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ABSTRACT. By estimating a weight function, a reverse Hardy-Hilbert-type integral inequality
with a best constant factor is obtained. As an application, some equivalent forms and some
particular results have been established.
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1. INTRODUCTION

Letp > 1, % + % =1, f(z) >0,g(x) >0,and0 < [ f?(z)dx < 00,0 < [~ g%(x)dx <
co. Then the Hardy-Hilbert’s integral inequality is as follows:

oy [ e e [ f%c)d:cr [ g

where the constant fact% is the best possible (s€€ [1]). le.l), Yang etlal. [2], [3], [4],
[8] and [9] gave some strenpgthened versions and extensions. In particular, in [7], Yang obtained
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wherea € R, A > 2 — min{p, ¢},
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2 GAOWEN XI

Recently, in[5], Xi gave a reverse Hardy-Hilbert-type inequality
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where0 < p <1, 4. =1,1.5 < A < 3anda, > 0,b, > 0,suchthad < >3, (1) Pan

q 2n+3—X\
2—-Xp4
In this paper, by estimating the weight function, a reverse Hardy-Hilbert-type integral in-
equality with a best constant factor is obtained. As an application, some equivalent forms and

some particular results have been established.

2. SOME LEMMAS

Lemma 2.1.
o 1
2.1 B =B = P d
(2.1) (p,q) = B(q,p) /O Trara? (p,q > 0),
whereB(p, q) is the function.
Proof. See [6]. O

Lemma2.2.Letp <0or0<p<l,and + . =1, f(z), g(x) >0, f € L*(E), g € LY(E),
r € R* and the sef? is Borel measurable iiR*, wherek is a positive integer. Then

(2.2) /E f(a)g(w)dz > ( /E fp(a:)dm>; ( /E gq(:zr)d:v)q,

where the equality holds if and only if there exist non-negative real nunabemsl b, such that
they are not all zero and f?(x) = bg?(x), a. e. InE.

Proof. Seel[1, Section 6.9, Theorem 189]. OJ

LemmaZ2.3.Letp < 0or0<p<1, and%—i—% =1,2—max{p,q} < A <2—min{p, ¢}, y >
«, The weight functiow, (v, p) is defined by

2—)

(2.3) my,p):/:o( ! (““)"dax y € (0, ).

r+y—2a0) \r—«

Then we havé% >0, % > 0, and

(2.4) wi(y,p) = (y —a)' B (p+2_2,Q+2_2)-

Proof. If p < 0,then0 < ¢ < 1. Sincel < A < 2_p’z% >Oandq+;\—2 S0 f0<p<l,
we havey < 0,1 < A <2 — g, B2=2 >0, £2=2 > (.
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Settingt = =2, by P22 4 ¢2=2 — ) we have

2—A
o 1 y—a\ 7 < 1 _2-2
de = (y — o) t P dt
[ o () Dm0 [
S
-y [ P g
0

(1+1¢)*
A—2 A—2
Z(y—Oé)HB(p+ AT )
p q

The lemma is thus proved.

Lemma2.4.Letp < 0,2 +1=12-—g<A<2-p 0<e< 52 thenwe have

A—2—¢ A—2—¢
(2.5) ]—/ / r—a) 7 (y—a) <« dxdy
a+1 Jat1 x—{—y—2a) Gty 2ap a2 )
A—2 A—2
:_B<q+ et +§)—Os(1)-
€ q q p q
Proof. Settingr — a = s,y — a = t, then
o & A—2—¢ A—2—¢
[_/ —a) » (y—a) < dxdy
at1 Jat1 x+y—2a) Gry—sap @ " o)

S
:/13

Letu = £, we have

1 A—2—c¢
U 1 dt}
1 (s+t)A
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A2
Byl<2—-¢g<A\, 0<e< 5= Hence

o % 1 g+A—2—¢
—1—¢ B
0< / S /0 mu q dU] ds

1
s +A—2—¢
</ / e Ydu| ds
1 0

/100 [/ N 2_1du] ds
(q+i—2) '

The lemma is proved. O

A

3. MAIN RESULTS

Theorem 3.1. Letp < 0or0 < p <1, % —1—% = 1,2 — max{p,q} < A < 2 —min{p, q},

f(x),g(x) > 0,and0 < [ (z —a)' " fP(z)de < o0, 0 < [ (x— a)' gl (z)dr < oo,
a € R. Then

[ fl@)gly) PHA—2 g+ A—2
(3'1)/Q/Q(x+y—2a)Adxdy>B( p g )

where the constant factds (1%, %ﬁ) is the best possible.

Proof. By (2.9), we have
<[ f2)g(y) Y f(x) r—a\
52 /a /a (x+y—2a)*dxdy_/a /a (¢ +y — 2a)5 <y—a) ]

(HZ(?Q&); (i:j)] dudy
/ / x+y—2a) (i:g)qd:p]p
// fﬂ+y—2a) (Z:Z)pdy]q.

If (B.2) takes the form of equality, then by (2.2), there exist non-negative hurtzerdd such
that they are not all zero and

X

2—)

#7(x) <x — a)T _ b( 9'(y) (y - O‘)p, a.e. in(a, 00) x (o, 00).

a(m+y—2a)’\ y—« r+y—20)* \r—«
It follows that

a(x — ) fP(x) = bly — a)* gi(y) = c,
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a. e. in(0, co) x (0, co). Without loss of generality, suppose# 0. One has
(¢ —a) (@) =~z —a),

a. e. in(0, o) x (0, co), which contradict® < [>° (z — a)'*fP(z)dx < cc. Therefore, by
(2.3), we have

Lwlmaé%g%%ymw>[wam%@@—afﬂﬁ@m4;

< [Tt - gy
By (2.4), we obtain[(3]1).

Without loss of generality, suppoge< 0, which implies that) < ¢ < 1. For0 < ¢ < wﬁ
set

A e

f(2)=0, € (@at1);  fl)=(@—a) >, z€la+1,0)
9:(x) =0, z € (o, + 1); g:(z) = (z — «) =
If the constant factoB <p+2‘2 q“”) i ) is not the best possible, then, there exists a

q

positive constanf’ > B (T’*; 2 Ao 2) such that.l) is still valid if3 (”*2 2, w2 2) is

replaced byiK. By (2.5), we have

<q+A—2 5p+A—2+E)_d%u)

q

_5/ / x+y_%¥¢Myl |
sen{ [ w-ar i) { [ oo ) - k.

Letting e — 0F, we obtainB(P+2—2 q+2—2> > K. Hence the constant factor

B (”“ 2, a2 2 in .) is the best possible when- ¢ < A <2 —p,0 < & < £2-2,

, T € [a+1,00).

B

=

p
The theorem is proved. O

n ), whem = —1, we have:
Corollary 3.2. Letp < 0,0r0 < p < 1, ; + ¢ = 1,2 = max{p,q} < A\ < 2 — min{p,q},
f(z),9(x) >0,0< 7 (z+ l)l_/\ fP(z)dr < 00,0 < [71 (z+ l)l_/\ g%(z)dx < co. Then
2 2

2 2

AN—2 g+ A—2
(3.3) /!/ da;dy>1_f;(p+ ot )
ey r q

X [/m (x ) %) : fp(x)dx] | l/m (9” i %) 1A9q(l’)d95] | ,

1 1
2 2

where the constant factds (1%, %q‘?) is the best possible.

In (3.3), when\ = 2, we have:
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2),9(x) > 0,0 < [*(z—a)” fP(z)dz

Corollary3.3. Letp < 0,0r0 < p < 1,1 +1 =1, f(a)
(x)dr < 0o, € R. Then

< 00,0 < [
mfp_wdxy [ ]

e f(x)gly)
(3.4) / / —x+y—2a)2dxdy> { [

In (3.1), wheno = —1, X = 2, we have
1,1
T p

Corollary 3.4. Letp < O, or0<p<1,2i4t
(z+ %)71 g%(x)dxr < co. Then

r—a) gt

L f(2),9(x) 20,0 < [ (v 4 3) 7' f()da

<o00,0< [7
1 1
D P o0 q q
(3.5) // Gyt ey > RGP /Mdm .
5 -1 ( -1 T+3 -1 T+3
4. AN EQUIVALENT FORM
— ) () da

Theorem4.1.Letp < 0,1 +1 =12—g < A <2—p, f(z) > 0,and0 < [

< o0, a € R. Then
C ooy [ [T @ 1"
(4.2) /a (y — «) DAL {/a (a:+y—2a))‘dx] dy
< |:B (p+;_2,q+2_2)}])/00(;(;—04)1_)\]@(1’)6&['

where the constant factaB (p“ 2 gHA- 2) Is the best possible. Inequalities A 1) a@?: 1)

are equivalent ap < 0.

Proof. Let
g(y) = (y — )P~ U:O %cﬁrl, y € (o, 00).
Then by [(3:1) angh < 0, we have
(4.2) 0< /:o(y — ) "¢ (y)dy
/() dxr o

/ / x+y—2a da:dy
S

< [T amem]

q

Sincep < 0, we obtain that
/ (y — ) g (y)dy
P+A—2 g+ -2

(4.3)
< |5 ( ,
p q

)r/:o(x — o) fP(x)dr < 0.

http://jipam.vu.edu.au/

J. Inequal. Pure and Appl. Mat}9(2) (2008), Art. 49, 9 pp


http://jipam.vu.edu.au/

REVERSEHARDY-HILBERT-TYPE INTEGRAL INEQUALITY 7

By (4.3) and|[(4.R), we obtaif (4.1).
Whereas, assume that (4.1) is true,[by](2.2), we have

[y st
_ /:O {(y — o) /:O %dm] [(y — a)%g(y)} dy

= {/:o(y — )T [/:o %dfﬂrdy}; U:O(y —a)' g (y)dy|

Sincep < 0, by (4.1), then[(3]1) is proved. Hence inequalit[es](4.1) (3.1) are equivalent as
p < 0. [

Corollary 4.2. Letp < 0, ;4 = 1,2—¢ < A < 2—p, f(x) 20,0 < [7} (z + %)17A fP(z)dx
< o0. Then

o) 1 (p—1)(A-1) 00 f(x)

1 1
2 2

P poo 1-X
P rg) e

1
2

p

dy

where the constant factds (“Tf‘Q, %ﬁ) is the best possible.

Corollary 4.3. Letp < 0, Ilj + % =1, f(x) > 0,0 < f:o (x — a)flfp(a:)da: < 00, a € R.
Then

ey | [ f(@) 8 > fP(x)
) /a e Ua (x+y - 204)2d$] W= /a r—a™
Corollary 4.4. Letp <0, ; + ¢ =1, f(x) > 0,0 < fj"% (z+ %)_1 fP(z)dr < co. Then
YOS A S S () ’ = fr(a)
(4.6) /—5 <y+§) [/_5 (x+y+1>2dx dy < _%$+%dx,

Theorem 45.Let0 < p < 1, .+, =1,2-p < XA <2-g¢ f(zr) >0,and0 <
[ (x — ) fP(2)dr < 00, @ € R. Then

(4.7) /aoo(y —a)P U; e /) dx]pdy

T4y —2a)r
L e | AR

where the constant factaB (’%, %) is the best possible. Inequaliti =A ) a@&l)
are equivalentas < p < 1.
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Proof. Since0 < p < 1, by (2.2) and[(2}4),we have

(48 [Kd—féwHK @f;(f)za) (5:3)%]

B>

o 1 2-2 p—1
y—a\'r
d
X[/a (x+y—2a)* (x—a) x]

p—1
_ {B (P+>\—27q+)\—2)} (y — a)®=DO-Y)
D q
2—X

e (y - Z>q -

If (4.8) takes the form of equality, then Hy (P.2), there exist non-negative nuratzerdd, such
that they are not all zero and

fP(x) T — %_ 1 y— =
Ty (e) ey ) sele

It follows that

alz — )’ fP(z) = b(y — )*™,  a.e.in(a, c0).

Obviouslya # 0, (otherwisex = b = 0), one has
(0= a) () = 2y — o) a7, aeanoo)
a

which contradict®) < [~ (z — a)' P (2)dz < co. Hence

[omome [ o] o
[ L i () e
_ {B (p+;—27q+2_2)r_1

< [/w ey (50) dy] Pla)de.

By (2.3) and[(Z.}4), we obtaif (4.7).

Obviously, inequalities (4]7) anfl (3.1) are equivalenbas p < 1 and the constant factor

B (’#, %) is the best possible. O
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Corollary 4.6. Let0 <p < 1, ;42 =1,2=p <A <2—¢,0 < [7 (z + %)I_A fP(z)dz < oo,
2
f(z) > 0.Then

/_oo (y+ %)(p—l)(A—l) [/_oo @Ciﬁ—xjwdmrdy

1 1
2 2

p %s) 1-X
S {B <p+2—2’q+;\—2>] /_ (I—F%) fP(x)dz,

1
2

where the constant factds (1%, %ﬁ) is the best possible.

Corollary 4.7. Let0 <p <1, +1 =1, f(2) > 0,0 < [ (z — )" fP(z)dx < 00, € R.
Then
dy >

@ [ [T o] v

Corollary 4.8. Let0 <p <1, .+ =1, f(x) 20,0 < fj"% (z+ %)—1 fP(z)dx < co. Then

A N (R = f7(x)

1 1 1
2 2 2

3 * (=)

dz.

r—
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