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1. I NTRODUCTION

Let p > 1, 1
p

+ 1
q

= 1, f(x) ≥ 0, g(x) ≥ 0, and0 <
∫∞

0
fp(x)dx < ∞, 0 <

∫∞
0

gq(x)dx <
∞. Then the Hardy-Hilbert’s integral inequality is as follows:

(1.1)
∫ ∞

0

∫ ∞

0

f(x)g(y)

x + y
dxdy <

π

sin(π
p
)

[∫ ∞

0

fp(x)dx

] 1
p
[∫ ∞

0

gq(x)dx

] 1
q

,

where the constant factorπ
sin(π

p
)

is the best possible (see [1]). For (1.1), Yang et al. [2], [3], [4],

[8] and [9] gave some strengthened versions and extensions. In particular, in [7], Yang obtained

(1.2)
∫ ∞

α

∫ ∞

α

f(x)g(y)

(x + y − 2α)λ
dxdy < B

(
p + λ− 2

p
,
q + λ− 2

q

)
×

[∫ ∞

α

(x− α)1−λfp(x)dx

] 1
p
[∫ ∞

α

(x− α)1−λgq(x)dx

] 1
q

,

whereα ∈ R, λ > 2−min{p, q},
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Recently, in [5], Xi gave a reverse Hardy-Hilbert-type inequality

(1.3)
∞∑

n=0

∞∑
m=0

ambn

(m + n + 1)λ

>
2

λ− 1

{
∞∑

n=0

(n + 1)2−λ

2n + 3− λ

[
1− (λ− 1)2

4(n + 1)2

]
ap

n

} 1
p
{
∞∑

n=0

(n + 1)2−λ

2n + 3− λ
bq
n

} 1
q

,

where0 < p < 1, 1
p
+ 1

q
= 1, 1.5 ≤ λ < 3 andan ≥ 0, bn > 0, such that0 <

∑∞
n=0

(n+1)2−λap
n

2n+3−λ
<

∞, 0 <
∑∞

n=0
(n+1)2−λbq

n

2n+3−λ
< ∞.

In this paper, by estimating the weight function, a reverse Hardy-Hilbert-type integral in-
equality with a best constant factor is obtained. As an application, some equivalent forms and
some particular results have been established.

2. SOME L EMMAS

Lemma 2.1.

(2.1) B(p, q) = B(q, p) =

∫ ∞

0

1

(1 + u)p+q
up−1du (p, q > 0),

whereB(p, q) is theβ function .

Proof. See [6]. �

Lemma 2.2. Letp < 0 or 0 < p < 1, and 1
p
+ 1

q
= 1, f(x), g(x) ≥ 0, f ∈ Lp(E), g ∈ Lq(E),

x ∈ Rk and the setE is Borel measurable inRk, wherek is a positive integer. Then

(2.2)
∫

E

f(x)g(x)dx ≥
(∫

E

fp(x)dx

) 1
p
(∫

E

gq(x)dx

) 1
q

,

where the equality holds if and only if there exist non-negative real numbersa andb, such that
they are not all zero andafp(x) = bgq(x), a. e. inE.

Proof. See [1, Section 6.9, Theorem 189]. �

Lemma 2.3. Letp < 0 or 0 < p < 1, and 1
p
+ 1

q
= 1, 2−max{p, q} < λ < 2−min{p, q}, y >

α, The weight functionωλ(y, p) is defined by

(2.3) ωλ(y, p) =

∫ ∞

α

1

(x + y − 2α)λ

(
y − α

x− α

) 2−λ
p

dx, y ∈ (0, ∞).

Then we havep+λ−2
p

> 0, q+λ−2
q

> 0, and

(2.4) ωλ(y, p) = (y − α)1−λB

(
p + λ− 2

p
,
q + λ− 2

q

)
.

Proof. If p < 0, then0 < q < 1. Since1 < λ < 2−p, p+λ−2
p

> 0 and q+λ−2
q

> 0. If 0 < p < 1,

we haveq < 0, 1 < λ < 2− q, p+λ−2
p

> 0, q+λ−2
q

> 0.
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Settingt = x−α
y−α

, by p+λ−2
p

+ q+λ−2
q

= λ, we have

∫ ∞

α

1

(x + y − 2α)λ

(
y − α

x− α

) 2−λ
p

dx = (y − α)1−λ

∫ ∞

0

1

(1 + t)λ
t−

2−λ
p dt

= (y − α)1−λ

∫ ∞

0

1

(1 + t)λ
t

p+λ−2
p
−1dt

= (y − α)1−λB

(
p + λ− 2

p
,
q + λ− 2

q

)
.

The lemma is thus proved. �

Lemma 2.4. Letp < 0, 1
p

+ 1
q

= 1, 2− q < λ < 2− p, 0 < ε < q+λ−2
2

, then we have

I =

∫ ∞

α+1

∫ ∞

α+1

1

(x + y − 2α)λ
(x− α)

λ−2−ε
p (y − α)

λ−2−ε
q dxdy(2.5)

=
1

ε
B

(
q + λ− 2

q
− ε

q
,
p + λ− 2

p
+

ε

q

)
−Oε(1).

Proof. Settingx− α = s, y − α = t, then

I =

∫ ∞

α+1

∫ ∞

α+1

1

(x + y − 2α)λ
(x− α)

λ−2−ε
p (y − α)

λ−2−ε
q dxdy

=

∫ ∞

1

∫ ∞

1

1

(s + t)λ
s

λ−2−ε
p t

λ−2−ε
q dsdt

=

∫ ∞

1

s
λ−2−ε

p

[∫ ∞

1

1

(s + t)λ
t

λ−2−ε
q dt

]
ds.

Let u = t
s
, we have

I =

∫ ∞

1

s−1−ε

[∫ ∞

1
s

1

(1 + u)λ
u

q+λ−2−ε
q

−1du

]
ds

=

∫ ∞

1

s−1−ε

[∫ ∞

0

1

(1 + u)λ
u

q+λ−2−ε
q

−1du

]
ds

−
∫ ∞

1

s−1−ε

[∫ 1
s

0

1

(1 + u)λ
u

q+λ−2−ε
q

−1du

]
ds

=
1

ε
B

(
q + λ− 2

q
− ε

q
,
p + λ− 2

p
+

ε

q

)
−

∫ ∞

1

s−1−ε

[∫ 1
s

0

1

(1 + u)λ
u

q+λ−2−ε
q

−1du

]
ds.
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By 1 < 2− q < λ, 0 < ε < q+λ−2
2

. Hence

0 <

∫ ∞

1

s−1−ε

[∫ 1
s

0

1

(1 + u)λ
u

q+λ−2−ε
q

−1du

]
ds

<

∫ ∞

1

s−1−ε

[∫ 1
s

0

u
q+λ−2−ε

q
−1du

]
ds

<

∫ ∞

1

s−1

[∫ 1
s

0

u
q+λ−2

q
−1du

]
ds

=

(
q

q + λ− 2

)2

.

The lemma is proved. �

3. M AIN RESULTS

Theorem 3.1. Let p < 0 or 0 < p < 1, 1
p

+ 1
q

= 1, 2 − max{p, q} < λ < 2 − min{p, q},
f(x), g(x) ≥ 0, and 0 <

∫∞
α

(x− α)1−λfp(x)dx < ∞, 0 <
∫∞

α
(x− α)1−λgq(x)dx < ∞,

α ∈ R. Then

(3.1)
∫ ∞

α

∫ ∞

α

f(x)g(y)

(x + y − 2α)λ
dxdy > B

(
p + λ− 2

p
,
q + λ− 2

q

)
×

[∫ ∞

α

(x− α)1−λfp(x)dx

] 1
p
[∫ ∞

α

(x− α)1−λgq(x)dx

] 1
q

,

where the constant factorB
(

p+λ−2
p

, q+λ−2
q

)
is the best possible.

Proof. By (2.2), we have∫ ∞

α

∫ ∞

α

f(x)g(y)

(x + y − 2α)λ
dxdy =

∫ ∞

α

∫ ∞

α

[
f(x)

(x + y − 2α)
λ
p

(
x− α

y − α

) 2−λ
pq

]
(3.2)

×

[
g(y)

(x + y − 2α)
λ
q

(
x− α

y − α

) 2−λ
pq

]
dxdy

≥
∫ ∞

α

∫ ∞

α

[
fp(x)

(x + y − 2α)λ

(
x− α

y − α

) 2−λ
q

dx

] 1
p

×
∫ ∞

α

∫ ∞

α

[
gq(y)

(x + y − 2α)λ

(
y − α

x− α

) 2−λ
p

dy

] 1
q

.

If (3.2) takes the form of equality, then by (2.2), there exist non-negative numbersa andb such
that they are not all zero and

a
fp(x)

(x + y − 2α)λ

(
x− α

y − α

) 2−λ
q

= b
gq(y)

(x + y − 2α)λ

(
y − α

x− α

) 2−λ
p

, a.e. in(α,∞)× (α,∞).

It follows that
a(x− α)2−λfp(x) = b(y − α)2−λgq(y) = c,
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a. e. in(0, ∞)× (0, ∞). Without loss of generality, supposea 6= 0. One has

(x− α)1−λfp(x) =
c

a
(x− α)−1,

a. e. in(0, ∞)× (0, ∞), which contradicts0 <
∫∞

α
(x− α)1−λfP (x)dx < ∞. Therefore, by

(2.3), we have∫ ∞

α

∫ ∞

α

f(x)g(y)

(x + y − 2α)λ
dxdy >

[∫ ∞

α

ωλ(x, q)(x− α)1−λfp(x)dx

] 1
p

×
[∫ ∞

α

ωλ(y, p)(y − α)1−λgq(y)dy

] 1
q

.

By (2.4), we obtain (3.1).
Without loss of generality, supposep < 0, which implies that0 < q < 1. For0 < ε < q+λ−2

2
set

fε(x) = 0, x ∈ (α, α + 1); fε(x) = (x− α)
λ−2−ε

p , x ∈ [α + 1,∞),

gε(x) = 0, x ∈ (α, α + 1); gε(x) = (x− α)
λ−2−ε

q , x ∈ [α + 1,∞).

If the constant factorB
(

p+λ−2
p

, q+λ−2
q

)
in (3.1) is not the best possible, then, there exists a

positive constantK > B
(

p+λ−2
p

, q+λ−2
q

)
, such that (3.1) is still valid ifB

(
p+λ−2

p
, q+λ−2

q

)
is

replaced byK. By (2.5), we have

B

(
q + λ− 2

q
− ε

q
,
p + λ− 2

p
+

ε

q

)
− εOε(1)

= ε

∫ ∞

α

∫ ∞

α

fε(x)gε(y)

(x + y − 2α)λ
dxdy

> εK

{∫ ∞

α+1

(x− α)1−λfp
ε (x)dx

} 1
p
{∫ ∞

α+1

(y − α)1−λgq
ε(y)dy

} 1
q

= K.

Letting ε −→ 0+, we obtain B
(

p+λ−2
p

, q+λ−2
q

)
≥ K. Hence the constant factor

B
(

p+λ−2
p

, q+λ−2
q

)
in (3.1) is the best possible when2− q < λ < 2− p, 0 < ε < q+λ−2

2
.

The theorem is proved. �

In (3.1), whenα = −1
2
, we have:

Corollary 3.2. Let p < 0, or 0 < p < 1, 1
p

+ 1
q

= 1, 2 − max{p, q} < λ < 2 − min{p, q},
f(x), g(x) ≥ 0, 0 <

∫∞
− 1

2

(
x + 1

2

)1−λ
fp(x)dx < ∞, 0 <

∫∞
− 1

2

(
x + 1

2

)1−λ
gq(x)dx < ∞. Then

(3.3)
∫ ∞

− 1
2

∫ ∞

− 1
2

f(x)g(y)

(x + y + 1)λ
dxdy > B

(
p + λ− 2

p
,
q + λ− 2

q

)

×

[∫ ∞

− 1
2

(
x +

1

2

)1−λ

fp(x)dx

] 1
p
[∫ ∞

− 1
2

(
x +

1

2

)1−λ

gq(x)dx

] 1
q

,

where the constant factorB
(

p+λ−2
p

, q+λ−2
q

)
is the best possible.

In (3.1), whenλ = 2, we have:
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Corollary 3.3. Letp < 0, or 0 < p < 1, 1
p
+ 1

q
= 1, f(x), g(x) ≥ 0, 0 <

∫∞
α

(x− α)−1fp(x)dx

< ∞, 0 <
∫∞

α
(x− α)−1gq(x)dx < ∞, α ∈ R. Then

(3.4)
∫ ∞

α

∫ ∞

α

f(x)g(y)

(x + y − 2α)2
dxdy >

[∫ ∞

α

fp(x)

x− α
dx

] 1
p
[∫ ∞

α

gq(x)

x− α
dx

] 1
q

.

In (3.1), whenα = −1
2
, λ = 2, we have:

Corollary 3.4. Letp < 0, or 0 < p < 1, 1
p
+1

q
= 1, f(x), g(x) ≥ 0, 0 <

∫∞
− 1

2
(x + 1

2
)−1fp(x)dx

< ∞, 0 <
∫∞
− 1

2

(
x + 1

2

)−1
gq(x)dx < ∞. Then

(3.5)
∫ ∞

− 1
2

∫ ∞

− 1
2

f(x)g(y)

(x + y + 1)2
dxdy >

[∫ ∞

− 1
2

fp(x)

x + 1
2

dx

] 1
p
[∫ ∞

− 1
2

gq(x)

x + 1
2

dx

] 1
q

.

4. AN EQUIVALENT FORM

Theorem 4.1.Letp < 0, 1
p
+1

q
= 1, 2−q < λ < 2−p, f(x) ≥ 0, and0 <

∫∞
α

(x− α)1−λfp(x)dx
< ∞, α ∈ R. Then

(4.1)
∫ ∞

α

(y − α)(p−1)(λ−1)

[∫ ∞

α

f(x)

(x + y − 2α)λ
dx

]p

dy

<

[
B

(
p + λ− 2

p
,
q + λ− 2

q

)]p ∫ ∞

α

(x− α)1−λfp(x)dx.

where the constant factorB
(

p+λ−2
p

, q+λ−2
q

)
is the best possible. Inequalities (4.1) and (3.1)

are equivalent asp < 0.

Proof. Let

g(y) = (y − α)(p−1)(λ−1)

[∫ ∞

α

f(x)

(x + y − 2α)λ
dx

]p−1

, y ∈ (α,∞).

Then by (3.1) andp < 0, we have

0 <

∫ ∞

α

(y − α)1−λgq(y)dy(4.2)

=

∫ ∞

α

(y − α)(p−1)(λ−1)

[∫ ∞

α

f(x)

(x + y − 2α)λ
dx

]p

dy

=

∫ ∞

α

∫ ∞

α

f(x)g(y)

(x + y − 2α)λ
dxdy

≥ B

(
p + λ− 2

p
,
q + λ− 2

q

) [∫ ∞

α

(x− α)1−λfp(x)dx

] 1
p

×
[∫ ∞

α

(y − α)1−λgq(y)dy

] 1
q

.

Sincep < 0, we obtain that

(4.3)
∫ ∞

α

(y − α)1−λgq(y)dy

≤
[
B

(
p + λ− 2

p
,
q + λ− 2

q

)]p ∫ ∞

α

(x− α)1−λfp(x)dx < ∞.

J. Inequal. Pure and Appl. Math., 9(2) (2008), Art. 49, 9 pp. http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


REVERSEHARDY-HILBERT-TYPE INTEGRAL INEQUALITY 7

By (4.3) and (4.2), we obtain (4.1).
Whereas, assume that (4.1) is true, by (2.2), we have∫ ∞

α

∫ ∞

α

f(x)g(y)

(x + y − 2α)λ
dxdy

=

∫ ∞

α

[
(y − α)

λ−1
q

∫ ∞

α

f(x)

(x + y − 2α)λ
dx

] [
(y − α)

1−λ
q g(y)

]
dy

≥
{∫ ∞

α

(y − α)(p−1)(λ−1)

[∫ ∞

α

f(x)

(x + y − 2α)λ
dx

]p

dy

} 1
p
[∫ ∞

α

(y − α)1−λgq(y)dy

] 1
q

.

Sincep < 0, by (4.1), then (3.1) is proved. Hence inequalities (4.1) and (3.1) are equivalent as
p < 0. �

Corollary 4.2. Letp < 0, 1
p
+ 1

q
= 1, 2−q < λ < 2−p, f(x) ≥ 0, 0 <

∫∞
− 1

2

(
x + 1

2

)1−λ
fp(x)dx

< ∞. Then

(4.4)
∫ ∞

− 1
2

(
y +

1

2

)(p−1)(λ−1)
[∫ ∞

− 1
2

f(x)

(x + y + 1)λ
dx

]p

dy

<

[
B

(
p + λ− 2

p
,
q + λ− 2

q

)]p ∫ ∞

− 1
2

(
x +

1

2

)1−λ

fp(x)dx,

where the constant factorB
(

p+λ−2
p

, q+λ−2
q

)
is the best possible.

Corollary 4.3. Let p < 0, 1
p

+ 1
q

= 1, f(x) ≥ 0, 0 <
∫∞

α
(x− α)−1fp(x)dx < ∞, α ∈ R.

Then

(4.5)
∫ ∞

α

(y − α)(p−1)

[∫ ∞

α

f(x)

(x + y − 2α)2
dx

]p

dy <

∫ ∞

α

fp(x)

x− α
dx.

Corollary 4.4. Letp < 0, 1
p

+ 1
q

= 1, f(x) ≥ 0, 0 <
∫∞
− 1

2

(
x + 1

2

)−1
fp(x)dx < ∞. Then

(4.6)
∫ ∞

− 1
2

(
y +

1

2

)(p−1)
[∫ ∞

− 1
2

f(x)

(x + y + 1)2
dx

]p

dy <

∫ ∞

− 1
2

fp(x)

x + 1
2

dx.

Theorem 4.5. Let 0 < p < 1, 1
p

+ 1
q

= 1, 2 − p < λ < 2 − q, f(x) ≥ 0, and 0 <∫∞
α

(x− α)1−λfp(x)dx < ∞, α ∈ R. Then

(4.7)
∫ ∞

α

(y − α)(p−1)(λ−1)

[∫ ∞

α

f(x)

(x + y − 2α)λ
dx

]p

dy

>

[
B

(
p + λ− 2

p
,
q + λ− 2

q

)]p ∫ ∞

α

(x− α)1−λfp(x)dx,

where the constant factorB
(

p+λ−2
p

, q+λ−2
q

)
is the best possible. Inequalities (4.7) and (3.1)

are equivalent as0 < p < 1.
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Proof. Since0 < p < 1, by (2.2) and (2.4),we have[∫ ∞

α

f(x)

(x + y − 2α)λ
dx

]p

=

{∫ ∞

α

[
f(x)

(x + y − 2α)
λ
p

(
x− α

y − α

) 2−λ
pq

]
(4.8)

×

[
1

(x + y − 2α)
λ
q

(
y − α

x− α

) 2−λ
pq

]
dx

}p

≥
∫ ∞

α

fp(x)

(x + y − 2α)λ

(
x− α

y − α

) 2−λ
q

dx

×

[∫ ∞

α

1

(x + y − 2α)λ

(
y − α

x− α

) 2−λ
p

dx

]p−1

=

[
B

(
p + λ− 2

p
,
q + λ− 2

q

)]p−1

(y − α)(p−1)(1−λ)

×
∫ ∞

α

fp(x)

(x + y − 2α)λ

(
x− α

y − α

) 2−λ
q

dx.

If (4.8) takes the form of equality, then by (2.2), there exist non-negative numbersa andb, such
that they are not all zero and

a
fp(x)

(x + y − 2α)λ

(
x− α

y − α

) 2−λ
q

= b
1

(x + y − 2α)
λ
p

(
y − α

x− α

) 2−λ
p

, a.e.(α,∞).

It follows that

a(x− α)2−λfp(x) = b(y − α)2−λ, a.e. in(α,∞).

Obviouslya 6= 0, (otherwisea = b = 0), one has

(x− α)1−λfp(x) =
b

a
(y − α)2−λx−1, a.e.(α,∞)

which contradicts0 <
∫∞

α
(x− α)1−λfP (x)dx < ∞. Hence∫ ∞

α

(y − α)(p−1)(λ−1)

[∫ ∞

α

f(x)

(x + y − 2α)λ
dx

]p

dy

>

[
B

(
p + λ− 2

p
,
q + λ− 2

q

)]p−1 ∫ ∞

α

[∫ ∞

α

fp(x)

(x + y − 2α)λ

(
x− α

y − α

) 2−λ
q

dx

]
dy

=

[
B

(
p + λ− 2

p
,
q + λ− 2

q

)]p−1

×
∫ ∞

α

[∫ ∞

α

1

(x + y − 2α)λ

(
x− α

y − α

) 2−λ
q

dy

]
fp(x)dx.

By (2.3) and (2.4), we obtain (4.7).
Obviously, inequalities (4.7) and (3.1) are equivalent as0 < p < 1 and the constant factor

B
(

p+λ−2
p

, q+λ−2
q

)
is the best possible. �
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Corollary 4.6. Let0 < p < 1, 1
p
+ 1

q
= 1, 2−p < λ < 2−q, 0 <

∫∞
− 1

2

(
x + 1

2

)1−λ
fp(x)dx < ∞,

f(x) ≥ 0. Then∫ ∞

− 1
2

(
y +

1

2

)(p−1)(λ−1)
[∫ ∞

− 1
2

f(x)

(x + y + 1)λ
dx

]p

dy

>

[
B

(
p + λ− 2

p
,
q + λ− 2

q

)]p ∫ ∞

− 1
2

(
x +

1

2

)1−λ

fp(x)dx,

where the constant factorB
(

p+λ−2
p

, q+λ−2
q

)
is the best possible.

Corollary 4.7. Let0 < p < 1, 1
p

+ 1
q

= 1, f(x) ≥ 0, 0 <
∫∞

α
(x− α)−1fp(x)dx < ∞, α ∈ R.

Then

(4.9)
∫ ∞

α

(y − α)(p−1)

[∫ ∞

α

f(x)

(x + y − 2α)2
dx

]p

dy >

∫ ∞

α

fp(x)

x− α
dx.

Corollary 4.8. Let0 < p < 1, 1
p

+ 1
q

= 1, f(x) ≥ 0, 0 <
∫∞
− 1

2

(
x + 1

2

)−1
fp(x)dx < ∞. Then

(4.10)
∫ ∞

− 1
2

(
y +

1

2

)(p−1)
[∫ ∞

− 1
2

f(x)

(x + y + 1)2
dx

]p

dy >

∫ ∞

− 1
2

fp(x)

x + 1
2

dx.
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[2] M. KRNIĆ AND J. PĚCARIĆ, General Hilbert’s and Hardy’s inequalities,Math. Inequal. Appl., 8(1)
(2005), 29-51.

[3] A. SHAMANDY, On new extensions of integral inequalities similar to Hilbert’s inequality(I),Proc.
Pakistan Acad. Sci., 42(2) (2005), 89–98.

[4] A. SHAMANDY, On new extensions of integral inequalities similar to Hilbert’s inequality(II),Proc.
Pakistan Acad. Sci., 42(2) (2005), 99–109.

[5] G. XI, A reverse Hardy-Hilbert-type inequality,J. Inequal. Appl., 2007(2007), Art. 79758.

[6] B. YANG AND L. DEBNATH, On a new generalization of Hardy-Hilbert’s inequality and its appli-
cations,J. Math. Anal. Appl., 233(1999), 484–497.

[7] B. Yang, On Hardy-Hilbert’s integral inequality,J. Math. Anal. Appl., 261(2001), 295–306.

[8] B. YANG, On best extensions of Hardy-Hilbert’s inequality with two parameters,J. Inequal. Pure
Appl. Math., 6(3) (2005), Art. 81. [ONLINE:http://jipam.vu.edu.au/article.php?
sid=554 ].

[9] B. YANG, A new Hilbert-type inequality,Bull. Belg. Math. Soc., 13 (2006), 479–487.

J. Inequal. Pure and Appl. Math., 9(2) (2008), Art. 49, 9 pp. http://jipam.vu.edu.au/

http://jipam.vu.edu.au/article.php?sid=554
http://jipam.vu.edu.au/article.php?sid=554
http://jipam.vu.edu.au/

	1. Introduction
	2. Some Lemmas
	3. Main Results
	4. An Equivalent Form
	References

