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Abstract

In this paper we study decay properties of the solutions to the wave equation of
p−Laplacian type with a weak nonlinear dissipative.
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1. Introduction
We consider the initial boundary problem for the nonlinear wave equation of
p−Laplacian type with a weak nonlinear dissipation of the type

(P)


(|u′|l−2u′)′ −∆pu + σ(t)g(u′) = 0 in Ω× [0, +∞[,

u = 0 on∂Ω× [0, +∞[,

u(x, 0) = u0(x), u′(x, 0) = u1(x) in Ω.

where∆pu = div(|∇xu|p−2∇xu), p, l ≥ 2, g : R → R is a continuous non-
decreasing function andσ is a positive function.

Whenp = 2, l = 2 andσ ≡ 1, for the caseg(x) = δx (δ > 0), Ikehata
and Suzuki [5] investigated the dynamics, showing that for sufficiently small
initial data(u0, u1), the trajectory(u(t), u′(t)) tends to(0, 0) in H1

0 (Ω)×L2(Ω)
as t → +∞. Wheng(x) = δ|x|m−1x (m ≥ 1), Nakao [8] investigated the
decay property of the problem(P ). In [8] the author has proved the existence
of global solutions to the problem(P ).

For the problem(P ) with σ ≡ 1, l = 2, wheng(x) = δ|x|m−1x (m ≥ 1),

Yao [1] proved that the energy decay rate isE(t) ≤ (1 + t)−
p

(mp−m−1) for t ≥ 0
by using a general method introduced by Nakao [8]. Unfortunately, this method
does not seem to be applicable in the case of more general functionsσ and is
more complicated.

Our purpose in this paper is to give energy decay estimates of the solutions
to the problem(P ) for a weak nonlinear dissipation. We extend the results
obtained by Yao and prove in some cases an exponential decay whenp > 2 and
the dissipative term is not necessarily superlinear near the origin.
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We use a new method recently introduced by Martinez [7] (see also [2]) to
study the decay rate of solutions to the wave equationu′′ −∆xu + g(u′) = 0 in
Ω × R+, whereΩ is a bounded domain ofRn. This method is based on a new
integral inequality that generalizes a result of Haraux [4].

Throughout this paper the functions considered are all real valued. We omit
the space variablex of u(t, x), ut(t, x) and simply denoteu(t, x), ut(t, x) by
u(t), u′(t), respectively, when no confusion arises. Letl be a number with
2 ≤ l ≤ ∞. We denote by‖ · ‖l theLl norm overΩ. In particular, theL2 norm
is denoted by‖ · ‖2. (·) denotes the usualL2 inner product. We use familiar
function spacesW 1,p

0 .
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2. Preliminaries and Main Results
First assume that the solution exists in the class

(2.1) u ∈ C(R+, W 1,p
0 (Ω)) ∩ C1(R+, Ll(Ω)).

λ(x), σ(t) andg satisfy the following hypotheses:
(H1) σ : R+ → R+ is a non increasing function of classC1 onR+ satisfying

(2.2)
∫ +∞

0

σ(τ)dτ = +∞.

(H2) Considerg : R → R a non increasingC0 function such that

g(v)v > 0 for all v 6= 0.

and suppose that there existci > 0; i = 1, 2, 3, 4 such that

(2.3) c1|v|m ≤ |g(v)| ≤ c2|v|
1
m if |v| ≤ 1,

(2.4) c3|v|s ≤ |g(v)| ≤ c4|v|r for all |v| ≥ 1,

wherem ≥ 1, l − 1 ≤ s ≤ r ≤ n(p−1)+p
n−p

.
We define the energy associated to the solution given by (2.1) by the following
formula

E(t) =
l − 1

l
‖u′‖l

l +
1

p
‖∇xu‖p

p.

We first state two well known lemmas, and then state and prove a lemma that
will be needed later.
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Lemma 2.1 (Sobolev-Poincaré inequality).Let q be a number with2 ≤ q <
+∞ (n = 1, 2, . . . , p) or 2 ≤ q ≤ np

(n−p)
(n ≥ p + 1), then there is a constant

c∗ = c(Ω, q) such that

‖u‖q ≤ c∗‖∇u‖p for u ∈ W 1,p
0 (Ω).

Lemma 2.2 ([6]). LetE : R+ → R+ be a non-increasing function and assume
that there are two constantsq ≥ 0 andA > 0 such that∫ +∞

S

Eq+1(t) dt ≤ AE(S), 0 ≤ S < +∞,

then we have

E(t) ≤ cE(0)(1 + t)
−1
q ∀t ≥ 0, if q > 0

and
E(t) ≤ cE(0)e−ωt ∀t ≥ 0, if q = 0,

wherec andω are positive constants independent of the initial energyE(0).

Lemma 2.3 ([7]). Let E : R+ → R+ be a non increasing function andφ :
R+ → R+ an increasingC2 function such that

φ(0) = 0 and φ(t) → +∞ as t → +∞.

Assume that there existq ≥ 0 andA > 0 such that∫ +∞

S

E(t)q+1(t)φ′(t) dt ≤ AE(S), 0 ≤ S < +∞,
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then we have

E(t) ≤ cE(0)(1 + φ(t))
−1
q ∀t ≥ 0, if q > 0

and
E(t) ≤ cE(0)e−ωφ(t) ∀t ≥ 0, if q = 0,

wherec andω are positive constants independent of the initial energyE(0).

Proof of Lemma2.3. Let f : R+ → R+ be defined byf(x) := E(φ−1(x)). f is
non-increasing,f(0) = E(0) and if we setx := φ(t) we obtain∫ φ(T )

φ(S)

f(x)q+1 dx =

∫ φ(T )

φ(S)

E
(
φ−1(x)

)q+1
dx

=

∫ T

S

E(t)q+1φ′(t) dt

≤ AE(S) = Af(φ(S)) 0 ≤ S < T < +∞.

Settings := φ(S) and lettingT → +∞, we deduce that∫ +∞

s

f(x)q+1 dx ≤ Af(s) 0 ≤ s < +∞.

By Lemma2.2, we can deduce the desired results.

Our main result is the following

Theorem 2.4. Let (u0, u1) ∈ W 1,p
0 × Ll(Ω) and suppose that(H1) and (H2)

hold. Then the solutionu(x, t) of the problem(P ) satisfies
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(1) If l ≥ m + 1, we have

E(t) ≤ C(E(0)) exp

(
1− ω

∫ t

0

σ(τ) dτ

)
∀t > 0.

(2) If l < m + 1, we have

E(t) ≤

(
C(E(0))∫ t

0
σ(τ) dτ

) p
(mp−m−1)

∀t > 0.

Examples

1) If σ(t) =
1

tθ
(0 ≤ θ ≤ 1), by applying Theorem2.4we obtain

E(t) ≤ C(E(0))e1−ωt1−θ

if θ ∈ [0, 1[, l ≥ m + 1,

E(t) ≤ C(E(0))t−
(1−θ)p

mp−m−1 if 0 ≤ θ < 1, l < m + 1

and

E(t) ≤ C(E(0))(ln t)−
p

(mp−m−1) if θ = 1, l < m + 1.

2) If σ(t) =
1

tθ ln t ln2 t . . . lnk t
, wherek is a positive integer and{

ln1(t) = ln(t)

lnk+1(t) = ln(lnk(t)),
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by applying Theorem2.4, we obtain

E(t) ≤ C(E(0))(lnk+1 t)−
p

(mp−m−1) if θ = 1, l < m + 1,

E(t) ≤ C(E(0))t−
(1−θ)p

mp−m−1 (ln t ln2 t . . . lnk t)
p

mp−m−1 if 0 ≤ θ < 1, l < m+1.

3) If σ(t) =
1

tθ(ln t)γ
, by applying Theorem2.4, we obtain

E(t) ≤ C(E(0))t−
(1−θ)p

mp−m−1 (ln t)
γp

mp−m−1 if 0 ≤ θ < 1, l < m + 1,

E(t) ≤ C(E(0))(ln t)−
(1−γ)p

mp−m−1 if θ = 1, 0 ≤ γ < 1, l < m + 1,

E(t) ≤ C(E(0))(ln2 t)−
p

mp−m−1 if θ = 1, γ = 1, l < m + 1.

Proof of Theorem2.4.
First we have the following energy identity to the problem(P )

Lemma 2.5 (Energy identity). Let u(t, x) be a local solution to the problem
(P ) on [0,∞) as in Theorem2.4. Then we have

E(t) +

∫
Ω

∫ t

0

σ(s)u′(s)g(u′(s)) ds dx = E(0)

for all t ∈ [0,∞).
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Proof of the energy decay. From now on, we denote byc various positive con-
stants which may be different at different occurrences. We multiply the first
equation of(P ) by Eqφ′u, whereφ is a function satisfying all the hypotheses of
Lemma2.3to obtain

0 =

∫ T

S

Eqφ′
∫

Ω

u((|u′|l−2u′)t −∆pu + σ(t)g(u′)) dx dt

=

[
Eqφ′

∫
Ω

uu′|u′|l−2 dx

]T

S

−
∫ T

S

(qE ′Eq−1φ′ + Eqφ′′)

∫
Ω

uu′|u′|l−2 dxdt

− 3l − 2

l

∫ T

S

Eqφ′
∫

Ω

|u′|2 dxdt + 2

∫ T

S

Eqφ′
∫

Ω

(
l − 1

l
u′2 +

1

p
|∇u|p

)
dxdt

+

∫ T

S

Eqφ′
∫

Ω

σ(t)ug(u′) dxdt +

(
1− 2

p

)∫ T

S

Eqφ′‖∇u‖p
p dxdt.

We deduce that

(2.5) 2

∫ T

S

Eq+1φ′ dt ≤ −
[
Eqφ′

∫
Ω

uu′|u′|l−2 dx

]T

S

+

∫ T

S

(qE ′Eq−1φ′ + Eqφ′′)

∫
Ω

uu′|u′|l−2 dxdt

+
3l − 2

l

∫ T

S

Eqφ′
∫

Ω

|u′|l dxdt−
∫ T

S

Eqφ′
∫

Ω

σ(t)ug(u′) dxdt.

SinceE is nonincreasing,φ′ is a bounded nonnegative function onR+ (and we
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denote byµ its maximum), using the Hölder inequality, we have∣∣∣∣E(t)qφ′
∫

Ω

uu′|u′|l−2 dx

∣∣∣∣ ≤ cµE(S)q+ l−1
l

+ 1
p ∀t ≥ S.

∫ T

S

(qE ′Eq−1φ′ + Eqφ′′)

∫
Ω

uu′|u′|l−2 dxdt

≤ cµ

∫ T

S

−E ′(t)E(t)q− 1
l
+ 1

p dt + c

∫ T

S

E(t)q+ l−1
l

+ 1
p (−φ′′(t)) dt

≤ cµE(S)q+ l−1
l

+ 1
p .

Using these estimates we conclude from the above inequality that

2

∫ T

S

E(t)1+qφ′(t) dt(2.6)

≤ cE(S)q+ l−1
l

+ 1
p +

3l − 2

l

∫ T

S

Eqφ′
∫

Ω

|u′|l dxdt

−
∫ T

S

Eqφ′
∫

Ω

σ(t)ug(u′) dxdt

≤ cE(S)q+ l−1
l

+ 1
p +

3l − 2

l

∫ T

S

Eqφ′
∫

Ω

|u′|l dxdt

−
∫ T

S

Eqφ′
∫
|u′|≤1

σ(t)ug(u′) dxdt

−
∫ T

S

Eqφ′
∫
|u′|>1

σ(t)ug(u′) dxdt.
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Define

φ(t) =

∫ t

0

σ(s) ds.

It is clear thatφ is a non decreasing function of classC2 onR+. The hypothesis
(2.2) ensures that

(2.7) φ(t) → +∞ ast → +∞.

Now, we estimate the terms of the right-hand side of (2.6) in order to apply the
results of Lemma2.3:

Using the Hölder inequality, we get forl < m + 1∫ T

S

Eqφ′
∫

Ω

|u′|l dxdt

≤ C

∫ T

S

Eqφ′
∫

Ω

1

σ(t)
u′ρ(t, u′) dx dt

+ C ′
∫ T

S

Eqφ′
∫

Ω

(
1

σ(t)
u′ρ(t, u′)

) l
(m+1)

dx dt

≤ C

∫ T

S

Eq φ′

σ(t)
(−E ′) dt + C ′(Ω)

∫ T

S

Eq φ′

σ
l

m+1 (t)
(−E ′)

l
m+1 dt

≤ CEq+1(S) + C ′(Ω)

∫ T

S

Eqφ′
m+1−l

m+1

(
φ′

σ(t)

) l
m+1

(−E ′)
l

m+1 dt.

Now, fix an arbitrarily smallε > 0 (to be chosen later). By applying Young’s
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inequality, we obtain

(2.8)
∫ T

S

Eqφ′
∫

Ω

|u′|l dxdt

≤ CEq+1(S) + C ′(Ω)
m +−l

m + 1
ε

(m+1)
(m+1−l)

∫ T

S

Eq m+1
m+1−l φ′ dt

+ C ′(Ω)
l

m + 1

1

ε
(m+1)

l

E(S).

If l ≥ m + 1, we easily obtain from (2.3) and (2.4)

(2.9)
∫ T

S

Eqφ′
∫

Ω

|u′|l dxdt ≤ CEq+1(S).

Next, we estimate the third term of the right-hand of (2.6). We get forl < m+1∫ T

S

Eqφ′
∫
|u′|≤1

σ(t)ug(u′) dxdt(2.10)

≤ ε1

∫ T

S

Eqφ′
∫
|u′|≤1

‖u‖p
p dt + C(ε1)

∫ T

S

Eqφ′
∫
|u′|≤1

(σg(u′))
p

p−1 dx

≤ cε1

∫ T

S

Eq+1φ′ dt + C(ε1)

∫ T

S

Eqφ′
∫
|u′|≤1

(σg(u′))
p

p−1 dx.
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We now estimate the last term of the above inequality to get∫ T

S

Eqφ′
∫
|u′|≤1

(σg(u′))
p

p−1 dx dt(2.11)

≤
∫ T

S

Eqφ′
∫
|u′|≤1

(u′g(u′))
p

(m+1)(p−1) dx dt

≤
∫ T

S

Eqφ′
1

σ
p

(m+1)(p−1)

∫
|u′|≤1

(σu′g(u′))
p

(m+1)(p−1) dx dt

≤ C(Ω)

∫ T

S

Eqφ′
1

σ
p

(m+1)(p−1)

(−E ′)
p

(m+1)(p−1) dt.

Setε2 > 0; due to Young’s inequality, we obtain

(2.12)
∫ T

S

Eqφ′
∫
|u′|≤1

(σg(u′))
p

p−1 dxdt

≤ C(Ω)
(m + 1)(p− 1)− p

(m + 1)(p− 1)
ε

(m+1)(p−1)
(m+1)(p−1)−p

2

∫ T

S

Eq
(m+1)(p−1)

(m+1)(p−1)−p φ′dt

+
C(Ω) p

(m + 1)(p− 1)

1

ε
(m+1)(p−1)

p

2

E(S),

we choseq such that

q
(m + 1)(p− 1)

(m + 1)(p− 1)− p
= q + 1.

thus we findq = mp−m−1
p

and thusq m+1
m+1−l

= q +1+α with α = (m+1)(p l−p−l)
p(m+1−l)

.
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Using the Hölder inequality, the Sobolev imbedding and the condition (2.4),
we obtain∫ T

S

Eqφ′
∫
|u′|≥1

σ(t)ug(u′) dxdt

≤
∫ T

S

Eqφ′σ(t)

(∫
Ω

|u|r+1 dx

) 1
(r+1)

(∫
|u′|>1

|g(u′)|
r+1

r dx

) r
r+1

dt

≤ c

∫ T

S

Eq+ 1
p φ′σ

1
(r+1) (t)

(∫
|u′|>1

σu′g(u′) dx

) r
r+1

dt

≤ c

∫ T

S

Eq+ 1
p φ′σ

1
(r+1) (t)(−E ′)

r
r+1 dt.

Applying Young’s inequality, we obtain∫ T

S

Eqφ′
∫
|u′|≥1

σ(t)ug(u′) dxdt(2.13)

≤ ε3

∫ T

S

(Eq+ 1
p φ′σ

1
(r+1) (t))r+1 dt + c(ε3)

∫ T

S

(−E ′) dt

≤ ε3µ
r+1E

(p−1)(mr−1)
p (0)

∫ T

S

Eq+1φ′ dt + c(ε3)E(S).

If l ≥ m + 1, the last inequality is also valid in the domain{|u′| < 1} and with
m instead ofr.

Choosingε, ε1, ε2 andε3 small enough, we deduce from (2.6), (2.8), (2.10),
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(2.12) and (2.13) for l < m + 1∫ T

S

E(t)1+qφ′(t) dt ≤ CE(S)q+1 + C ′E(S)q+ l−1
l

+ 1
p + C ′′E(S)

+ C ′′′E(0)
(p l−p−l)(m+1)

p l E(S) + C ′′′′E(0)
(m r−1)(p−1)

p r E(S),

whereC, C ′, C ′′, C ′′′, C ′′′ are different positive constants independent ofE(0).
Choosingε3 small enough, we deduce from (2.6), (2.9) and (2.13) for l ≥

m + 1∫ T

S

E(t)1+qφ′(t) dt ≤ CE(S)q+1 +C ′E(S)q+ l−1
l

+ 1
p +C ′′E(0)

(m2−1)(p−1)
p m E(S),

whereC, C ′, C ′′ are different positive constants independent ofE(0), we may
thus complete the proof by applying Lemma2.3.

Remark 1. We obtain the same results for the following problem
(|u′|l−2u′)′ − e−Φ(x)div(eΦ(x)|∇xu|p−2∇xu) + σ(t)g(u′) = 0 in Ω× [0, +∞[,

u = 0 on∂Ω× [0, +∞[,

u(x, 0) = u0(x), u′(x, 0) = u1(x) in Ω,

whereΦ is a positive function such thatΦ ∈ L∞(Ω), in this case(u0, u1) ∈
W 1,p

0,Φ × Ll
Φ, where

W 1,p
0,Φ(Ω) =

{
u ∈ W 1,p

0 (Ω),

∫
Ω

eΦ(x)|∇xu|p dx < ∞
}

,

Ll
Φ(Ω) =

{
u ∈ Ll(Ω),

∫
Ω

eΦ(x)|u|l dx < ∞
}

.
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Thus the energy associated to the solution is given by the following formula

E(t) =
l − 1

l
‖eΦ(x)/lu′‖l

l +
1

p
‖eΦ(x)/p∇xu‖p

p.
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