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The Fibonacci sequence, which is is sequence A000045 in Sloane’s Encylopedia, [11] is defined
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Abstract

Carlitz and Riordan began a study on closed form of generating functions for powers
of second-order recurrence sequences. This investigation was completed by Stanica. In
this paper we consider exponential and other types of generating functions for such
sequences. Moreover, an extensive table of generating functions is provided.

Introduction

recursively as follows:

Fn:Fn—1+Fn—2 (nZZ),

with initial conditions

The Lucas numbers L,,, which comprise Sloane’s sequence A000032, are defined by the same

=0, F=1.

manner but with initial conditions

In 1962, Riordan [9] determined the generating functions for powers of Fibonacci numbers:

folz) =D Fra™
n=0
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This question had been suggested by Golomb [4] in 1957. Riordan found the recursive
solution

[k/2]
(1= Lyz + (=1)*2?) fr(z) = 1 + 2 Z(_l)jAkjfkfm‘(x(_l)j% (1)
=1
with initial functions
1 1
fole) == and A@ =175

We mention that in his paper Riordan used the Fy = F; = 1 condition. In the result above,
the coefficients Ay, have a complicated definition and cannot be handled easily.
In the same journal and volume, Carlitz [3] made the following generalization. Let

Up = PlUp—1 — QUp—2 (N > 2),

with initial conditions
up =1, wu; =p.
k

He computed the generating functions for the sequences w;. They have the same form as

Eq. (1).

In his recent paper [12], Stanica gave the most general and simple answer for the questions
above (see Theorem 1) with an easy proof. Namely, let the so-called second-order recurrence
sequence be given by

Uy = PUp_1 + QUp—o (0 >2), (2)

where p,q,uo and w; are arbitrary numbers such that we eliminate the degenerate case
p? +4q = 0. Then let

a:%@"’ VP?+4q), Bz%(p—vp2+49)v (3)

(4)
It is known that u,, can be written in the form
u, = Aa™ — BF" (Binet formula).

Many famous sequences have this shape. A comprehensive table can be found at the end
of the paper.
To present Stanica’s result, we need to introduce the sequence V,, given by its Binet

formula:
Vn :an+ﬁn, % :271/1 =D.

Theorem 1 (Stanica). The generating function for the rth power of the sequence u, is

oo

ron __
E u, " =
n=0

2



=N Ar—2k _ gr-2k o (_p\k(Br—2k,r—2k _ gr—2k gr—2k
Z(_l)kAkBk r + (=0)"( « s )33’
k 1 — (=b)*V,_op — 22

o
o

if v is odd, and

oo

ron o __
E u, " =
n=0

r Br—2k + Ar—2k o (_b)k(Br—2kar—2k + AT—QkBT—Qk)x
k 1— (—b)FV,_opz + a2

—_

r
2

Z(_l)kAkBk

k=0

if v 1s even.

In the spirit of this result we present the same formulas for even and odd indices, expo-
nential generating functions for powers, product of such sequences and so on.

2 Non-exponential generating functions

The result in this and the following sections yield rich and varied examples which are collected
in separate tables at the end of the paper.
First, the generating function for w,, is given:

Proposition 2. We have

io: n Uo+ (ur — pug)z
UpT" = .
— 1 — px — qa?

For the sake of a more readable presentation, the proof of this statement and all of the
others will be collected in a separate section. We remark that Proposition 2 is not new but

the proof is easy and typical.
Sequences with even and odd indices appear so often that it is worth to construct the

general generating function of this type.

Theorem 3. The generating function for the sequence usy, 1S

i“ o ot (us — up(p® + 2q))x
prt o 1 — (p? 4 2¢)z + ¢*a?

while

i“ ot (uopg — wg)
2 B T T 2w + gRa



Example 4. As a consequence, we can state the following identity which we use later.

See the paper of Johnson [6], for example.

Generating functions for powers of even and odd indices are interesting. The following
theorem contains these results.

Theorem 5. Let u, = pu,,_1 + qu,_s be a sequence with initial values ug and uy. Then

o)
§ : ro.on __

U, T =
n=0

r—1

i:(_l)kEka r Er—2k _ FT—2k + qQk(FT—2kpr—2k _ Er—Qkar—2k)x
k L —¢* Vg, — 22 7

k=0
if v is odd, and

oo
§ : ro.on __

Uy, T =
n=0

r Fr—?k + Er—?k _ q2k(Fr—2kp’r—2k‘ + Er—ZkO.r—Qk>x
k 1— q2k‘/¢,2k$ + 2

(7‘) E3(—F)2
i B P T
5 1-— (—1)21‘
if  is even. For odd indices we have to make the substitution E ~ G and F ~ H. Here
1
pP=3 <p2+2q+p\/p2 +4q> ,
1
o= = (p2+2q—p\/p2+4q) ,

1

> (—1)FEFF

k=0

2
E — UQ—’LL()O" F:UQ—'LLOp7
p— 0 p—0
G — U3—U10', H:U3—U1p’
p—0 p—0

Vi, = pt+o" Vo=2, Vi=p"+2.

Remark 6. These constants are calculated for the named sequences:



Sequence p o E | F G H
/5 —8 | VB | VB /5 =
L, 3+2\/5 3—2\/5 1 | —1 ‘1/—05(5 +/5) \1/—05(5 —V/5)
P, 342v2 | 3-2v2 [ 2| 21 V21 4 2) | ¥2(1 - /2)
Qn 342V2(3-2v2 | 1 | 1| L2@2+V2) | L2-V2)
1 1 2 —1
In 4 1 5 | 3 3 3
i 4 1 1| -1 2 1

The product of the sequences u,, and v,, has a simple generating function as given in the
following proposition.

Proposition 7. Let u,, and v, be two second-order recurrence sequences given by their Binet

formulae:
u, = Aa" — Bg", v, =C~" — D§",

where A, B,C, D, «, 3,7,9 are defined as in Eqs. (3) and (4). Then the generating function
for u,v, s

iumn_ AC___AD  BC  BD
T oy 1l—adx  1—=Byx 1 — Bz’

n=0
We mention that a similar statement can be obtained for the products u,vs,, U2,V9,,
U2p4+1V2n, U2n+1V2n+1, €HC.
Remark 8. As a special case, let u, = F), and v,, = L,,. Then it is well known (from Binet
formula, for example) that

PO S £ BPIS E1.)
5 2 2
L+vE o 15

2 2
The quantity %5 is called the golden ratio (or golden mean, or golden section). For further

use we apply the standard notation ¢ for this, and ¢ for %5 We remark that ¢¢ = —1
and ¢ — 6= ¢* = ¢ = V5.

Therefore

CcC=1, D=-1, ~=

> 1 1 1 1 1
> FLa"=— — + - -—
> 5\1l—9¢%z 142 14z 1—dx

N ot s

VB(1—¢2)(1—¢'a) @3+l
Comparing the result obtained in Example 4, this yields the known identity

Fy, = F, L,.

See Mordell’s book [8, pp. 60-61].



Remark 9. The variation u, = F,, and v,, = P, (where P, are the Pell numbers A000129)
also have combinatorial sense. See the paper of Sellers [10]. The generating function for
F, P, is known A001582, but it can be deduced using the proposition above:

s 3

r—x
F,Px" = .
Z R Sy S e R Y |

Using Theorem 15, the exponential generating function for F), P, is derived:

n=0 .

Remark 10. As the author realized, the sequence (J,j,) appears in the on-line encyclo-
pedia [11] but not under this identification (/,, and j, are called Jacobsthal A001045 and
Jacobsthal-Lucas A014551 numbers). The sequence A002450 has the generating function as
(Jnjn)- Thus, the definition of A002450 gives the (otherwise elementary but not depicted)
observation
4 —1

5

Let us turn the discussion’s direction to the determination of generating functions with
coefficients “2. (We do not restrict ourselves to the case of positive ¢.) To do this, we present
the notion of polylogarithms which are themselves generating functions, having coefficients
%. Concretely,

x _.n
_ x
Liy(x) = —
n=1
Because of the coefficients L, it is extremely difficult to find closed forms of these sums but

the situation changes When we take negative powers:

q—1

3 =5 = g L ()

=0

where the symbol <Z> denotes the Eulerian numbers; that is, <Z> is the number of permuta-
tions on the set 1,...,a in which exactly b elements are greater than the previous element

[5]-

After these introductory steps, we state the following.

Proposition 11. For any u, second-order recurrence sequence and for any q € 7,

Z %m” ALi,(ax) — B Li,(fz).
n=1
In particular, if g =1 then
Z% "=—Aln(l — ax) + Bln(1 — px), (5)
n

n=1
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while for ¢ = —1
x x
= - B———.
Znunw 1 (1—az)? (1 — Bz)?

Applications can be found at the end of the paper. We mention that the special case
u, = F, and z = % was investigated by Benjamin et al. [2] from a probabilistic point of
view. Moreover, we can easily formulate the parallel results for even and odd indices:

o0

Usn . .
El n—Qqa: = E Li,(pr) — F Liy(ox),
S :Lq“ 2" = G Lig(pz) — H Liy(ox).

n
n=1

Remark 12. In their paper on transcendence theory, Adhikari et al. [1] noted the beautiful
fact that the sum

e.¢] Fn

— n2n
is transcendental.
Possessing the results above, we are able to take a closer look at this sum. Let u, = F),

and = = 1 in Eq. (5). Then

5D

2

n=1

W 3+ f _ L (35
Vi \3-V5

e
)
So, this value is a transcendental number.
A similar calculation shows that

i%—ﬂn

which is again a transcendental number. In addition, we present an interesting example
for series whose members’ denominators and the sum are the same but the numerators are
different. Namely,

%I

[e.9] o0
L 2
> =22 =) —.
n2m n2n
n=1 n=1
Finding closed form for different arguments of polylogarithms is an intensively investi-
gated and very hard topic. Fortunately, some functional equations gives the chance to find
a closed form for the sum of certain series involving Fibonacci and Lucas numbers. In the

book [7, pp. 6-7, 137-139] of Lewin, these are all the known special values:



Li2(_1) = —%7

Liy (%) = 7{—; — %log2(2),

Liz(§) = ilog’(—¢) — I,

Lis=d) = —log(—d)+ %,

Lig(—¢) = Llog*(¢)— =,

i (E) = e (),

Lis(—1) = —3¢(3),

Liz (3) = I¢B3)— T log(2) + & log’(2),

Lis (f) = 1¢(3) + Zlog (qji) — Llog? (¢L>

Here ((3) = Liz(1) is the Apéry’s constant without known closed form.
With these identities, we deduce the following beautiful sums:

Crh L <log2<¢>> - 3—”2) |

WK

o2 V5 20

S
Il
—

= ()L, r?

; ¢nn2 - 1Og2<¢) - @7

= (-1)"F, 1 [2n2 2 31

> (¢+n3 = <% log(¢) — 3 log®(¢) — 2_OC(3)) ;
= (=)L, 1 o2 2

> % = 55¢(3) = 5 log(9) + 3 1og’(9)

3
Il
—

Using Proposition 11,

© (= nFn = Fn—n . — (L
Z% = > =% :ing(qsgb)——le(cbcb)

n=1 n

since ¢ = _7} Using the table of polylogarithms above, an elementary calculation shows the

result. The same approach can be applied to derive the other sums (with data from the
table with respect to A, B, a, 3).
We can rewrite these sums in a more curious form, because

V5 —1 . T
= 2sin <—> )
2 10




That is,

Whence, for example,
D" Fy o~ (2)MF T
Z n? - Z 2 o <E) :

3 Exponential generating functions

The results in the section above can also have exponential versions, which we give next. Since
such expressions often cannot be simplified and finding the exponential generating function
is only a substitution of constants, we omit the tables.

Theorem 13. The recurrence sequence u, has the exponential generating function

(o] xn
Up— = Ae®® — Beb?,
n!

I
=)

n

while for even and odd indices

o n
x

E U — = Eeft — Fe’®,
n!

n=0

(e.0) mn
X axr
E Un1 7 = Ge” — He",
n!
n=0

where B, F, G, H, p,o are defined in Theorem 5.
We phrase the exponential version of Stanica’s theorem in a wider sense.

Theorem 14. We have

Sul=y ()t my e,

n=0 k=0
= r z" - r k r—k _pFor kg
ZUan:Z i EX(=F)""e ;
n=0 ’ k=0
-~ T " - r k r—k _pFomFz
u2n+1ﬁzz L G (—H) (& .
n=0 ’ k=0

The exponential generating function for product of recurrence sequences is presented in
the following

Theorem 15. Under the hypotheses of Proposition 7, we have
Z unvnx—' = ACe®"™ — ADe®* — BCe®™® + BDe".
n!
n=0

Again, the same statement can be obtained for the products u,va,, UspVop, Uspi1Von, Uspt1V2n11,
etc.



4 Proofs

Proof of Proposition 2. Let the generating function be f(x). Then

f(z) —paf(z) — q?f(x) = up + v — puez + Z(un — PUp_1 — QUp_2)T"

n=2
= Up + U1X — PUox,
by Eq. (2). The result follows. O
Proof of Theorem 3. In order to reach our aim, we need the following identity:

Uy, = (P + 2q)U2n—2 — ¢ Uap—4. (6)

Since
Ugp—1 = PUzn—2 + QUzp—3, and Ug, o = PUzn_3 + qUa,_4,

we get that

1

1
Ugp—3 = 5(“27171 - qun,Q) = 5(U2n72 - qu2n74)-
If we express us,_1 and consider the identity

1
Uop—1 = ]_?(U2TL - qu2n—2>7

we will arrive at Eq. (6).
Let f.(z) be the generating function for us, (“¢” abbreviates the word “even”). Then

¢’ fo(z) — (P° 4+ 2q)z fe(x) + fo(z)
= ¢ Z Ugp—g X" — (p2 + 2¢) Z Ugp—2x"™ + Z UopT"
n=2 n=1 n=0

= (¢Pusn—s — (P + 2q) 202 + uzn)z" — (p* + 2q)uox + ug + Uz
n=2

= up + (ug — uo(p2 + 2q))x.

We get the result.
Let f,(x) be the generating function for the sequence ug, 1.

pfo(l’) + Qfe(x) = Z(pu2n+1 + qu2n)fb’n = Z Ugpr2x"
n=0 n=0

1 — I Ry . 1
_;;UQWT —;<;u2nx —u0> —;(fe(x)—uo).

p) =1 (10 (3-1) ).

10

Thus



If we consider the closed form of f.(x) this formula can be transformed into the wanted
form. O
Proof of Theorem 5. We know (see Eq. (6)), that

Ugy, = (p° + 2q)U2n—2 — ¢ U4

This allows us to construct a second-order recurrence sequence v,, from u,, with the property

Up = U2p,
namely,
U = (p* +2q)Un_1 — Vn_2, Vo = Ug, VI = Us. (7)
Therefore
1 1
P=3 <p2 +2¢+ /(P +29)* + 4(—q2)> =5 (p2 +2q+pyV/p? + 4q) ,
1 1
o=3 <p2 +2¢ = /(p? +29)* + 4(—q2)> =5 <p2 +2q — pV/p? + 4q) ,

E:’Ul—’l)[)O'ZUQ—UQU7 szl—Uop:UQ—’LLop
p—0O p— 0 p—0O p— 0O

with respect to the sequence v,. That is,

v, = Ep" — Fo™

If we apply Stanica’s theorem for v,, = us,, we get the first statement. Secondly, we find the
corresponding identity of Eq. (6).

Ugp—1 = PlUgp—2 + QUap—3, and Ug, = PUa,—1 + qUap—2.

We express us,_» from these:

1 1
U2n—2 = —\U2p—1 — qU2p—3) = —(U2n — PUan—1),
p( ) . )

whence

q
Uy = ];(uZn—l — QUap—3) + PUop_1.

On the other hand,
1
Uop = —(U2n+1 - qU2n—1)'
p

Putting together the last two equalities we get the wanted formula:
Upnt1 = (P + 2q)tsn—1 — ¢ U2n_3. (8)
Again, we are able to construct the sequence w,, for which
Wy = U2p41-

11



We are in the same situation as before. The only thing we should care about is that
Wop = U1, W1 = Usg.

O
Proof of Proposition 7. If u, and v, have the form as in the proposition, then we see that

vy, = AC(ay)" — AD(ad)" — BC(Bv)" + BD(B6)".

Thus
o
g UpUpx"

= AC i (ayx)" — AD Z (adx)" — BC i(ﬁym)” + BD i(ﬂéx)”
n=0 n=0 n=0

The result follows. In addition, we mention that there are too many parameters, so it is not
worth to look for an expression with parameters ug, u1, vo, v1,p, q, 7, s directly. However, the

remains can be completed easily, as the author calculated for the standard sequences. O]
Proof of Proposition 11. It is straightforward from Binet formula and the definition of
polylogarithms. [

Proof of Theorem 13. This proof is again straightforward,

= " o - (am)n - (ﬁx)n o ox Bx
ZU"F_A o —BZ . = Ae™ — BeP”.

n=0 ’ n=0 n=0

Finally, we choose v,, and w,, as in the proof of Theorem 5, and follow the usual argument. [J
Proofs of Theorems 14 and 15. The binomial theorem, the same approach as described
in the proof of Theorem 5 and the Binet formula immediately gives the results:

>

> n
(
0
o T
r
0
0

Aa™ — Bﬁ")’”%
(1) A’“(M)”(—B)r—kwr-sz—?f
_ kz(z) = kz () m
- Z (Z) AF(=B)r ket e,
=

The rest can be proven by the same approach. O

12



5 Tables

Standard parameters for the named sequences

] Name ‘ Notation ‘ Ug ‘ Uy ‘ P ‘ q ‘ First few values
Fibonacci F, Of(1(1/1] 0,1,1,2,3,5,8,13,21
Lucas L, 2 |1 (1]1]21,3,4,7,11,18,29,47
Pell P, O(1(2|1]0,1,2,5,12,29,70,169,408
Pell-Lucas Qn 2 |2 |2|1] 2,2,6,14,34,82,198 478
Jacobsthal I O (1 (1/2]0,1,1,3,5,11,21,43,85
Jacobsthal-Lucas Jn 2 1 |1]2]21,5,717,31,65,127,257

Sequence | A | B Q@ 15}
r 1| 1 1+v5 16
n V5 | V5 2 2
L 1| -1 5 | 155
n 2 2
P, 2 V242142
Qn 1| —=1]14+vV2|1-v2
1 1
In 3| 3 2 -1
Jn 1 | -1 2 -1

Ordinary generating functions

Coefficient of 2"

Generating function

I
1—x—x2
2—x
1—x—x2

—z
1-2z—x2
2—2zx
1—2zx—x2

x
1—x—222
2—x
1—z—2x2

13




Generating functions of even and odd indices

2" | Generating function " Generating function

T 1—x

o 3052 Fonta T80+
2—3x 1+x

Lon 1-3x+x? L2”+1 1-3ax+z2
2x 1—z

Pan 1—6x+22 Pont 1—6z+22
Q 2—6x Q 2+2x

2n 1—6x+x? 2n+1 1—6z+z2
T 1-2x

J2” 1—5z+4x? JQ’H‘I 1—5z+4x?
. 25z . 142z

J2n 1—bz+422 J2n+1 1—50+4z2

Generating functions for products of sequences

Coefficient of 2" | Generating function
x
I L 1-3x+a?
3
T—x
by 1—22—722—2x3+a4
224222 +223
F”Qn 1—22—722—2x3+a4
1—222
I 1—z—Tx?—2z3 4424
- x4z 4223
Fnj" 1—z—Tax?—2z3 4424
z+4x?+a3
LoDy 1—2x—722—2z3+24
4—6z—142% 223
L”Q” 1-2zx—722 223+
z4+2x2 4223
LnJn 1—a—722 2234422
; 4—3z—142% 243
Lnjn 1—z—Tz2—2x3 4424
2z
PnQn 1—6z+a?
z—223
Py 1—2z—13x2—4a3+4x*
; 2+8x24223
Pojin 1—2z—13x2—4a3+4x*
Q J 2z2+22% +423
nemn 1—2z—13x2—4a3+4x*
Qnj 4—6z—265>—4z°
nJn 1—20—132°— 43+ 42"
; x
J”]n 1—b5z+4x?

14




Generating functions for squares

™ | Gen. function | 2" | Gen. function " Gen. function
F2 z—x2 F2 x4z F2 1—4az+a?

n 1—2x—2x2 423 2n 1—8x+8x2—a3 2n+1 1—-8x+8x2—x3
L2 4—Te—z2 L2 4—23x+9z> L2 14-8x+22

n 1-2x—2x2+23 2n 1—-8z+8x2—z3 2n+1 1—-8x+8x2—x3
P2 r—x P2 dx+4x2 P2 1—10z+22

n 1—5x—5x2 43 2n 1-35x+3522 —a3 2n+1 1—35x+35x2 —a3
2 4—16x—4x> Q2 4—1042+3622 Qz 4+56z+4x>

n 1—5x—5x2 43 2n 1-35x+3522 —a3 2n+1 1—35x+35x2 —x3
J2 x—2x2 J2 x+4ax? JZ 1—12z+1622

n 1—3z—62248x3 2n 1—212+84x2 —64a3 2n+1 1—-21x+84x2 —64x3
) 4—11x—222 ) 4—59x4+10022 ) 1428241622
In | T 3z-62482% || J2n | T2lwr84a?—64z® || J2n+1 | T 21c4842°64a3

Generating functions for sequences (n - u(),)
" Gen. function " Gen. function
ac+a:3 z—x3
nFn 1-2z—x2 4223+t nFQ” 1—6x+11z2 —623+24
r4+4z%—z3 3rx—472 4323
nLn 1-2x—z2+42x3 424 nLZ” 1—6x+11z2—623+x4
z+a3 20 —2x3
nby, 1—dz+222+ 423+ 22 nPop 1—12243822— 1223421
2x+4x2—223 6x—4z% 4623
nQn | Tiiaerrieriat || "W | T3 3807 125757
24223 z—A4z3
an 1—2x—3x2+4x3+4z4 nJQ" 1—10z+33z2—40z3 41624
ni x+8x2—223 ni 5c—1622420x>
In | T 20—322 423 14a2 J2n | 110443322 —4023 11622

Generating functions for sequences (n - ug,.1)

Coeflicient of "

Generating function

nlo, 1
N Lop41
NP1
NQan+1
nJ2n+1

N Jon+1

2 —2x% 423
1—6z+1122 —623 424
dg—2x2—23
1—6x+1122—623+24
5x—2x2+a3
1—-122+3822—12z3 424
14z —4x% 223
1-122+3822—12z3 424
3x—8x24823
1—10z+33x2—40x3 41624
Tr—8x2—8x3
1—102+3322—40zx3+ 1624

15
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