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Abstract

The nearest integer continued fractions of Hurwitz, Minnegerode (NICF-H) and in
Perron’s book Die Lehre von den Kettenbrichen (NICF-P) are closely related. Mid-
point criteria for solving Pell’s equation z? — Dy? = =1 in terms of the NICF-H
expansion of v/D were derived by H. C. Williams using singular continued fractions.
We derive these criteria without the use of singular continued fractions. We use an
algorithm for converting the regular continued fraction expansion of v/D to its NICF-P
expansion.

1 Introduction

In Perron’s book [7, p. 143], a nearest integer continued fraction (Kettenbruch nach néchsten
Ganzen) expansion (NICF-P) of an irrational number & is defined recursively by

6nl
En = o+ 5 —1 <& —qn < 1, (1)

§n+1 ’
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where €,,1 = %1, ¢, is an integer (the nearest integer to ) and sign(e, 1) = sign(&, — gn)-

Then we have the expansion
€1 €n
= +H+---+’J+--- 2
§o = qo @ an (2)

Gn > 2, qn + €pp1 > 2 forn > 1. (3)

where

(Satz 10, [7, p. 169]).
A. Hurwitz [1] and B. Minnegerode [6] defined a related nearest integer continued fraction

(NICF-H) by

1
§n=ln— 73 <& —dn <} (4)

where ¢}, is an integer. Then

fé)ZQO_ 2 Y (5)

and we have |¢/,| > 2 for n > 1. Also if one of ¢}, ¢, ..., say ¢, equals 2 (resp. —2), then
¢hq <0 (resp. 1 > 0) (Hurwitz [1, p. 372]). Section 2 relates the two types of continued
fraction.

In 1980, H. C. Williams gave six midpoint criteria for solving Pell’s equation 22 — Dy? =
+1 in terms of the NICF-H expansion of v/D (see Theorems 6 and 7, [9, pp. 12-13]). His
proof made extensive use of the singular continued fraction expansion of v/D. Theorem
6 of section 3 of our paper gives the corresponding criteria for the NICF-P expansion of
VvD. In an attempt to give a derivation of the latter criteria without the use of singular
continued fractions, the author studied the conversion of the regular continued fraction
(RCF) expansion of v/D to the NICF given by Lemma 9 of section 5, where the RCF is
defined recursively by .

&1::an'+ 3
£ﬁ+1

with a,, = |&,], the integer part of &,. Theorem 8 of section 4 shows that the central part of
a least period determines which of the criteria hold. Finally, Theorem 18, section 7, describes
the case where there are only odd-length unisequences, i.e., consecutive sequences of partial
quotients equal to 1, in the RCF expansion of v/D; in this case the NICF-P expansion of
V/D exhibits the usual symmetry properties of the RCF expansion.

2 Connections between the NICF-H and NICF-P ex-
pansions of an irrational number.

Lemma 1. Let ¢/,,&,, Al /B! denote the n-th partial denominator, complete quotient and

convergent of the NICF-H expansion of an irrational number & and qn, €4, &n, An/ By denote



the n-th partial denominator, partial numerator, complete quotient and convergent of the
NICF-P expansion of &, where

A—l =1 :Al—la B4 :OzBl—lv
Ap—0=A, Bo—l——B,

and for n > —1,

AnJrl = Qn+1An + €n+1An717 BnJrl - QnJran + 6nJranfl
/ o / / / o / /
An-‘,—l - qn-l—lAn - An—l’ Bn-‘rl - qn—l—an - Bn—l’

where g = 1. Then
I

qn th’m 5;1 - tn£n7 n > 07 (6)
where to =1 and t, = (—=1)"€1 -+ -€,, if n > 1.
Al =s,A,, B, =5s,B, n>-2 (7)
where s_o = —1,5s_1 =1 and s,41 = —Sp_1€n41 forn > —1.
Remark 2. It follows that sy = 1 and
S92 = (_1>i€2i52i—2 c €9, if 1 > 1, (8)
9)

Spi1Sn = tpy1, ifn>—1. (10)

~

_ i+1 e
S$2i41 = (—1)Z €2i4+1€2i—1 """ €1, if ¢+ > 0,

Proof. We prove (6) by induction on n > 0. These are true when n = 0. So we assume that
n >0 and (6) hold. Then

1 €nt1
Enp1 = P Sny1 = pa— (11)

@ = [&), @ = [0l (12)

where [z] denotes the nearest integer to x. Then

1
/ —
£n+1 B thn - tngn
ln
= q _é_ = tn(_€n+l€n+1>
= tnr1&nt1-

Next,
q’:z-f—l = [f;wrl] = [ths16nt1] = tar1[lnr1] = tar1Gnsr



Finally, we prove (7) by induction on n > —2. These hold for n = —2 and —1. So we assume
n > —1 and

’ ’ / /
An_l = Sn—lAn—la Bn—l = Sp—1Bn_1, An = SnAru Bn = S By.

Then
A;’H—l = %,1+1A;z — Al
- (tn—l—IQn—l-l)(snAn) - Sn—lAn—l
= Qn+18n+1An - (_5n+1€n+1)An71
= Sp+1 (Qn+1An + En—i—lAn—l)
- Sn—l-lAn—Q—l‘
Similarly B;, .| = Sp11Bn41. O

Corollary 3. Suppose &, ..., nk—1 1S a least period of NICF-P complete quotients for a
quadratic wrrational &.

f/ f/
n? ? ’ﬂ+k’71

is a least period of NICF-H complete quotients for &.
(b) [f Entl " Entk — (_1)k+17 then

5;17"'7 ;H-k—la_g;a"w_g;ri-k—l (13)

1s a least period of NICF-H complete quotients for &. Moreover

£ = ’—#—'“—#—“'— 1] 1 \_..._#
0= DT g a, [ i

where the asterisks correspond to the least period (13).

Proof. Suppose &,, ..., k-1 is a least period of NICF-P complete quotients for £,. Then
&n = &nyk. Hence from (6),

tn&n = tnakbnan
(=11 ey = (1) ey engn

&= (1) 1 €ntkSn k- (14)
(a) Suppose €11 €nix = (—1)*. Then (14) gives
& = ffwk-

Then because &, ..., ¢, are distinct, they form a least period of complete quotients for
the NICF-H expansion of &.



(b) Suppose €,41 -+ €prr = (—1)F. Then (14) gives

57/1 = _51/7,+k-
Similarly
£;z+1 = _£7Iz+k+1> e 7f;+k:71 = _f;z+2kf1~
Also £, = — ;H-k = —(— 7,1+2k:> = €;z+2k‘ Hence
f;w s 75’:1+k—17 57,1+k7 s agf:H—Qk—l (15)

form a period of complete quotients for the NICF-H expansion of §. However sequence (15)
is identical with

67/1, ) 7/1+k—17 _5;7 ) _67,1+k‘—1?

whose members are distinct. Hence (15) form a least period of complete quotients for the
NICF-H expansion of &. O]

Corollary 4. Let k and p be the period-lengths of the NICF-P and RCF expansions of a
quadratic irrational & not equivalent to (1 ++/5)/2. Then

(a) if p is even, the period-length of the NICF-H expansion of &, is equal to k;

(b) if p is odd, the period-length of the NICF-H expansion of &, is equal to 2k and the
NICF-H expansion has the form

S S S S
0= q a, "L,Hk—l ’_Q;z _Q;H-k—l.

Proof. Let &,,...,& k-1 be a least period of NICF-P complete quotients. Suppose that r of
the partial numerators €,41, ..., €, of the NICF-P expansion of &, are equal to —1. Now
by Theorem 4 of Matthews and Robertson [5], p = k + r and hence

67’L+1 s €n+k; = (_1)7’ = (_1)k+p.

Then according as p is even or odd, €,.1 - - €, = (=1)¥ or (=1)¥*! and Corollary 3 applies.
[

Remark 5. This result was obtained by Hurwitz and Minnegerode for the special case

& =VD.

We give some examples.

(1) & = (12 + +/1792)/16, (Tables 1 and 2). Here k = 4,7 = 2, &,£2,&3,& form a
period of NICF-P complete quotients, exezeqes = (—1)(1)(=1)(1) = 1 = (—1)* and the
NICF-P and NICF-H expansions have the same period-length. Also p = 6.

(2) & = (5 + V13)/4, (Table 3 and 4). Here k = 3,7 = 2 and &), &1, & form a period
of NICF-P complete quotients, €;exe3 = (1)(—=1)(—1) = 1 = (=1)*"! and the NICF-H
period-length is twice the NICF-P period-length. Also p = 5.



Table 1: NICF-P expansion for (12 4+ /1792)/16

i & e | bi | AJB

0| 2012 1 113 31

]| 2o£y1792 3| 10/3

2 | S22 | 17/5

3| ST |y g | 163/48

4| M2 || 5 | 798/235

5| VIM2 | 1| 3 | 2557/753
Table 2: NICF-H expansion for (12 + 1/1792)/16

i §i € | bi Ai/ B

0|22t 3 3/1

1|32 |y 31 —10/-3

9 | IR | 1] 9 17/5

3|22 1) 9 | 163/48

4| M2 g |5 | 798/235

b | 3I™2 | 1| —3 | —2557/—753

3 NICF-P midpoint criteria for Pell’s equation

Theorem 6. Let k and p be the respective period-lengths of NICF-P and RCF expansions
of V'D. Then precisely one of the following must hold for the NICF-P expansion of /D:

1) P,=P,1, k=2p,p=2h. Then
Ak,1 = BpflAp + 6pAplep727
By1 = B, 1(B, + €,B,-2).
2) Ppy1=P,+Q,, k=2p,p=2h. Then
Ak;—l = Bp—lAp + Ap—pr—2 - Ap—pr—h
By-1 =B, 1(B,+ B,—o — B,_1).

5)) Qp = Q/H—l and

(a) €1 =—1,k=2p+1,p=2h, or
(b) €1 =1Lk=2p+1,p=2h—1.

Then

Ak—l = APBP + €p+1Ap_1Bp_1,
kal = Bg + €P+1Bg—l'



Table 3: NICF-P expansion for (54 /13)/4

¢ &i € | b Ai/Bi
03 112 21

]| 33 7| 15/7

2 | Y13 | 1| 3| 43/20
3|38 | 1| 2]71/33

Table 4: NICF-H expansion for (5 + +/13)/4

i &i € | b Ai/Bi
AR 2/1

1| 3B 1| 7| -15/-7
2 | 4B 1| 3 43/20

3| v 1 2| —71/-33
433 1) 7 | _540/-251
5B | 1] 3 | —1549/-720
6|V | 1| 2 | —2558/-1189

4) Pp+1 - Qp + %Qp-‘rl?ep-‘rl = _17k - 2P+ 17p =2h—1. Then

Ak—l = Apo + 2Ap_1Bp_1 - (Apo_l + BpAp—1)7
Bk*l - Bz + QBifl - QBpofl.

5) P,=Q,+1Q, 1,6, = —1,k=2p,p=2h—1. Then

A1 =24, 1By 1 + Ap 2By 5 — (Aplepr + BpflApr)
Bi1=2B. |+ B, —2B, B, 5.

Proof. We only exhibit the calculations for criterion 1) of Theorem 6. This corresponds to
criterion 1) of Theorem 6, Williams [9, p. 12], which states that P, = P, .|, k = 2p, p = 2h
and

‘A;cfl‘ = ’B;AA; - A:ole;72|7 (16)
|Bi_1| = [B,_1(B, — B, ,). (17)
Then from equations (7),
B;_lA; — A;_lB;_Q = 5,185,814, — 5,-15p—2A,_1B,_2
= thp—lAp — tp_lAp_pr_Q

= —lp-16,Bp-14, —tp- 14, 1B,
= —tp165(Bp-14, + €pA, 1B, ).



Hence
|B;_1A:) - A;—lB;—2| =B, 1A, + €A, 18,2 (18)
as B, 1A, > A, 1B,_5. Hence (16) and (18) give the first result of criterion 1) above. Next,
B;fl(B; — B;d) = sp_1B,-1(5,8, — sp—2B,_2)
= Bp—l(thp - tp—pr—2)
= B, 1(~t,16,B, —t,- 1B, 2)
= —tp-16,B,-1(B, + €,B,2).

Hence
|B:;—1(B; - B;—2)| = B, 1(B, + €¢,B,-2) (19)

and (17) and (19) give the second result of criterion 1) above. O

Remark 7. John Robertson in an email to the author, dated November 26, 2007, noted
the following errors in Williams [9, pp. 12-13]:

(i) Criterion 3), Theorem 6, page 12, should be
’A;-—ly = A;)B; - A;)—lB;—lv
|B7,r—1| = 322 - B,i—l'
(ii) Criterion 6), Theorem 7, page 13, should be
|A;r—1| = 2A;—1B,§—1 + A;)—2B,/)—2 - |A;—1B;—2 + B;)—lA;)—le
|B;r71‘ = 23/?:71 + B/iﬁ - 2|B;f2B;;71|‘

4 Midpoint criteria in terms of unisequences

The RCF of v/D, with period-length p, has the form

[ lao,a1,...,ap—1,an-1...,a1,2a if p=2h—1;
\/5_ { [a())ala"'aa’h—laa'haah—la"'7a172a0] 1fp:2h’ (20)

We have Euler’s midpoint formulae for solving Pell’s equation 22 — Dy? = £1 using the
regular continued fraction (see Dickson [3, p. 358)):

Qh—l - Qh7
Aop—o = Ap_1Bp—1 + Ap_2Bj_»,
B2 = Bj_1 + Bj _,,

if p=2h—1;

Py, = Py,
Agp—1 = ApBp_1 + Ap_1Bh_a,
Bop—1 = Bp_1(By, + Bp—2),



if p = 2h. We also need the following symmetry properties from Perron [7, p. 81]:

ag=ay,, t=1,2,...,p—1, (21)
PtJrl:Pp,t, t:(),l,...,p—l, (22)
Qi =Qp—, t=0,1,...,p. (23)

Theorem 8. Using the notation of (20), in relation to Theorem 6, we have
(1) Ifp=2h—1,h>1 and a,_1 > 1, or p =1, we get criterion 3).
(2) If p=2h,h >1 and ap,_1 > 1,a, > 1, or p=2 and a; > 1, we get criterion 1).

(3) Suppose p = 2h and ap—y = 1,a, > 1, so that ay, is enclosed by two M -unisequences.
Then

(a) if M > 2 is even, we get criterion 2).
(b) if M is odd, we get criterion 1).

(4) Suppose the centre of a period contains an M -unisequence, M > 1.

(a) If M is odd, then p = 2h and we get criterion 1) if M = 4t + 3, criterion 3) if

M =4t +1.
(b) If M is even, then p = 2h — 1 and we get criterion 4) if M = 4¢, criterion 5) if
M =4t + 2.

Before we can prove Theorem 8, we need some results on the RCF to NICF-P conversion.

5 The RCF to NICF-P conversion and its properties
Lemma 9. Let & = %ﬁ have NICF-P and RCF expansions:

€ 1
50:a6+4+...:a0+_|+...7
|a) lay

with complete quotients &), &, respectively. Define f(m) recursively for m >0 by f(0) =0
and

fom+ 1) = {f e 21
fm)+2, ifen =—1.
Then for m > 0,
i1 = {1’ g o1 > (25)
—1, zfaf(m)+1 = 1,
€= {gﬂm)’ s (26)
" ff(m)+17 if €n = —1,



af(m), ifen=1and €11 =1;
a, = apmy + 1, if €nempr = —1; (27)
agm) +2, if € =—1 and €41 = —1.

Proof. See Theorem 2, Matthews and Robertson [5]. O

Remark 10. By virtue of (24) and (26), we say that the £/ are obtained from the &, in
jumps of 1 or 2.

Lemma 11. Let & = (ao,as,...) be an RCF expansion. Then if [z] denotes the nearest
integer to x, we have

[gn] =

(U, if a1 > 1;
a, +1, ifa, ;1 =1

Proof. It [§,] = a, + 1, then &, > a, + 5 and hence a,1 = 1, whereas if [§,] = a,, then
& < ap + % and hence a1 > 1. O

Lemma 12. Let & = %ﬁ have NICF-P expansion

€1|
foza’+__|_...
° 0 a

Then

A/ — Af(m) Zf 6m+1 = ]'7‘ (28)
" Af(m)+1 if €mi1 = —1,

where f(m) is defined by (24). Equivalently, in the notation of Bosma [2, p. 372], if
n(k) = f(k+1)—1 for k> —1, then

. n(k — 1) + 1, ’Lf €p+1 = 1,’
= {n(k —1)+2, if e =—1 (29)

and (28) has the simpler form

Az = An(k) for k 2 0. (30)
Remark 13.  From (25) and (29), we see that €,,41 = —1 implies @,y = 1.
Proof. (by induction). We first prove (30) for £ = 0. We use Lemma 11.

=1 = a1 >1 = [&)]:CLO

61:—1:>a1:1:>[{0]:a0+1:a0a1+1

10



We next prove (30) for k = 1. We have to prove

A, . Af(l) if €y = 1;
1= .
Af(1)+1 if e = —1,

where

£1) = {1 if e, = 1.

2 ifeg =-1.
ie.,
Ay ife=1,6=1;
All = AQ if €1€9 = —1,
Ag if €1 — —1,62 = —1.

Now A} = aja) + €;. We have

, Qg ife; =1;
ag + 1 if €1 = -1

and
ag(n) if 67 =1 = e€g;
ay = Qapy+ 1 if eeo = —1;
ary +2 ife =-1=¢e.
Hence

aq if e =1=¢9;
a1+1 ife=1,6=—-1;
as+1 ifeg=—1,60=1;
as+2 ife; =—1,65=—1.

Case 1. ¢ =1 =¢ey. Then A} = apa; + 1 = A;.
Case 2. ¢ =1, = —1. Then ay, = 1 and

Al =ag(ag + 1) + 1,

Ag = (a0a1 + 1)(12 + ag = agay + 1+ apg = A/1

Case 3. ¢ = —1,eo = 1. Then a; = 1 and
All = (CLO —|— 1)(&2 —|— 1) — 1

= apQa + ap + ao,
Ay = (apay + 1)ag + ag
= ((10 + 1)&2 + ag = All

Case 4. ¢, = —1 =¢y. Thena; =1 =a3 and
All = ((lo-'- 1)(0/2 +2) — 1
= apas + as + 2(1,0 + 1.

11



Also

As = a3As + Aq
= Ay + Ay
= ((apay + 1)as + ag) + (apa; + 1)
= ((a0 + L)az + ag) + (ao + 1) = Aj.

Finally, let £ > 0 and assume (30) holds for k& and k + 1 and use the equation
Alio = QoA + En2 Al

Then from (27), with j = n(k + 1) + 1, we have

a; iferio=16e43=1;
aﬁﬁz = (Ij + 1 if €g12€k+3 = —1; (31)
a; = 2 if €k+2 = —1= €k+3-

Case 1. Suppose €x190 =1 =¢€,.3 = 1. Then

nk+1)=nk)+1=75-1, nk+2)=nk+1)+1=

and
A;H-? = ajAj_l + Aj_g == Aj == An(k+2)-
Case 2. Suppose €x12 = 1,653 = —1. Then
nk+1)=nk)+1=7—-1, nk+2)=nk+1)+2=45+1
and
Ao = (a5 + 1) A1+ Ajo.
Now €13 = —1 implies 1 = apk42) = aj11, 50 Ajp1 = Aj + A;_;. Hence
Alia = Aji1 = Angri2)-
Case 3. Suppose €19 = —1, €113 = 1. Then
nk+1)=nk)+2=5—-1, nlk+2)=nk+1)+1=7
and
Ay = (a; +1)Aj1 — Ajs.
Now €42 = —1 implies 1 = apt1) = aj-1, 50 Aj_1 = Aj_o + A;_3. Hence
Apro = ajAj1 + Aja = Aj = Apsa).
Case 4. Suppose €x19 = —1 = €x3. Then

nk+1)=nk)+2=75-1, nk+2)=nk+1)+2=5+1

12



and
Apo = (a; +2)A4j1 — Ajs.

Now €3 = =1 = 1 = ay442) = aj41 and €x0 = —1 = 1 = ap41) = aj_1, SO
A=A +A;and A1 =A; o+ Aj_s.
Hence
Ao = (a;+2)A;1 — (4j-1 — Ajo)
=A;+ A0 = Aj = A
[

Lemma 14. Fach a, > 1, n > 1 will be visited by the algorithm of Lemma 9, i.e., there
exists an m such that n = f(m).

Proof. Let a, > 1 and f(m) <n < f(m+1). If f(m) <n, then f(m+1) = f(m)+ 2 and
€m+1 = —1; also n = f(m) + 1. Then from (25), a,, = aym)+1 = 1. O

Note that in the RCF to NICF-P transformation, we have f(k) = p, where k is the
NICF-P period-length.

Lemma 15. Suppose that RCF partial quotients a, and as satisfy a, > 1,as > 1,7 < s.
Then the number J of jumps in the RCF to NICF-P transformation when starting from a,
and finishing at as is J = (s —r+ E)/2, where E is the number of even unisequences in the
interval |a,,as]. Here we include zero unisequences [a;, a;11], where a; > 1 and a; 41 > 1.

Proof. Suppose the unisequences in [a,, as| have lengths my, ..., my and let j; be the number
of jumps occurring in a unisequence of length m;. Then

Jji = ————, where e; = . _
2 if m; is even.
Then
N N
m; +1+e;
D= T

O

Corollary 16. The number of jumps in the interval [ag,a,|, a, > 1, equals the number in
the interval [a,_,, ap,], where p is the period-length and r < p/2.

Proof. This follows from Lemma 15 and the symmetry of an RCF period. n

13



6 Proof of Theorem 8

We use the notation of Lemmas 9 and 12.
Case (1)(i). Assume p = 2h —1,h > 1 and there is an even length unisequence, or no
unisequence, on each side of ay_1 > 1,a, > 1, e.g., V73 = [8,1,1,5 5,1,1,16] or v/89 =

[9,2,3,3,2, 18]. Let f(m) = h — 1, where m is the number of jumps in [ag, ap—1]. Then
f(m+1) =h and

§;n =&h-1, €m =1,
5;n+1 =&h, €mr1 = L.
By Corollary 16, m is also the number of jumps in [as,ap]. There is also one jump in

lan—1,as]. Hence k =2m + 1. As Qn—1 = Qp, we have Q) = @', ., which is criterion 3) of
Theorem 6. Also

em=1= f(m)=f(m—-1)+1, A, = Aspm_1),
emp1 =1 = flm+1)=f(m)+1, A, = Asm)

Hence A;n—l = Ah—27 A

m

= Ah—l) B;n_l = Bh—27 B,

m — Bh—l and
Ap 1 =Ap1Bp + Ap_2By
=A B, +A, B,
= A;nB;n + €m+1A;nle;nfl
Also

By = By 1+ B,
= B? +B”? _,
= B/ —|— €m+1B
If p=1, v'D = [a,2a] and the NICF and RCF expansions are identical. Also Q) = Q} =
1,63 = 1 and we have criterion 3).

Case (1)(ii). Assume p = 2h — 1, with an odd length unisequence on each side of ap—1 >
NN N N
Lyap > 1,e.g., V113 = [10,1,1,1,2 2,1,1,1,20} Let f(m) =h—1. Then f(m+1) = h and

6;71 = gh—l + 17 €Em = _17
£;n+1 - §h7 Em+1 = 17

and as in Case (1)(i), k =2m + 1. As Qp—1 = Qp, we have @), = @), which is criterion
3). Also

em=—1 = f(m ) flm=1)+2, ALy = Asgn-1)+1,
emir =1 = f(m+1) = f(m) +1, A, = Agon).

14



Hence A/ | = Ao, A

o =Ap1and B!, | = By_2, B, = B,_1. Then as in Case (1)(i),
we get

A B+ €mi1 Ay, By, = Ap-1 and B, +em B, = By
Case (2) Assume p =2h,h > 1,a,_1 > 1,a;, > 1, e.g., V92 = [9T1T2T4T2T1ﬁ8].
Let f(m) =h. Then f(m+1)=h+1 and
51,% - €h7 €m = 17
€7In+1 = £h+17 Em+1 = 17

Also by Corollary 16, m is the number of jumps in [ay, a,]. Hence k = 2m. Then P, = Py
gives P}, = P/ ., and we have criterion 1) of Theorem 6. Also

em =1 = f(m ) fm=1)+1, A,y = Asem-),
emi1 =1 = f(m+1)=f(m)+1, A, = Apem)

Hence A}, _, = Ap_1, A

m

= Ah and B;n—l = Bhfl, B’

m

= Bj,. Then

Ap1 = ApBp1 + A1 By
=A B .+ A, Bno. (32)

But B, = B, —ayBn-1 = B, — a,,B,,—1 = Bl,_,. Hence (32) gives

Ap1=ALB,_ + A, 1B,

= A B +enAn, 1By

Also

By-1 = By_1(By + Bu—2)
= B;n—l(B;n + B;n—Q)'
Case (3)(/)\ Assume p = 2h, with an even length unisequence each side of a;, > 1, e.g.,
V21 = [4,1,1,2,1,1,8] Let f( ) = h. Then f(m +1) = h+2. As in Case(2), k = 2m.
Also

gf:n = gha €m = 1a
bt = Enpz + 1, €mpr = —1.

Then

m=1= flm)=flm=1)+1 A, = Asm-),
emi1=—1 = f(m+1)=f(m)+2, A, = Asumn

Hence Al | = Ap_1, A, = Apyr and B, | = By_1, B)

m m

We prove criterion 2) of Theorem 6, P, ., = P/, + Q... i.e., Phyo + Qni2 = Py + Q.

= Bh+1-
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We note from Theorem 10.19, Rosen [8], that ap, 1 = 1 implies Pyio + Py = Qpyq. Also

P13+2 =D - Qh+1Qh+2>
Pi$+1 =D — QnQny1-

Hence

P13+2 - PI$+1 = Qh+1(Qh - Qh+2)
= (Pry2 + Pui1)(Qn — Qny2).

Hence

Prio— Py = Qn — Qnyo,
Prio+ Qnia = Pry1 + Qp

= P+ Qn (33)

We next prove
Ap—l - B;n—l(A;n - Almfl) + Almle;nf27 (34)
By1=B,,_(B,, — Bj,_1 + B, ). (35)

First note that by equations (27), €,, = 1 and €,,11 = 1 imply
a,, = agmy +1=a,+ 1.
Also ap41 = 1 implies By41 = B, + By_1, i.e., B, = B, + B/, _,. Hence

Bj,_9 = By — apBp—1
= (B1ln - B;n—l) - (a;n - 1)B;n—l
=B —a B =08

/
m~m—1 — m—2-*

Then
Ap1 = ApBp1 + Ap_1 By
= (A;n - Alm—l)B;n—l + A;n—lB;n—Q?
proving (34). Also
By—1 = By_1(By + B—2)
= B;nfl(B;n - BTInA + B1/n72>>
proving (35).

If p=2 and/ql\> 1, then D = a? +b,1 < b < 2a,b dividing 2a (Rosen [8, p. 389]). Then
VD = [a@/b, 2a] and the NICF and RCF expansions are identical. Then ] = %5, & =

a++vVD,P, = P} =a,e; = 1 and we have criterion 1).

16



Case (3)(/13_)\/A§8ume p = 2h, with an odd length unisequence each side of a;, > 1, e.g.,
V14 =[3,1,2,1,6]. Let f(m)=h. Then f(m+1) =h+2 and k = 2m. Then
En=E&+1, en=—1,

b1 = Enyz + 1, €mpr = —1.

Then
em=—1 = f(m)=f(m—1)+2, A, 1= Apm-1)+1,
Emy1 = —1 = f( + ): ( )+2 A _Afm+1
We have A/, | = A1, A, = Api1, Bl,,_, = Bn_1, Bl, = Bp+1. Then using (33), we get
P =Pio+Qui2o=P,+Qn=P"P,

which is criterion 1) of Theorem 6.
As €, = —1, it remains to prove

Ap1 =B, A, — AL 1B,

By = B;nfl(B:n - Bqlnf2)-
First, a1 = 1 implies Ap1 = Ap + Ap_q, le, A, = Ap + Apq. Also €, = —1 = €511

implies a;, = afm) + 2 = a; + 2. Hence

m—2

_ pt /
B _amBm 1

= (Bn + Bp—1) — (an +2)Bpy
= By — Bp-1 —apByy

= By — Bj_1.
Hence
= Bp_1Ap + Ap_1Bj_s
= A,
Finally,
B,, (B, — By,_3) = Byu_1((Br + By—1) + (By—2 — Bu—1))

= Bp_1(Bp + Bp_2)

p—1-

Case (4)(a). Assume p = 2h with an M-unisequence, M odd, at the centre of a period.

There are two cases:

17



—~ 7 NN

M =4t+3, eg., /88 =19,2,1,1,1,2,18]. Let f(m) =h. Then f(m + 1) = h+ 2 and

5;,12&1—{—1, €m = —1;
b1 = Enpz + 1, €mp1 = —1.
and as with case (3)(b), we have criterion 1) of Theorem 6. Now m is the number of jumps
in [ag, ap). Then we have a central unisequence [a,,a,—,] of length 4¢ 4+ 3. There are ¢ + 1

jumps of 2 in [a,,a], so r + 2t + 2 = h. Let J be the number of jumps in [ag, a,]. Hence
m = J+ (t+1). There are t 4+ 1 jumps of 2 in [ap, a,—,] and J jumps in [a,_,,a,|. Hence

k=J+t+1)+t+1)+J=2(J+t+1)=2m.

M=4t+1,eg, Vol =[9,1,1,5 1,5 1,1,18]. Let f(m)=h— 1. Then f(m +1) = h+ 1
and
é.:n—i-l = §h+1 + 17 €m+1 = —1.

Also &, = &1 or -1 + 1. We have a central unisequence [a,, a,_,] of length 4¢ 4 1. There
are ¢t jumps of 2 in [a,, a,_1], so 7+ 2t = h — 1. Let J be the number of jumps in [ag, a,].
Hence m, being the number of jumps in [ag, a,_1] satisfies m = J +¢. There is also one jump
in [ap—1, apy1], t jumps of 2 in [ap41, ap—,] and J jumps in [a,—,, a,]. Hence

k=(J+t)+1+t+J=2(J+t)+1=2m+ 1.

Then @, = Qnrt1 and @), = Qp—1, 50 Qp—1 = Qp41 implies @7, = @, and we have
criterion 3) of Theorem 6. We have A], = Asiny41 = Ap. Also, regardless of the sign of €,,,
we have A | = A,_». We now prove

A=A B —A B (36)

m—1»
By =B? —B? .. (37)
Noting that a, = 1 gives Ay, = A1 + An_2 and B, = By_1 + Bj_2, we have
= Ap(Bp—1+ Bp—2) — (Ap — Ap—1) B2
= ApBy_1 + A1 By
- Apfl.

Also

B, — B _ =B} -Bi,
= (B, — By—2)(Bn + Br—2)
= Bj,_1(By + Bpr—2)

= p—l'

Case (4)(b) Assume p = 2h — 1 with an M-unisequence, M even, at the centre of a period.
There are two cases:

18



M =4t eg., V13 = [3,/?171,\1?6]. Let f(m)=h—1. Then f(m+1) =h+ 1 and

Ep =En1+ 1, € =—1,
Ensr = Eha1 + 1, €mpr = —1.

We have a central unisequence [a,,a,_,| of length 4t with r + 2t = h — 1. Let J be the
number of jumps in [ag, a,|. There are ¢ jumps of 2 in [a,, ap_1]. Hence m, being the number
of jumps in [ag, an—1] satisfies m = J + ¢t. There are also ¢ jumps of 2 in [ap_1,a,—r—1], One
jump in [ap—,—1, ap—,] and J jumps in [a,_,, a,]. Hence

k=(J+t)+t+1+J=2(J+t)+1=2m+1.
Then
en=—1 = f(m)=f(m—-1)+2, A4, 1:Afm 141,
emi1 =—1 = fm+1)=f(m)+2, A, = Apm)
We have A/ | = Ap_o, Al = Ap. We now verify criterion 4) of Theorem 6.

Pl =Q +3Q, (38)
We note that a; = 1 implies P,1 = @, — P,. Then

P = Phi1+ Qi
= Qn — P + Qnt1-
Also
Qu + 3Q1 = Qnoa + 1Qny1-
Hence (38) holds if and only if

Qn — Pr+ Qny1 = Qno1 + 1Qnq1,
e, Qn-1— Py + Qnry1 = Qn-1 + 1Qnt1,
i.e., Ph = %Q}H—l'

However

P} =D — Qp-1Qn,
P2y =D — QnQns,
Pf? - Pf?—i—l - Qh(Qh+1 — Qn- 1);
Py — Py = Qnyr — Qu,
Py — (Qn — Pr) = Quy1 — Qn,
2P, = Quqa.

Next we prove

A, =A B, +2A B, _,—(A,B.,_,+ B, A, ), (39)

m* - m—1

B,.1 = B +2B”? | — ZB’ B! (40)

m~—m—1"
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Let

mAm—1
Then
T = ApBy +2A5 9B o — (ApBh—o + BrAn—2)
= An(Bn — Bh—2) + An—2(Br—2 — By) + An—2Bh_2
= ApBp_1 — Ap_oBp_1 + Ap_2Bp_»
= ApBp_1 + An_2(Bp—2 — By_1)
= (Ap—1 + An_2)Bp-1+ Ap—2(Br—2 — Bu_1)
= Ap1Bp1 + Ap2Bp
=A, .
Also
B? +2B” | —2B! B! |, =B}+2B} ,—2B,By_,

= By(By, — 2By, _») +2B; _,

= (Bh—1 + By—2)(Bh—1 — By_2) +2B;_,
=B, — Bi_, +2B;_,

= Bl%rl + BI?L72

= pfl'

M =4t+2, e.g., V29 = [5/:2,/?1?2/,70}. Let f(m) =h. Thene¢,, = —1land £, = &,+1. Also

fim)=f(m—=1)+2,s0 Al _| = Aptm-1)+1 = An—1. Then we have a central unisequence
la,, a,_,] of length 4t + 2. There are t + 1 jumps in [a,, ap], so 7+ 2t +2 = h. Let J be
the number of jumps in [ag,a,|. Hence m, being the number of jumps in [ag, ay] satisfies
m = J +t+ 1. There are also ¢ jumps of 2 in [ap, a,_,_1], one jump in [ay_,_1,a,—,] and J
jumps in [a,_,,a,]. Hence

k= +t+1)+t+1+J=2(J+t+1)=2m.
We now verify Case 5) of the midpoint criteria:
P, =@, + 3@ 1 (41)
Then, as &, | = &p—2 or {2 + 1, we have @), _; = Qp_o and
PL=0Q,+1Q,_, < P,+Qn=0Qn+1Qn2
e Ph = %Qh_g.
But a,_1 = 1 implies P, = Q_1 — P,_1. Hence
Pi?fl - Pi? = (D - Qh72Qh71> - (D - thQh);
(Ph—1 — Pr)Qnr—1 = Qn-1(Qn — Qn—2),
Pyo1— P =Qn— Qu_s,
Qn-1— 2P, = Qn_1 — Qn-2,
2P, = Qn—2.
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Next we prove
Ap—l = QA;m—lBrln—l + A;n—ZB;n—2 - (A;n—lB:n—Q + B;n—lA;n—Q)v (42)
Bp—l = 23,3;1—1 + B/iq—2 - 2B:n—1Bq,n—2' (43)

Note that regardless of the sign of €,,_1, we have A/ , = Aj,_3.
To prove (42), let

T =24, B, 1+ A, 3By, 5 — (A, 1B+ B 1AL, ).
Then

T = 2A,1By1+ Ap—3By_3 — (Ap_1Bp_3 + By_1An—3)
= 2A,1Bp—1+ (Ap—1 — Ap_2)(Bp—1 — Bp—2)
— Ap-1(Bh—1 — Bp—2) — Bp_1(An—1 — Ap—2)
= Ap1Bp1 + Ap—2Bhs
— A

Finally, we prove (43).

9B? |+ B? ,—2B B _, = 2B’  + B’ ,—2B, 1By
= 2B;_ |+ (Bj—1 — Bp2)?
— 2By_1(Bp—1 — Bu—2)
= Blzlfl + BiZHZ
= B

p—1-

This completes the proof of Theorem 8.

7 RCF periods with only odd length unisequences

Lemma 17. Suppose there are no even length (> 2) unisequences in an RCF period of length
p for /D. If k is the NICF period-length and 0 < t < k/2, then

flk=1)=p—f(1), (44)

Proof. Let f(t) = r. Then we have ¢ jumps on [ag,a,]. Because of the symmetry of the
partial quotients and the absence of even length unisequences, we get the same ¢ jumps
but in reverse order on [a,_,,a,]. There are k jumps on [ag, a,] and hence k — ¢ jumps on

lag, a,—,]. Hence f(k—1t)=p—r=p— f(1). O

Theorem 18. Suppose there are no even length (> 2) unisequences in a RCF period of
length p for /D. Then if k is the NICF period-length, for 1 <t < k/2, we have

(1) € = €xr1-t;
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(”) Ptl - PIéJrlft;
(i) Q) = Qj_y;

(w) a; = agc—t:

where & = Pt’g@ is the t-th complete quotient of the NICF-P expansion of v/D.
t

Remark 19.  In particular, if & = 2h, then (ii) implies P} = Py, and we have criterion
1) of Theorem 6; while if £ = 2h + 1, then (iii) implies @), = @}, and we have criterion 3)
of Theorem 6.

Proof. (i) We use (24) and Lemma 17

=1« ft)=ft—-1)+1
= p—flk—t)=p—flk—t+1)+1
— flk—t+1)=f(k—t)+1
< €p—t+1 = 1.

.. o+vD
(ii) (a) Assume ¢, = 1. Then €,y = 1 and f(t) = f(t — 1) + 1. Hence & = &) = %

and

Eriot = Srerit) = Sppt-1) = Epr1—fo)
B+ VD

Qp+1-£)
B Py + VD
Qrey-1
Hence P/ = Py = Piyq_y
(b) Assume ¢, = —1. Then €11y = —1 and f(t) = f(t — 1) + 2.

_ _ P +Qry+vD
Hence & =&y +1 = W and

Eortos =Estrr—n + 1 =& ey + 1
_Brren+ VD 1= Prenint Qrap + VD
Qp—f(t—l) Qf(t—l)

Hence

P/ = Psy + Q)
Pl;Jrlft = Pf(t—1)+1 + Qf(t—l)
= Pry—1 + Q-2
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For brevity, write r = f(t) — 1. We have to prove P/ = P/ ,_,, i.e.,
Pr + Qr—l - Pr+1 + Q'r—l—l- (45)

We have

Pr2+1 - Pr2 = (D - QrQrJrl) - (D - Qrler)
= Qr(Qr1 — Qrya). (46)
Now ¢ = —1 implies af4—1)41 = 1 = ay4)—1 = a, and hence Py + P, = a,Q, = @,. Then
(46) gives
Py — P =Qr 1 —Qrpa
and hence (45).
(iii) To prove Q) = Q}._,, we observe that

& =&y or Epy 1
it = Ep(h—t) OF Ep(er) + 1.

Qs = Qrie—ty = Qpy) = Qrry = Q-

(ap if (e, €001) = (1,1);
ay = § apey + 1if (e, €41) = (1,—-1) or (=1,1);
asto + 2 i (e er11) = (—1,—1).

(be(k 0 if (€p—t, €k—t41) = (1,1
Wy = Aty + 1 if (€p—y, €p—y1) =
L Qpe—t) + 2 3f (€p—t, €kt11) =

I

);
(1, =1) or (=1, 1);
(=1, -1).

Then as (€, €141) = (€kt1—ts €h—t) and app—t) = Ap_f) = agq), it follows that a; = aj,_,. O

We give examples of even and odd NICF period-length in which only odd length unisequences
occur.

(a) V1532 =[30,71 Y0 1,51,181,51,11,9.7.7 78]

oo g a

Here p =16,k = 10, P = P,

O T W W o R

V21T = | 16,1,1,1,4 [[10,1,7,2,9.3,3,2,2,7.1,10, 4,1,1,1,32

e T

Here p = 21,k = 15, Q% = Q.
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