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Abstract

In this paper we study decay properties of the solutions to the wave equation of
p—Laplacian type with a weak nonlinear dissipative.
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We consider the initial boundary problem for the nonlinear wave equation of
p—Laplacian type with a weak nonlinear dissipation of the type

(Ju'|"2u') — Apu+ o(t)g(w') =0in Q x [0, +o0],
(P) u=00n9x x [0, +o0],
u(z,0) = up(x), u(x,0)=wuy(z)in Q.

Energy Decay of Solutions of a

whereA,u = div(|V,ulP~2V,u), p, | > 2, g : R — Ris a continuous non- ﬁiziiﬂﬁi'weifk.fﬁ?n'i‘;i’“
decreasing function andis a positive function. Dissipation

Whenp = 2,1 = 2 ando = 1, for the casg)(z) = dx (§ > 0), lkehata Abbis Benaissa and
and Suzuki p] investigated the dynamics, showing that for sufficiently small Salima Mimouni

initial data(uo, u; ), the trajectory(u(t), «'(t)) tends to(0, 0) in Hg () x L?(£2)
ast — +oo. Wheng(x) = §|z|™ 'z (m > 1), Nakao ] investigated the
decay property of the probleP). In [&] the author has proved the existence
of global solutions to the problegP). Contents
For the problem(P) with o = 1,1 = 2, wheng(z) = |z m:x (m > 1), <« >
Yao [1] proved that the energy decay ratefist) < (1 +t)” tme=m-1 fort > 0 P >
by using a general method introduced by Nakdo Unfortunately, this method
does not seem to be applicable in the case of more general funetiand is Go Back
more complicated.
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Our purpose in this paper is to give energy decay estimates of the solutions _
to the problem(P) for a weak nonlinear dissipation. We extend the results o
obtained by Yao and prove in some cases an exponential decayywherand Page 3 of 19

the dissipative term is not necessarily superlinear near the origin.
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We use a new method recently introduced by MartingZgee also f]) to
study the decay rate of solutions to the wave equatior A,u + g(u') = 0in
Q x R*, where2 is a bounded domain @&". This method is based on a new
integral inequality that generalizes a result of Harai]x [

Throughout this paper the functions considered are all real valued. We omit
the space variable of u(t, z), u,(t,x) and simply denote(t, z), u(t, z) by
u(t), v/'(t), respectively, when no confusion arises. Ldie a number with
2 < < co. We denote byj - ||; the L! norm over(2. In particular, thel.? norm
is denoted by|| - [|o. () denotes the usudl? inner product. We use familiar
function space$l/, .
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First assume that the solution exists in the class
(2.1) u € C(Ry, Wy "(92)) N C(Ry, L'(12)).

A(z),o(t) andg satisfy the following hypotheses:
(H1) o : R, — R, is a non increasing function of claé8 onRR, satisfying

+o00
(2.2) / o(T)dT = +o0.
0
(H2) Considerg : R — R a non increasing’® function such that
g(v)v > 0 forall v # 0.
and suppose that there exist> 0; i = 1,2, 3,4 such that
(2.3) e o™ < lg(v)] < calul if o] <1,

(2.4) colol” < [g(v)] < cafol” forall o] > 1,

wherem > 1, z_1<5<r<w

We define the energy associated to the solution giver2lay by the following

formula - )
E(t) = THU’H% + ];HquHS

We first state two well known lemmas, and then state and prove a lemma that

will be needed later.
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Lemma 2.1 (Sobolev-Poincaré inequality)Let ¢ be a number witl2 < ¢ <
+oo (n=1,2,...,p)or2<qg< (ﬁ’p) (n > p+ 1), then there is a constant
c. = (£, q) such that

lully < eIVull, for u e Wy™(Q).

Lemma 2.2 ([7]). LetE : R, — R, be a non-increasing function and assume
that there are two constants> 0 and A > 0 such that

+o0o
/ BT () dt < AE(S), 0<S < +oo,
S

then we have
E(t) <cEO)1+H7 Vt>0, if ¢>0

and
E(t) <cE0)e ™ vt>0, if ¢=0,
wherec andw are positive constants independent of the initial endrgy).

Lemma 2.3 ([/]). Let £ : R, — R, be a non increasing function angl :
R, — R, anincreasingC? function such that

¢(0) =0
Assume that there exigt> 0 and A > 0 such that

and ¢(t) — 400 as t — +oo.

/+Oo E) ()¢ (t)dt < AE(S), 0< 8 < +oo,
S

Energy Decay of Solutions of a
Wave Equation of p—Laplacian
Type with a Weakly Nonlinear
Dissipation

Abbeés Benaissa and
Salima Mimouni

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 6 of 19

J. Ineq. Pure and Appl. Math. 7(1) Art. 15, 2006

httrn//itinarm vit odir ann


http://jipam.vu.edu.au/
mailto:
mailto:benaissa_abbes@yahoo.com
mailto:
mailto:
mailto:bbsalima@yahoo.fr
http://jipam.vu.edu.au/

then we have

E(t) < cE(0)(1+¢(t) 7T ¥t>0, if ¢>0

and
E(t) < cE(0)e™*® vt >0, if ¢=0,
wherec andw are positive constants independent of the initial endrgy).

Proof of Lemm&.3. Let f : R, — R, be defined by (z) := E(¢(2)). fis
non-increasingf(0) = E(0) and if we setr := ¢(t) we obtain

(T) (T)
/¢T f(z) do = /¢T E (¢—1(x))q+1 dz
¢

(S) $(S)
T
= / BT ¢/ (t) dt
S
< AE(S) = Af(6(S)) 0<S<T <+

Settings := ¢(S) and lettingl" — +o00, we deduce that

+oo
()1 dr < Af(s) 0<s< +oo.

By Lemma2.2, we can deduce the desired results. O
Our main result is the following

Theorem 2.4. Let (ug, u1) € Wy x L) and suppose thaiH1) and (H2)
hold. Then the solution(z, t) of the problem P) satisfies
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(1) If i > m + 1, we have
E(t) < C(E(0))exp (1 — w/ta(T) dT) vt > 0.
0

(2) If Il <m+ 1, we have

m0 < (2O s

Examples

1) Ifo(t) = tl@ (0 <60 < 1), by applying Theoren2.4 we obtain

E(t) < C(EO)e"" if0e0,1], l>m+1,

(1-0

E(t) < C(E(O) s if0<0<1,1<m+l
and

E(t) < C(BE(0)(Int) e ifd=1,1<m+1.

1
2)If o(t) = , wherek is a positive integer and
) I o(t) tIntlngt...In,t P 9

{ ]nl(t) = hl(t)
Ing11(t) = In(Ing(t)),
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by applying Theoren2.4, we obtain
E@t) < C(E(0)(Inpy t) Tmm0  if@=1,1<m+]1,
E(t) < C(E(0)t w1 (Intlngt ... Ingt)mma T if 0 <6 < 1,1 < mtl,
) Ifo(t) = m by applying Theoren2.4, we obtain

(1-6)p

E(t) < C(E(O)t mo=m-1 (Int)mm—1  f0<O<1, [ <m+1,

E(t) < CEO)(Int) mnT  f0=1,0<y<1,l<m+]1,
<

C(E(0))(Ingt) mrm1 if =1,y =1, [ <m+ 1.

Proof of Theorem 2.4.
First we have the following energy identity to the probléen)

Lemma 2.5 (Energy identity). Let u(t, =) be a local solution to the problem
(P)on|0,00) as in Theoren2.4. Then we have

E@+AAMW%MWW%MIM®

forall ¢ € [0, c0).
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Proof of the energy decayrom now on, we denote byvarious positive con-

stants which may be different at different occurrences. We multiply the first

equation ofl P) by E¢'u, whereg is a function satisfying all the hypotheses of
Lemma2.3to obtain

—Tq'uu’l_Qu'— u+o u')) dx
o-/gw/ﬂ (W]=2); — Ay + o(t)g(u)) d

T T
= {Eq¢'/uu'lu’|12 d:z:] —/ (qE’Eq1¢’+Eq¢”)/uu’\u’\12 dadt
Q s

S Q

1—2 [T T -1 1
_S=2 qub’/ ' |* dwdt + 2/ qub’/ <—u’2 + —|Vu|p> dxdt
! s Q s Q ! p
T o\ [T
+/ qub’/ o(t)ug(u') dzdt + (1 - —) / E1¢'||Vullb dudt.
S Q pJJs

We deduce that
T

T
(2.5) 2/ Bt dt < — [Eq¢,/uu’\u’|l_2 dx]
s Q

s
T

+/ (qE’Eq_lgb’+qub”)/uu’|u'|l_2d:vdt
s 0

3l —2 g / i g / /
+ — Et" | || dzdt — E1" | o(t)ug(u') dxdt.
! S Q S Q

SinceFE is nonincreasingy’ is a bounded nonnegative function8n (and we
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denote by its maximum), using the Hdlder inequality, we have

‘E(t)ng’/uu’\u']lz dx
Q

-1
l

T
/ (qE"Eq_l(/b'—Fqub")/uu'|u’|l_2 dxdt
S Q
T

< c,u/s —E’(t)E(t)q-HdHc/S E)" T (=g (1)) dt

-1

< c,uE(S)quTJF%.

Using these estimates we conclude from the above inequality that

(2.6) 2 /S TE(t)1+q¢’(t) dt

1 —9 (T
< cE(S)'HlTlJFE + :ﬂT Eq(/ﬁ'/ | davdt
S Q

_ /S " gy /Q o(tyug(u') drdt

gtit+1 3l—2 [T / nl
< cE(S)T T + 7 E1¢" | || dxdt
S Q

T
- / E1¢’ o(t)ug(u') dzdt
S Ju'|<1

T
- / E1¢’ o(t)ug(u') dzdt.
S Ju'|>1

< c,uE(S)qu*Jr% Vit > S.
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Define

It is clear thaip is a non decreasing function of claS$ on R . The hypothesis

(2.2) ensures that
(2.7) o(t) — +oo ast — +oo.

Now, we estimate the terms of the right-hand side2o8)(in order to apply the
results of Lemma&.3:
Using the Hdolder inequality, we get for< m + 1

T
/ E1¢ / | dadt
S Q

T
1
< C/ qub'/ —u'p(t,u) dz dt
s B e ete)

+C’/TE‘1¢’/( ! "p(t ’))wlﬂ)d dt
—u'p(t,u T
s o \o(t) P

T / / ! ¢/
<C El'——(—=E") dt + C"(Q2 E?
N /s DN >/s o (1)

T / ml 1 1
< CE™Y(S) + C'(9) / g ( ¢ ) ) .
s o(t)

Now, fix an arbitrarily smalk > 0 (to be chosen later). By applying Young’s

(—E')me dt
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inequality, we obtain

T
(2.8) / B¢ / /| dadt
S Q

< CEY(S) 4+ O e

T
gTmFI- l>/ EtwTg dt
S

[ 1
m + 1 (m+1) E(S)

m—+1

+C'(Q)——

If | > m + 1, we easily obtain fromZ.3) and @.4)

T
(2.9) / B¢ / | dedt < CEITY(S).
S Q

Next, we estimate the third term of the right-hand2f]. We get forl < m+1

T
(2.10) /s E1¢’ Vlﬂo(t)ug(u')dxdt
- T

T
Ssl/ E1¢ ||u\|£dt+()(51)/ Ei¢ (og(u'))7 T da
s lu/|<1 s

[w'|<1
T

T
< cel/ EH e dt + C(El)/ E1¢’ (og(u'))7 T da.
s s

[w/|<1
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We now estimate the last term of the above inequality to get
T p
(2.11) / By [ (ogu)i dedt
S lu/|<1

T
< [ Bo | wotmen ded
S [u/|<1

T
1
<[ o [ (g dr
S o (m+D -1 Jy/|<1
T 1

<@ / By —

o D=1

_E’) sy sy dt.

Sete, > 0; due to Young’s inequality, we obtain

T
(2.12) /S B l/ﬂ(ag(u’))ppldxdt

Dp—1)—p mbe-n T 1)
< C(Q) (m + )ip )1 p€2<m+1)(p71)fp / Eq(erT)(pfl)*P ¢’dt
(m+1)(p—1) s

C(Q)p 1
E(S)
_ (D=1 ’
(m+1)(p—1) S
we chosey such that
(m+1)(p—1) il

Tm+Dp—1)—p

. _ mp—m—1 m+1 H _(
thus we find = #2="— and thus;;. " 75 = ¢+ 1+awitha =

p(m+1-1)

m+1)(p l—p—1) .
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Using the Hdélder inequality, the Sobolev imbedding and the condifiaf), (
we obtain

T
/ E1¢’ o(t)ug(u') dzdt
S [u/|>1

T Wll) r+1 ﬁ
< [ Boty ( / \ur“dx) ( [ ot dx) at
S Q Ju’|>1

T

T 1 r+1
< c/ Eqﬁqb’am(t) </ ou'g(u') d;z:) dt
S Ju'|>1

T
< c/ Eq+%¢'aﬁ(t)(—E’)?rl dt.
s

Applying Young's inequality, we obtain

T
(2.13) /SE%’ lea(t)ug(u')dxdt

T

r 1
< 63/ (BT % ¢/ o™ () dt + 0(53)/ (—E')dt
s s

(p=1)(mr—1)

T
ey T'ET e (0)/ BT dt + c(e3)E(S).
S

If [ > m + 1, the last inequality is also valid in the domdjij/| < 1} and with
m instead ofr.
Choosings, 1, 2 andes small enough, we deduce frora.0), (2.9), (2.10),
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(212 and Q.13 forl <m+1

T
/ B()9¢/(t) dt < CE(S)™! + C'B(S)™' T+ 4+ C"B(S)
S

(p l=p=b)(m+1) (m r=1)(p=1)

L CMEO0) T B(S) + CME0) T B(S),

whereC,C’,C”,C", C" are different positive constants independent¢f).
Choosinge; small enough, we deduce fror.¢), (2.9 and .13 for [ >
m—+1

(m%-1)(p—1)

T
/ B¢/ (1) dt < CE(S)™ +C'E(S)™ T+ + " B(0) ™ 5 B(S),
S

whereC, C’, C" are different positive constants independentigf), we may
thus complete the proof by applying Lemma. O
Remark 1. We obtain the same results for the following problem
(Ju''72") — e~ @ div(e®@|V uP~2V,u) + o (t)g(w') = 0in Q x [0, +oo],
u=00n9d x [0, +o0],
u(z,0) = ug(x), u'(x,0)=wuy(z)inQ,
where® is a positive function such tha@t € L>°(Q), in this case(ug, u1) €
Wy x Lk, where

Woia(Q) = {u € WyP(Q), /ﬂeq’@)muvﬂ dz < oo} ,

LL(Q) = {u c LNQ), /Qeq)(m)]mldx < oo} .
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Thus the energy associated to the solution is given by the following formula

1-1 1
B(t) = —— "] + 1-9||e¢<x>/pvxu||g.
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