : 2 x [0, 7] — R, an electric displacement
fieldD : Q x [0,7] — R?, a damage field? :  x [0,7] — R and a bonding field
a: T3 x [0,T] — R such that

(3.1) o = A=(11) + G(=(u), B) + /Ot M(t — s)e(u(s)) ds + £V in Q x (0,T),

(3.2) D =€¢(u) — BVy inQx(0,7),
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(3.3) B—kAB+0pk(B8) 3 S(e(u),8) inQx(0,7),

(3.4) pu = Div o + f inQ x (0,7),
Dynamic problem with adhesion
and damage
(3.5) divD =gy InQx(0,7T), Selmani Mohamed
vol. 10, iss. 1, art. 6, 2009
(3.6) u=0 on I'hx(0,7), Title Page
Contents
(37) ov =1 on I'yx (O,T), <« >
4 >
(38) —0, = pl/(uy) - ’YVCVQR l/(ull) on F3 X (07 T) 5 Page 10 of 39
Go Back
(3.9 —o; =p(@)R;(u;) on T'3x(0,7), Full Screen
Close
B.10) a=—(a(w(Ro(w)’+% R (u)f) - €a), ON T3 x(0,7), journal of inequalities
in pure and applied
5 mathematics
(311) 8_ﬁ =0 on F3 X (0,T>7 issn: 1443-575k
v

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:s_elmanih@yahoo.fr
http://jipam.vu.edu.au

(3.12) =0 on I',x(0,7),

(3.13) D-v=¢g on I',x(0,7),
(3.14) u(0) = g, 0(0) = vo, 5(0) = fy IN©,
(315) O{(O) =qag on I

First, (3.1) and @.2) represent the electro-viscoelastic constitutive law with long
term-memory and damage, the evolution of the damage field is governed by the
inclusion of parabolic type given by the relatiod.§), whereS is the mechanical
source of the damage, amb, is the subdifferential of the indicator function of
the admissible damage functions g€t Equations §.4) and (3.5 represent the
eqguation of motion for the stress field and the equilibrium equation for the electric-
displacement field while3(6) and (3.7) are the displacement and traction boundary
condition, respectively. Conditiors (8) represents the normal compliance condition
with adhesion where,, is a given adhesion coefficient apg is a given positive
function which will be described below. In this condition the interpenetrability be-
tween the body and the foundation is allowed, that,jscan be positive of’s.

The contribution of the adhesive to the normal traction is represented by the term
va?R ,(u,), the adhesive traction is tensile and is proportional, with proportionality
coefficienty,, to the square of the intensity of adhesion and to the normal displace-
ment, but only as long as it does not exceed the bond lehglthe maximal tensile
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traction is, L. R, is the truncation operator defined by

L ifs<—L,
R,(s)=1 —s if =L <s<0,
0 ifs>0.
Here L > 0 is the characteristic |ength of the bond, beyond which it does not Dynamic problem with adhesion
offer any additional traction. The introduction of the operaity;, together with and damage
the operatoR., defined below, is motivated by mathematical arguments but it is Selmani Mohamed
not restrictive from the physical point of view, since no restriction on the size of vol. 10, iss. 1, art. 6, 2009

the parametel. is made in what follows. Conditior3(9) represents the adhesive
contact condition on the tangential plane, in whighs a given function and . is

. . Title Page
the truncation operator given by
Contents
\% if lv| <L, « "
R-(v) Ly it > L
< 4

This condition shows that the shear on the contact surface depends on the bonding
field and on the tangential displacement, but only as long as it does not exceed the
bond lengthZ.. The frictional tangential traction is assumed to be much smaller than Go Back
the adhesive one and, therefore, omitted.

Page 12 of 39

Next, the equation(10) is an ordinary differential equation which describes the Full Screen
evolution of the bonding field and it has already been use@]irsge also 19, 20] Close
for more details. Here, besides, two new adhesion coefficients are involved,
ande,. Notice that in this model, once debonding occurs bonding cannot be re-  journal of inequalities
established since, fron® (L0, o < 0. The relation §.11) represents a homogeneous in pure and applied
Neumann boundary condition whefé represents the normal derivative/f(3.12) mathematics

and (.19 represent the electric boundary conditions.1{) represents the initial issn: 1443-5756

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:s_elmanih@yahoo.fr
http://jipam.vu.edu.au

displacement field, the initial velocity and the initial damage field. Finaily.5)
represents the initial condition in whialy, is the given initial bonding field. To
obtain the variational formulation of the problenms1) — (3.15, we introduce for
the bonding field the set

Z={6€L>0,T;L*(T3)) /0<6(t) <1Vt [0,T],ae. o},
and for the displacement field we need the closed subspadé(6f)? defined by
V={veH' Q)" v=00nT;}.

Sincemeas (I'1) > 0, Korn's inequality holds and there exists a constapt> 0,
that depends only oft andI';, such that

|€<V)‘H > Ch ‘V’Hl(Q)d Vv eV

A proof of Korn’s inequality may be found inlp, p. 79]. On the spac& we
consider the inner product and the associated norm given by

(316)  (wv)y = (W, e, [Vly = (V)] Vave V.

It follows that|-[ ;. )« and|-|;, are equivalent norms o and thereforgV’, |-|,)
is a real Hilbert space. Moreover, by the Sobolev trace Theorem3am6,(there
exists a constant, > 0, depending only o2, I'; andI'; such that

(3.17) Iz < Colvly Vv eV.
We also introduce the spaces

W={pecHQ)/$=00nT,},
W={D = (D)/D; € L*(Q), divD € L*Q)}.
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wherediv D = (D, ;). The space$l” andW are real Hilbert spaces with the inner
products given by

AT
Q
(D,E)W:/D~Eda:+/divD~dz’vEdw.
Q Q

The associated norms will be denoted |Hy, and|-|,,, respectively. Notice also
that, sinceneas(l’,) > 0, the following Friedrichs-Poincaré inequality holds:

(3.18) IVoly = Crldlmg

whereCr > 0 is a constant which depends only éhandT',. In the study of
the mechanical problems.() — (3.15, we assume that the viscosity functigh:
O x 8% — 54 satisfies

Vo e W,

( (a) There exists constang!, Cs' > 0 such that
|A(x,e)] < Ctle| + C5* Ve e S ae.x €.
(b) There exists a constant, > 0 Such that
(A(x,e1) — A(x,€3)) - (€1 — €2) > my |er — &

(3.19) Vei,e0 € S%, ae.x € Q.

(¢) The mappingk — A(x,¢) is Lebesgue measurable on
Q for anye € S°.

L (d) The mapping — A(x, ) is continuous orb?¢, a.e.x € Q.
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The elasticity Operatag : 2 x S? x R — S satisfies

((a) There exists a constafy > 0 Such that
|G(x,61,01) — G(x, €2, 02)| < Lg(|e1 — €| + [ar — az)

Vei, 60 € Sd, Vai,as € Ra.e.x € (.

3.20
(3.20) (b) The mappingk — G(x,,«) is Lebesgue measurable @n

for anye € S% anda € R.

| (¢) The mapping — G(x, 0,0) belongs toH.
The damage source functigh: 2 x S¢ x R — R satisfies

((a) There exists a constaffy > 0 such that
1S(x,e1,00) = S(x,62,2)| < Ls(ler — 2] + |an — az)
v€1,€2 € Sd, VOél, oy € Raex e Q.

(b) Foranye € S?anda € R, x — S(x,¢&,a) is
Lebesgue measurable tn

(3.21)

[ (¢) The mappingx — S(x,0,0) belongs taL?().

The electric permittivity operataB = (b;;) : 2 x R — R? satisfies

( (a) B(x,E) = (b;(x)E;) VE = (E;) € R%, a.ex € Q.
A . o0 < 44 <

(3.22) (b)  bij =bji, bjj € L*(Q), 1<, j<d.

(¢) There exists a constantsz > 0 such that
BE.E>mg|E? VE=(E)eR’ ae.inQ.
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The piezoelectric operatdr: Q x S — R? satisfies

(a) E(x,7)=(eijr (X)) VY7 =(7;) € S a.ex € Q.
(3.23)

(b) €ijk = €ikj € LOO(Q)7 1<, 5,k <d.
The normal compliance functign, : I's x R — R, satisfies

(a) There exists a constant, > 0 such that
Ipu(x,71) = pu(x,72)| < Ly, [r1 — 12| Vr,m € R, a.ex €T

(3.24) (b) The mappingk — p,(x,r) is measurable ohs, for anyr € R.
(¢) pu(x,7)=0forallr <0, aexeTl}j.
The tangential contact functign : I's x R — R, satisfies

( (a) There exists a constant. > 0 such that
Ip-(x,d1) — pr(x,d2)| < Ly |dy — do| Vdy,dy € R,
a.exels.

(3.25) { (b) There exists\/; > 0 such thatp,(x,d)| < M, Vd € R,
a.e.x ¢ Fg.

L (d) The mapping — p.(x,0) € L?(T'3).
The relaxation tensal/ satisfies

(3.26) M e C(0,T;H).

(¢) The mappingk — p.(x, d) is measurable ohs, for anyd € R.
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We suppose that the mass density satisfies

(3.27) p € L>(Q), there existg* > 0 such thap(x) > p* a.e x € Q.

We also suppose that the body forces and surface tractions have the regularity

(3.28) fo € L*(0,T;H), £, € L*(0,T;L*(T',)"),

Dynamic problem with adhesion

and damage
(3.29) q € C(0,T; L*(Q)), g2 € C(0,T; L*(Ty)). Selmani Mohamed
vol. 10, iss. 1, art. 6, 2009

(3.30) @(t)=0o0nls Vte|0,T]. Title Page
Note that we need to impose assumpti@ri3() for physical reasons. Indeed the Contents
foundation is assumed to be insulator and therefore the electric charges (which are K 5
prescribed o', O I'3) have to vanish on the potential contact surface. The adhesion
coefficients satisfy < >
(3.31) Yo, € L®(T3), e, € L*(T3), 7,760 >0 a.e.onls. Page 17 of 39
The initial displacement field satisfies Go Back
(3.32) weV, voeH, Full Screen
the initial bonding field satisfies Sl
(3.33) ap € L*(T3), 0< o <1la.e. oy, journal of inequalities
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and the initial damage field satisfies mathematics
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We define the bilinear form : H'(2) x H'(Q2) — R by

(3.35) a(&, ) = k’/QV§ -V dz.

We will use a modified inner product did = L?(Q2)4, given by
((11, V))H = (puaV>H VU,V € Ha

that is, it is weighted wittp, and we let|-|| ,, be the associated norm, i.e.,

1
IVlg = (pv,v);; ¥YveH.

It follows from assumptiond.27) that||-|| ,; and|-|; are equivalent norms aoH, and
the inclusion mapping afV, |-|,,) into (H, ||-|| ;) is continuous and dense. We denote
by V' the dual ofV. Identifying H with its own dual, we can write the Gelfand triple

VcHCV.

Using the notatior-, -), ., to represent the duality pairing betweEnandV, we
have

(11, V)V’XV = ((u7v))H Vu e H7 Vv ev.

Finally, we denote by-|,~ the norm onV". Assumption .29 allows us, for a.e.
t € (0,7), to definef (t) € V' by

(3.36) (f(1), V) oy = / fo(t) - vde +/ fr(t)-vda VvevV.
Q )
We denote by; : [0, 7] — W the function defined by

(3.37)  (q(t), 9w = /9610(75) ¢ dx —/ ¢@(t)-¢pda VYoeW,tel0,T].

Ty
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Next, we denote by : L>°(I';) x V' x V — R the adhesion functional defined by
(3.38)

](O{, u7 V)

- / pu(u,)v, da + / (—a®R ,(w,) v, + p-(0)R,(u;) - v;) da.
F3 FS

Keeping in mind 8.24) — (3.25, we observe that the integrais £ are well defined

and we note that conditions .8 — (3.29 imply

(3.39) fecL*0,T;V), qeC0,T,W).

Using standard arguments we obtain the variational formulation of the mechanical
problem @3.1) — (3.19).

Problem PV. Find a displacement field : [0,7] — V/, an electric potential field

o : [0,T] — W, a damage field? : [0,7] — H'(Q) and a bonding fieldv :
[0,T] — L*°(I'3) such that

(3.40) (ﬁ7 V)V'><V + (.Ae(u(t)), E(V»H
+ (G(e(u(t)), BE)), () + ( [ = s)etutsnas. e<v>)H

+(EVe(t), e(v)n + j(a(t), ult), v)
= (f(t>7V)V'><V Vv € V,t S (OvT) )

(3.41) f(1) € Kforallt € [0.7], (B(0).6~0()) , . +a(3(1).€ = 5(1))
V¢ € K,

> (S(e(u(t)), 6(t)), & = B(t))2(«)
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(342) (BVp(t), Vo) — (E=(u(t)), Vo) = (a(t), o)w Vo € Wit € (0,T),
(343) a(t)=—(a(t) [ (R (£)+7 R o (u, ()] <) , ae.te(0,7),

(3.44) a(0) =y, a(0) =vo, B0) =By a(0)=ay.

We notice that the variational problef is formulated in terms of a displacement
field, an electrical potential field, a damage field and a bonding field. The existence
of the unique solution of probler®?V is stated and proved in the next section. To
this end, we consider the following remark which is used in different places of the
paper.

Remarkl. We note that, in the probleri and in the problen®V” we do not need to
impose explicitly the restrictiof < « < 1. Indeed, equations3(43 guarantee that
a(x,t) < ap(x) and, therefore, assumptiod.£3 shows thatv(x,¢) < 1 fort > 0,
a.e.x € I';. Onthe other hand, if(x, ty) = 0 at timet,, then it follows from (.43
thata(x,t) = 0 for all t > ¢, and thereforeq(x,t) = 0 forall ¢ > ¢,, a.e.x € I';.

We conclude thal < «a(x,t) < 1forallt € [0,7], a.e.x € I's.
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4. An Existence and Uniqueness Result

Now, we propose our existence and uniqueness result.

Theorem 4.1. Assume thaty 19 — (3.34) hold. Then there exists a unique solution
{u,p, 8, a} to problem PV. Moreover, the solution satisfies

4.1) uec H(0,7;V)NnCY0,T; H), ueL*0,T;V),
(4.2) 0 e C0,T;W),

(4.3) Be Wh2(0,T; L*(2)) N L*(0,T; H(2)),
(4.4) o€ W (0,T; L*(T's)) N Z.

The functionsu,y, o, D,3 anda which satisfy 8.1) — (3.2) and @3.40 — (3.44)
are called weak solutions of the contact problémWe conclude that, under the
assumptionsd. 19 — (3.34), the mechanical problen8(l) — (3.15 has a unique
weak solution satisfying4(1) — (4.4). The regularity of the weak solution is given
by (4.1) — (4.4) and, in term of stresses,

(4.5) o€ L*0,T;H), Divoe L*0,T;V"),

(4.6) D e C(0,T;W).
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Indeed, it follows from 8.40 and @.42) thatpu = Div o(t) + £,(t), div D = go(t)
forall t € [0,T]. Therefore the regularity!(1) and ¢.2) of u andy, combined with
(3.19 — (3.29 implies (4.5 and @.6).

The proof of Theorem.1is carried out in several steps that we prove in what
follows. Everywhere in this section we suppose that the assumptions of Theo-
rem4.1 hold, and we assume thét is a generic positive constant which depends
on Q,I'y, '3, p,,p-,7,7- @and L and may change from place to place. Lete
L*(0,T;V") be given, in the first step we consider the following variational prob-
lem.

Problem PV,,. Find a displacement field,, : [0, 7] — V" such that

(4.7) (1, (1), V) oy + (A, (1), e(v)) 3 + (1), V) oy
= (f(t),v)yyy VveVaete(0,T),

(4.8) u,(0) =ug, ,(0)=vy.

To solve problemPV,, we apply an abstract existence and uniqueness result
which we recall now, for the convenience of the reader. Weind H denote real
Hilbert spaces such th&t is dense ind and the inclusion map is continuous, is
identified with its dual and with a subspace of the ddabf V,i.e.,V c H c V',
and we say that the inclusions above define a Gelfand triple. The notations|,
and(-, )y, represent the norms dri and onV" and the duality pairing between
them, respectively. The following abstract result may be foun@@p. 48].

Theorem 4.2.LetV, H be as above, and let : V — V' be a hemicontinuous and
monotone operator which satisfies

(4.9) (AV, V)i oy 2 wVZ + X Vv ey,
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(4.10) |Av| < C(Iv], +1) Vv eV,

for some constants > 0, C' > 0 and A € R. Then, givenuy, € H andf €
L*(0,T; V"), there exists a unique functianwhich satisfies

ue L20,T;V)YNC0,T;H), ueL*0,T;V),
u(t) + Au(t) =f(t) a.ete(0,7),
u(0) = uy.
We apply it to problemPV;,.

Lemma 4.3. There exists a unique solution to probléh, and it has its regularity
expressed in4.1).

Proof. We define the operatot : V' — V' by
(4.11) (Au, V) = (As(u),e(v))y VYu,v €V,
Using @¢.11), (3.19 and (.16 it follows that

[Au— Ay < [Ae(u) — Ae(v)],, Yu,v eV,

and keeping in mind the Krasnoselski Theorem (see for instaliep[ 60]), we
deduce that!l : V — V' is a continuous operator. Now, by.( 1), (3.19 and ¢.16
we find

(4.12) (Au—Av,u—v)y , >mulu—vl,, VYuvevV,
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i.e., thatd : V — V' is a monotone operator. Choosing= 0y in (4.12) we obtain

2
(Au,u)y . > my|uly, — |AOy | |uly,

1 ) 1 )
> §mA |U| — M |A0V|V, Yu € ‘/,
—|Aoy|?,
which implies thatA satisfies condition4 9 with w = =2 and\ = \vaAlv .

Moreover, by {.11) and 3.19 we find
|Au|,s < |As(u)l,, < Cftul, +C5' Yue V.

This inequality and¥.16) imply that A satisfies condition4.10). Finally, we recall
that by ¢.29 and (¢.32 we havef — € L*(0,T; V") andv, € H.

It follows now from Theorem!.2 that there exists a unique functiey which
satisfies

(4.13) v, € L}0,T;V)NC(0,T; H), v, € L*0,T;V'),
(4.14) Vo (t) + Av, (1) + n(t) = £(t) ae.te (0,T),
(4.15) v,(0) = vy.

Letu, : [0,7] — V be the function defined by

(4.16) u,(t) = /Ot v,(s)ds+uy Vte[0,T].

It follows from (4.11) and ¢.13 — (4.16 thatu, is a unique solution of the
variational problemPV;, and it satisfies the regularity expressedAriy,. O
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In the second step, lete L?(0,T; V"), we use the displacement fiakg obtained
in Lemma4.3and we consider the following variational problem.

Problem QV, . Find the electric potential fielg,, : [0, 7] — W such that
We have the following result.

Lemma 4.4. QV, has a unique solutiop,, which satisfies the regularity!(?).
Proof. We define a bilinear formi(-,-) : W x W — R such that

(4.18) b, 0) = (BV,Vé)u Ve, € W.

We use {.19, (3.19 and (.22 to show that the bilinear forrh is continuous,
symmetric and coercive oW, moreover using the Riesz Representation Theorem
we may define an elemeaqf : [0, 7] — W such that

(@n (), D)w = (q(t), D)w + (Ee(uy (1)), Vo) Vo e W, t € (0,T).

We apply the Lax-Milgram Theorem to deduce that there exists a unique element
©,(t) € W such that

(4.19) b(pn(t), ) = (g,(1), O)w Vo € W.

We conclude thaip,(t) is a solution ofQV,. Lett,t, € [0,7], it follows from
(4.17) that

lon(t) = n(t2)ly < C (ug(t) — wy(t2)ly, + la(ts) — qt2)ly)

and the previous inequality, the regularitywf andg imply thaty, € C(0,T;W).
O
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In the third step, we led € L*(0,T; L*(2)) be given and consider the following
variational problem for the damage field.

Problem PV,. Find a damage field, : [0, 7] — H'(2) such that

(4.20) Bo(t) € K, (By(t),€ — Ba(t)) 120 + a(Ba(t), € — Ba(t))

> (e(t)7€ - 69(t))L2(Q) v6 €K aete (O?T)a

(4.21) Be(0) = So.

To solve PVj, we recall the following standard result for parabolic variational
inequalities (see, e.g20, p. 47]).

Theorem 4.5.LetV C H C V' be a Gelfand triple. Lefl be a nonempty closed,
and convex set df. Assume thai(-,-) : V x V' — R is a continuous and symmetric
bilinear form such that for some constaits- 0 andcy,

a(v,v) +co |v5 > Clofs Yo e V.

Then, for everyyy € K and f € L*(0,T; H), there exists a unique function
€ HY(0,T; H) N L*(0,T; V) such thatu(0) = ug, u(t) € K forall ¢t € [0,7], and
for almost allt € (0,7,

(@(t), v = u(®))y y +alu(t),v —ul(t)) = (f({t),v = ult) n

We apply this theorem to problemVj.

Yo € K.

Lemma 4.6. ProblemPVj, has a unique solutiof, such that

(4.22) By € H(0,T; L*(Q)) N L*(0,T; H'(2)).
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Proof. The inclusion mapping o([—[1 NE ‘Hl(ﬁ)) into (LQ( ) |~]L2(Q)) is contin-

uous and its range is dense. We denoté Hy(2))’ the dual space of/' () and,
identifying the dual ofZL?(Q2) with itself, we can write the Gelfand triple

HY(Q) c L*(Q) c (HY(Q)).

We use the notatiof, -) ;1 (q)y 1 (o) 10 represent the duality pairing betwedin' ()’

andH'(Q2). We have
(ﬁ 5) (HL(Q)) xHL(Q) — <575>L2(Q) vﬁ S L2(Q)7£ € Hl(Q)a

and we note thak( is a closed convex set i1 (Q2). Then, using the definitior3(35
of the bilinear formu, and the fact that, € K in (3.349), itis easy to see that Lemma
4.61s a straightforward consequence of Theorem [

In the fourth step, we use the displacement fieldobtained in Lemmat.3 and
we consider the following initial-value problem.

Problem PV,. Find the adhesion field,, : [0,7] — L?*(I's) such that for a.e.
€ (0,7)

(4.23) dn(t) = - (O‘n(t) ['VV(RV(UW( ))) +Yr |R (unr( ))|2] - 8&)+7

(4.24) a,(0) = a.
We have the following result.

Lemma 4.7. There exists a unique solutiery € W>°(0,T; L*(T'3))NZ to Problem
PV,.
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Proof. For simplicity, we suppress the dependence of various functiori$; cand
note that the equalities and inequalities below are valid a.el'soi€Consider the
mappingF,, : [0,T] x L*(T's) — L*(T'3) defined by

Fy(t,a) = — (a [1(R o (wg () + 7 R (g ()] = ea)

forall t € [0,7) anda € L?*(T;). It follows from the properties of the trun-
cation operators?, and R. that F;, is Lipschitz continuous with respect to the Dynamic problem with adhesion
second argument. Moreover, for all € L*(T';), the mapping — F,(t,«) be- RN
longs to L>°(0,7T’; L?*(T'3)). Thus using a version of the Cauchy-Lipschitz Theo-
rem given in Theoren?.1, we deduce that there exists a unique functign ¢
Whee(0, T; L*(T'3)) solution which satisfies!(23- (4.24). Also, the arguments used

Selmani Mohamed
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lemma. N Contents
Finally as a consequence of these results and using the properties of the operator 4 4
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, Full Screen
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(4.27) A% (0, 0)(t) = S(e(uy(t)), Ba(t))-

Here, for every(n,0) € L*(0,T;V' x L*(Q)), u,, ¢», 3 anda,, represent the
displacement field, the potential electric field, the damage field and the bonding field
obtained in Lemmasg.3, 4.4, 4.6and4.7 respectively. We have the following result.

Lemma 4.8. The operatorA has a unique fixed poirly*,6*) € L*(0,T;V’ x
L?(Q)) such thatA(n*, 0*) = (n*, 0%).

Proof. Let (n,0) € L*(0,T;V' x L*(Q)) and (n1,601), (n2,05) € L*(0,T;V" x
L*(Q)). We use the notation,, = w;, u,, = v,, = Vi, ¢, = @i, s, = ; and
oy, = o; fori = 1,2, Using (3.20), (3.23, (3.29), (3.29), (3.20), the definition of
R,, R, and Remark, we have

(4.28) |A'(m1,601)(t) — A (n2,62)(¢ |
<1G(e(w (1), Bi(1) — G(e(ua(t)), Ba(1))]5,
- / [M(t— s)e(w(s) — ua(s))[3,ds + [ Vi (1) — (E"Vepa(t)
+ C |po (uin (1)) — pV(UQHV(t)>’i2(F3)
+ C o} ()R, (w1 (1)) — 03(H) Ry (1 (1)) |

[0y
+ Clpr (e ()R (e (1)) = pr (@2 (0)Re (Wi (1) |72,

<c (\ul<t> — w0} + [ i) — ualo)ff s+ 160 — 5O

Flot) = 2Off + o) = axliey )
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Recall that «,,, andu,,, denote the normal and the tangential component of the
function u,, respectively. By a similar argument, fromt.27) and @.21) it follows
that

(4.29) |A*(n1,00)(t) — A2(772792)(t)|;(9)
< € (Jun(t) = O + 1540 — () ) -

Therefore,
(4.30) [A(m,01)(t) — A(772792>(t)|%/’><L2(Q)
< C’((|u1(t) —wy(t)[}, +/ lui(s) — ua(s)[3, ds + |o1(t) — o)y
0
F151(0) = B0y +lat) — aal0)le, ).
Moreover, from {.7) we obtain

(Vl — Vg, Vi — V2>V/><V + (A€(V1) - AE(VQ), E(Vl — Vg))'H
+ (= M2, vi — Va)yr .y = 0.
We integrate this equality with respect to time, use the initial conditiorg) =

v5(0) = vy and condition §.19 to find
- / vi(s) — va(s)|? ds < — / (1 (5) — a(8),v2(5) — Va(s))y ey ds,

for all ¢ € [0, 7]. Then, using the inequaliiub < - + m4b* we obtain

(4.31) /0 Vi(s) — va(s)[5 ds < O/o I (s) — ma(s)50 ds ¥t €[0,T].
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On the other hand, from the Cauchy problefr?() — (4.24) we can write

a;(t) = ap — /0 (ils) [{7(Ro(uin ()} + 77 Re(wir ()] —ea) , ds,

and then

|a1 (t> — Q3 (t) |L2(F3) Dynamic problem with adhesion
t and damage
< C/ | (s) (R, (u1,(5))]* — aa(s) [R,,(ug,,(s))]2}L2(F3) ds Selmani Mohamed
0

vol. 10, iss. 1, art. 6, 2009
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Contents

(4.32) |ou(t) — a2(t3‘L2(F3) t 4« »»

<0 ([ lone) = sy s+ [ fuuls) = ) o) T

0 0
Next, we apply Gronwall’s inequality to deduce PERE Sl ol 2
3 Go Back
|a1(t) — as(t)] 12y < C/ [ui(s) = uz(s)|p2(r,a ds,
0 Full Screen
and from the relationi 17) we obtain Close
t
(4.33) oy (t) — 042<t>’i2(p3) < C/ i (s) — uz(s)[; ds. journal of inequalities
0 in pure and applied
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From (.20 we deduce that

(61— B2, B1—B2) 12 @ Fa(Bi—P2, B1—0F2) < (61—0s, 1—F2)120) a.et € (0,7).

Integrating the previous inequality with respect to time, using the initial conditions

£1(0) = 52(0) = By and the inequality:(5; — (s, 51 — [F2) > 0, we have
1 t
3100 = 5Oy < [ (01(6) = 0a(6).Br(s) = a5y .

which implies that

(0 3200y < [ 10.6) = 0.6 ey s [ 16,0 = o) s
This inequality combined with Gronwall’s inequality leads to
t
(4.35)  |Bi(t) — Balt)Faq) < C / 01(5) = 0a(s)| 72y ds Wt € [0,T].
0
We substitute4.33 and ¢.34) in (4.30) to obtain
[A(71,61)(8) = A(02,02) (D)3 120

< 0 (It = w0 + [ o) = wals)f ds + 150 = B0
<0 ([ ) = vao) s+ 1500 = (0 )

It follows now from the previous inequality, the estimatés3() and ¢.35 that

[A(m1,01) () = A(2,02) (8) [ 202y < C/O (1, 601)(5) = (112, 02)(8) 3 12 -
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Reiterating this inequality» times leads to
Ome

m m 2 2
[A™ (m1,61) — A (772792)‘L2(0,T;V'><L2(Q)) < ml (11, 61) — (7727‘92>|L2(0,T;V'><L2(Q)) :

Thus, form sufficiently large A™ is a contraction on the Banach spdég0, T; V' x
L?(2)), and soA has a unique fixed point. O

Now, we have all the ingredients to prove Theorém

Proof. ExistencelLet (n*,0*) € L*(0,T; V' x L?*(Q)) be the fixed point of\ defined
by (4.25 — (4.27) and denote

(4.36) W, = Wy, Ps = Oy, B = Por, e = 0y
(4.37) 0.(t) = As(0.(t)) + Gle(u.(t)), 5:(1))
+ / M(t — s)e(u(s))ds + E Ve, (t) Vte|0,T],
0

(4.38) D.(t) = =BV, (t) + Ec(u.(t)) VYt e [0,T].
We prove that the quadruplét,, ., 5., a.) satisfies .40 — (3.44) and the regu-
larites @.1) — (4.4). Indeed, we write4.7) for n = n* and use4.36) to find
(4.39) (.(), v))ywy + (Ac(uu(t)), e(v))r + (77 (1), V)yrov = (E(8), V)vr iy
Vv eV,tel0,T].
We write (.20 for # = 0* and use 4.36) to obtain
(440) ﬁ*(t) S K’ (ﬁ*(t)7§ - 6* (t)> + a(ﬁ*@)?& - 6*(75))

12(9)
> (0*(t)7§ - ﬁ*(t))L2(Q) VEe K aete <07T> :
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EqualitiesA'(n*, 6*) = n* andA2(n*, 0*) = 0* combined with ¢.26) and ¢.27)
show that

(441) (77* (t)7 V)V’ xV

— (Gl (1), () () + ( [ - s)e(u*<s>>ds,e<v>)ﬂ
F(EVou(t), eV + don(t),u(B),v) Vv eV,

(4.42) 07(t) = S(e(u.(t)), 6:(1)).

We now substitute4(41) in (4.39 to obtain

(4.43) (u.(t),v)yr oy + (Ae(u(t)), e(V))n
+(G(e(ua(t)), Bu(t)), e(v))n + (/0 M(t - s)e(u*(s))ds,s(v))

+ (EVu(t),e(v))n + j(au(t), us(t), v)
=(f(t), V) YWeVte(0,T),

H

and (.42 in (4.40 to get

(4.44) (.(1) € K forallt € [0.7], (5.(0).€ = 5.(1)) ,  +alB.(1).€ — 0.(1)

> (S(e(ua(?)), Bu(1)), € — Bu(t)) 120 VE € K.
Usingu,- in (4.17), by (4.36 we have:

(4.45) (BVp.(t), Vo)u — (Ee(u.(t)), Vo)u = (¢(t), d)w Vo e W,t € (0,T).
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Additionally, we useu,- in (4.23 and ¢.36) to find

(4.46) a.(t) = — (ae(t) (0 (B (un (1)))? + 77 R (0 (1)) —e0)
ae.te (0,7).

The relations 4.43, (4.44), (4.45 and ¢.46) allow us to conclude now that
(W, s, O, o) Satisfies 8.40) — (3.43. Next, (3.44) and the regularity4.1) — (4.4)
follow from Lemmas/.3, 4.4, 4.6and4.7. Sinceu, andy, satisfy ¢¢.1) and ¢.2), it and damage

Dynamic problem with adhesion

follows from (4.37) that
(4.47) 0. € L*(0,T; H).
We chooser = w € D(Q)%in (4.43 and by ¢.37) and (3.36):
pui, (t) = Divo,(t) +fo(t) inV' vt e [0,T].
Also, by (3.27), (3.29 and ¢.47) we have:
Dive, € L*(0,T;V").
Letty,t, € [0,7]. By (3.29, (3.29, (3.19 and ¢.39, we deduce that

ID.(t1) — Dulto)| g < Clwalts) — @ulta)lyy + [ua(ts) — ualta)ly)-

The regularity ofu, andy, given by ¢.1) and ¢.2) implies

(4.48) D, € C(0,T; H).

We chooses € D(Q2) in (4.45 and using §.37) we find
divD,(t) = qo(t) Vt € [0,T].
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By (3.29 and (.48 we obtain
D. € C(0,T;W).

Finally we conclude that the weak solutioa, , 0., ¢., D, (., a.) of the piezoelec-
tric contact problen® has the regularity4.1) — (4.6), which concludes the existence
part of Theorem. 1.
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Uniqueness The uniqueness of the solution is a consequence of the uniqueness of and damage
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