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Abstract

The aim of this article is to generalize the Aleksandrov problem to the case of
linear n-normed spaces.
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Let X andY be metric spaces. A mapping: X — Y is called an isometry if
f satisfies

dy(f(ff), f(y)) = dx(f,y)

forall z,y € X, wheredx(-,-) anddy (-, -) denote the metrics in the spac¥s
andY’, respectively. For some fixed number> 0, suppose thaf preserves
distancer; i.e., for allz, y in X with dy(z,y) = r, we havedy (f(z), f(y)) =

r. Thenr is called a conservative (or preserved) distance for the mapping
Aleksandrov [] posed the following problem:

Remark 1. Examine whether the existence of a single conservative distance for
some mappind’ implies that7" is an isometry.

The Aleksandrov problem has been investigated in several papersi[see [
[10]). Th.M. Rassias and P. Semé][proved the following theorem for map-
pings satisfying the strong distance one preserving property (SDOPP), i.e., for
everyr,y € X with | — y|| = 1 it follows that || f(z) — f(y)|| = 1 and
conversely.

Theorem 1.1 (P]). Let X andY be real normed linear spaces with dimen-
sion greater than one. Suppose thfat X — Y is a Lipschitz mapping with
Lipschitz constant = 1. Assume thaf is a surjective mapping satisfying
(SDOPP). Thery is an isometry.

Definition 1.1 ([?]). LetX be areallinear space withim X > nand||-,..., || :
X" — Rafunction. Ther{X, |-, ...,-||) is called a linearn-normed space if

(nNy) lx1,..., 24| = 0 <= x4, ..., x, are linearly dependent
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(nNQ) Hxlw"’an = ijN"'?xjnH
for every permutation (ji,...j,) of (1,...,n)
(n.N3) laxy, ...z, = |||z, .- x|
(nNy) x4+ y,z0y .. 2| < |2y xo, s xn|| + ||y, T2, - - o 24|
foralla« € Rand allz,y,zy,...,z, € X. The function|-,. .., || is called the

n-norm onX.

In [3], Chu et al. defined the notion of weak-isometry and proved the
Rassias and Semrl’s theorem in lineanormed spaces.

Definition 1.2 ([3]). We callf : X — Y a weakn-Lipschitz mapping if there
isarx > 0 such that

”f(xl) - f(xo)a SR >f(xn) - f(xl))” < /€”$1 — Xg, ...

., x, € X. The smallest such is called the weak:-Lipschitz

y Ly — xOH

for all zg, zq, ..
constant.

Definition 1.3 ([3]). Let X andY be linearn-normed spaces anfi: X — Y
a mapping. We calf a weakn-isometry if

21 = @0, s = ol = [ f (1) = f(@o), -, f(zn) = F(20)]]

forall o, z,..., 2z, € X.
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For a mapping’ : X — Y, consider the following condition which is called
the weak n-distance one preserving propertyor o, i, ...,z, € X with

21 =15 xn =yl = L 1 f (1) = f(20), -+, fn) = flzo)|| = 1.

Theorem 1.2 ([3]). Letf : X — Y be a weaku-Lipschitz mapping with weak
n-Lipschitz constant < 1. Assume that i, 21, ..., z,, are m-colinear then
f(zo), f(z1), ..., f(x,,) are m-colinear, m = 2,n, and thatf satisfies the
weakn—distance one preserving property. Thems a weakn-isometry.

In this paper, we introduce the conceptrefsometry which is suitable for
representing the notion of-distance preserving mappings in lineanormed

spaces. We prove also that the Rassias and Semrl theorem holds under some

conditions whenX andY” are lineam-normed spaces.
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In this section, letX andY” be linearn-normed spaces with dimension greater
thann — 1.

Definition 2.1. Let X andY be linearn-normed spaces anfl : X — Y a
mapping. We calf ann-isometry if

Isometri Li n-Normed
s =y1, s =yl = 1 (1) = Fyn)s s flan) = Fa)l S s

forall z,,...,x . € X. Chun-Gil Park and
b » Lns Y1 > Yn Themistocles M. Rassias

For a mappingf : X — Y/, consider the following condition which is called
the n-distance one preserving propertyFor xy, ..., Zn, ¥1,- ..,y € X With Title Page

1 = w1, = ynll = L[ (21) = f(yn), - fan) = flun)ll = 1. c
ontents
Lemma 2.1 ([3, Lemma 2.3]). Let zq, 2o, ..., 2, be elements of a lineat- % =
normed spac& and~ a real number. Then
< >
Tlyee ey LjyeeesLisee s Tpll = || X1y oy Tjye vy Tj VT4 ooy Ty|-

21 j 1=z it | Go Back
forall 1 <i#j <n. Close
Definition 2.2 ([3]). The pointseg, x4, ..., z, of X are said to be:-colinear if Quit

e .
for everyi, {x; — z; | 0 < j # ¢ < n} is linearly dependent Page 6 of 17
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Theorem 2.2.Let f : X — Y be a weakn-Lipschitz mapping with weak-
Lipschitz constant < 1. Assume that ik, z4, ..., z,, are m-colinear then
f(zo), f(z1), ..., f(z,,) are m-colinear, m = 2,n, and thatf satisfies the
weakn—distance one preserving property. Thgsatisfies

2y =y @ =yl = 1 (1) = fyn), - Fan) — fyn)l
forall zy,..., 2z, v1,...yn € X With 2y, y,,y; 2-colinear forj = 2,3,...,n.

Proof. By Theoreml.2, f is a weakn-isometry. Hence

(2.1) 21—y, xn =yl = [[f(@1) = f(y), .-, f(@n) = fW)]

forall z{,...,z,,y € X.
If z1,y1,y2 € X are 2-colinear then there exists a R such thaty; — i, =
t(y1 — x1). By Lemma2.1,

||1‘1 — Y1, T2 —Y2,. .., Tn — yn”
= |lz1 —y1, (2o — 1) + (1 — ¥2), -+, T — Yn||
=[x —y1, (w2 —y1) + (=) (21 — v1),- - s Tn — Y|

= HIl—y1,$2—yla---7$n—yn”

forallzq,...,z,, y1,...,y, € X With 1, y1, y» 2-colinear. By the same method
as above, one can obtain thatif, y;, y; are 2-colinear foy = 3,...,n then

(2-2) HSC1 —yl,xz—y27563—y3;---,13n—ynH

= ||z1 —y1, T2 — Y1, T3 — Y3, - - -, T, — Yn||
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= H331 —y1,$2—?Jl,xs—yl,---,xn—ynH

= ||I1—y1,$2—ylaﬁs—yly--‘ﬁn—ylH

forall x1,..., 2,91, ...y, € X With 21, 31, y; 2-colinear forj = 2,3,...,n

By the assumption, if;, y1, yo € X are 2-colinear theffi(z1), f(v1), f(y2) €
Y are 2-colinear. So there exists & R such thatf(y1) — f(y2) = t(f(y1) —
f(z1)). By Lemma2.1,

1 (1) = fQyn)s f(2) = fy2), oo f(2n) — f )l

= [l (1) = f ), (f (22) = (f(yl)) (f(y1) = f2), - fan) = f(yn)l

= [l (1) = F (), (f(22) = F(ya)) + (=0 (F (1) = f(y1), - fwn) = [ya)
= [ (x1) = fly), f2) = Fya), - flan) = fyn)l]

forall z1,..., 2z, v1,...,y, € X with 1, y;,y2 2-colinear. Ifz,y,,y; are
2-colinear forj = 3,...,n then f(x;), f(v1), f(y;) are 2-colinear forj; =
3,...,n. By the same method as above, one can obtain tif&tif), f(v1), f(y;)
are 2-colinear foy = 3,...,n, then

(23) Hf(ajl) - f(y1)7f('r2) - f(y2>7f<x3) - f y3)7 SR f($n> - f(yn)H
= |/ (z1) = f(w), ), f(a .
= [|f(z1) — (),

= [[f(z1) = fyn), f2) = fyn), fls) = fyn), oo f (an) = )]

forall zy,...,2,,y1,. ..y, € X With 2, 41, y; 2-colinear forj = 2,3,....n
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By (2.1), (2.2 and @.3),

s = Ynll = [1F (@) = fly), - Fn) = Fua)l

Yo € X With zy,y;,y, 2-colinear for; = 2,3,... n.
O

HfEl — Y1, ..

forall z1,...,z,,y1,..

Now we introduce the concept afLipschitz mapping and prove that the
n-Lipschitz mapping satisfying the-distance one preserving property is/an
isometry under some conditions.

Definition 2.3. We callf : X — Y ann-Lipschitz mapping if there isa > 0
such that

1/ (1) = (), --

forall x4, ..
constant.

S F @) = Flun)ll < wller =y

., Yn € X. The smallest suchis called then-Lipschitz

y Ly — ynH

<y Ty Y1, -

Lemma 2.3 ([3, Lemma 2.4]). For 2,2, € X, if z; and 2] are linearly de-
pendent with the same direction, thatjg,: ax, for somea > 0, then

forall z,, .

T O R | I | o | S

T, € X.

Lemma 2.4. Assume that if,, z; andx, are 2-colinear thery (x), f(z1) and
f(z2) are 2-colinear, and thaf satisfies the.-distance one preserving property.
Thenf preserves the-distancek for eachk € N.
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Proof. Suppose that there exist, z; € X with zy # z; such thatf(xzy) =
f(zq1). Sincedim X > n, there arer,, ..., z, € X such thatr; — zg, x —
Xo, .. ., T,—To are linearly independent. Singe; —xq, to—xq, . . ., T, —Tol|| #
0, we can set

Ty — Lo

29 1= X + .
Hxl — 2o, T2 — Xo,---,Tn _on

Then we have
Isometries on Linear n-Normed

Spaces
||961 — Lo, 22 — X0, T3 — L0y .-+, Tpn — $0H
To — T Chun—GiI Park and_
= ||z1 — w0, , T3 — Xg, ..., Ty — To Themistocles M. Rassias
|x1 — o, x2 — X0, . . ., Tp — To|
=1L Title Page
Sincef preserves the-distance 1, Contents
1f(@1) = o), f(z2) = F(20), -, fln) = Flmo)]| = 1. W
| 2
But it follows from f(x¢) = f(z;) that
Go Back
1f(z1) = f(zo), f(22) = f(®0), -, [@n) — f(o)]| =0, Close
which is a contradiction. Hencgis injective. Quit
Letzy,..., 20, y1,...,4n € X, k € Nand Page 10 of 17
Hxl — Y1, T2 — Y2, .- T — ynH =k. J. Ineq. Pure and Appl. Math. 7(5) Art. 168, 2006
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We put

i ‘
2i=y1+E(9€1—y1), i=0,1,...., k.

Then
||Zi+1 — 2 X2 — Y2, ., Tpn — ?Jn”

i+ 1 i
it (x1 — 1) — y1+E(x1—y1) (T2 = Y2,y T — Yn

Isometries on Linear n-Normed

1
= %(ml—yl),xz—yz,---,xn—yn

Spaces
1 k Chun-Gil Park and
= EH:CI — Y1, T2 — Y2, Ty — yn“ = E =1 Themistocles M. Rassias
forall: = 0,1,...,k — 1. Since f satisfies then-distance one preserving
property, Title Page
2.4)  ([f(zig1) = fzi)s fz2) = f(y2), - flan) — fyn)] =1 Contents
foralli = 0,1,...,k — 1. Sincez, z; andz, are 2-colinearf(z), f(z1) and <4< >
f(z2) are also 2-colinear. Thus there is a real nunthsuch that < >
f(z2) = f(z1) = to(f(21) — f(20))- Go Back
By (2.9), Close
[f(21) = f(20).f (x2) = fy2), - [(@n) — [(yn)ll Quit
= ||f(Z2) - f(21>, f(x2) - f(y2)7 sty f(xn> - f(yn)“ Page 11 Of 17
= [[to(f(21) = f(20)), f(22) = f(y2),- -, f(zn) = flyn)ll

= [tolllf(z1) = f(20), f(w2) = f(y2), - fwn) = fyn)]

J. Ineq. Pure and Appl. Math. 7(5) Art. 168, 2006
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Sowe have, = +1. If tg = —1, f(22) — f(21) = —f(21) + f(20), that s,
f(z2) = f(20)
Sincef is injective,z; = 2y, which is a contradiction. Thug = 1. Hence
f(z2) = f(z1) = f(z1) = f(=0)-
Similarly, one can obtain that
f(zin) = f(z1) = f(z) — f(zi1)
foralli =2,3,...,k— 1. Thus
fiva) = f(z) = f(21) — f(20)
foralli =1,2,...,k— 1. Hence

f(@1) = f(y) = f(z) — f(20)
= f(2) = f(ze1) + f(zeo1) = f(ze2) + -+ f(21) = f(20)
k )

Therefore,

||f(l’1) - f(y1)7f<m2) - f(yQ)v e ,f(I

3
S~—
|
~
—~
<

S

= [|k(f(21) = [(20)), f(x2) = f(y2), -, fzn) = f(yn)]l
= k[|(f(21) = f(20)), f(z2) = f(y2)s - f(zn) = f(yn)]
=k,

which completes the proof. H
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Theorem 2.5.Let f : X — Y be ann-Lipschitz mapping with-Lipschitz con-
stantx = 1. Assume that if, x,, 7o are 2-colinear thenf(zy), f(z1), f(z2)
are 2-colinear, and that ift; — v,...,z, — v, are linearly dependent then
flz1) — f(y1), ..., f(zn) — f(y,) are linearly dependent. If satisfies the
n-distance one preserving property, théis ann-isometry.

Proof. By LemmaZ2.4, f preserves the-distancek for eachk € N. For
X1, Tn, Y1, - -+, Yn € X, there are two cases depending upon whether
Y1, -, Ty — Yn|| = 0 Or not. Inthe casdzy — y1,..., 2, — ypl| = 0, 21 —
Y1, ..., Ty, — Yy are linearly dependent. By the assumptify,) — f(v1), .. .,
f(z,) — f(yn) are linearly dependent. Hence

1f (1) = f(ya)s s fan) = flya)ll = 0.

In the case|x; — y1,..., 2, — yn|| > 0, there exists an, € N such that

||l’1 — Y1, .., Tn _ynH < no.
Assume that
[f (1) = f(yn)s s f(@n) = Fy)ll < 21 —v1, oo @0 — yal|-

Set n

0

w=1y + (1 —11).
||£L’1 —Yi,..., Ty _ynH
Then we obtain that
lw—y1, 22 — Y2, ..., Tn — Ynl|
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o
= ||y + (T1—y1) — Y1, T2 — Y2, -, T — Yn
”xl —Y1,.-..,Tp _ynH
no
= |lz1 — y1, oy 20 — Ynl| = no-
H'rl — Y, T — ynH
By Lemmaz2.4,
[ f(w) = f(y1), f(x2) = f(y2), s f(@n) = fyn)l| = n0.
By the definition ofw Isometries on Linear n-Normed
’ Spaces
o Chun-Gil Park and
w—T = H$ Y T Y ” -1 (xl - y1). Themistocles M. Rassias
1= Y1y ---sdn = Yn
Since no Title Page
> 1,
||.§L’1 _yla"‘vxn_yHH Contents
w — x; andz; — y; have the same direction. By Lemr&s, pp NS
lw = Y122 = Yo -+ T — g ¢ >
= [lw—21,22 —yo, ... Ty — Yal| + |21 — Y1, 22 — Yoo 20 — |- Go Back
So we have Close
Quit
<w— 21,00 — Yo, 0 — Y|
= Ny — ||$1 — Y1,y —Y2,..., Ty — yn|| J. Ineg. Pure and Appl. Math. 7(5) Art. 168, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:baak@hanyang.ac.kr
mailto:
mailto:
mailto:trassias@math.ntua.gr
http://jipam.vu.edu.au/

By the assumption,

no = [[f(w) = f(y), f(x2) = F(ya), -, fln) =

f
< |1f(w) = fa), flw2) = (yz), [ (n) = fua)l
+ [ (1) = fy), f(z2) - f( 2),

<ng— ||z —y1, %2 — Y2, .. T — Yn|| + |21
= No,

which is a contradiction. Hencgis ann-isometry.

(yn)l

flxn) —

— Y1, T2

f(yn)l

— Y2, .-

an

_ynH
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