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Abstract

In this paper, we establish four sum relations for Lucas sequences. As applications,
we derive some combinatorial identities involving Lucas sequences that extend some
known results.

1 Introduction

Given two integer parameters P and (), the Lucas sequences of the first kind U,, = U, (P, Q)
(n € N) and of the second kind V,, = V,,(P, Q) (n € N) are defined by the recurrence relations

Up=0, Uy=1, and U,=PU, | —QU, 5 (n>2), (1)

‘/0 - 27 Vi= b, and V=PV, — QVn—2 (n > 2) (2)

The characteristic equation 22 — Pz 4+ @Q = 0 of the sequences U, and V,, has two roots
a = (P++D)/2 and § = (P — v/D)/2 with the discriminant D = P? — 4Q. Note that
D'/? = a—f3. Furthermore, D = 0 means 2°>— P2+ = 0 has the repeated root o = 3 = P/2.
It is well known that for any n € N (see [4, pp. 41-44)),

PU,+V,=2U,41, (a=p)U,=a"—-p3", V,=ao"+[" (3)

The Lucas sequences U, and V,, can be regarded as the generalization of many integer
sequences, for example, F,, L,, P,, Q,, J,, and j,, known as the Fibonacci, Lucas, Pell,
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Pell-Lucas, Jacobsthal, and Jacobsthal-Lucas numbers, according to whether P =1,Q = —1,
P=2Q=-1or P=1,Q = —2; see [5] for a good introduction. These numbers play
important roles in many different areas of mathematics, so their numerous elegant properties
have been studied by many authors, see for example, [3, 4].

The idea of the present paper stems from the familiar combinatorial theorem about sets
called the principle of cross-classification. We establish four sum relations for the Lucas
sequences as follows.

Theorem 1. Let n be a positive integer, and let sy, Ss, ..., S, be any non-negative integers.
Then
§ : Usits, _ }: US#S#‘L’“ +oF (—1)nU51+s2+~~+sn
asits; QSiTSitsk QS1Ts2++tsn
1<i<n 1<i<j<n 1<i<j<k<n
__p=tlale U, (4)
qsitsatotsn
B Z _'_ Z sz—i-sj - Z Us +s]+sk 4. + (_1)nU81+S2+'"+8n
ﬁ (B5itsi (B%itsitsk Bsitsattsn
1<i<n 1<i<j<n 1<i<j<k<n
_ (1t Yl U (5)
(Bs1tsatetsn ’
Vi ‘/;i+3j Vsz'+8j+8k | —
e e ) Sl SRR e e
i oSits; qSitsitsk qs1tsattsn
1<i<n 1<i<j<n 1<i<j<k<n
—or gy ube Ve (6)
qs1tsettsn
2 : sz—i—s] Vtsz—&—sj—&-sk + + ‘/;1_:,_52_;,_..._;,_5”
ﬁ i+s; z : ﬁsﬁ-sj-&-sk ﬁs1+52+~~-+sn
1<i<n 1<i<j<n 1<i<j<k<n
_gn gy tute Ve 7)

(Gs1ts2ttsn

Theorem 1 has some applications and can be deduced as the generalization of some
known results. In section 2, we shall make use of Theorem 1 to illustrate its effectiveness.
In section 3, we shall give the proof of Theorem 1.

2 Some applications of Theorem 1

Theorem 2. Let n be a positive integer, and let C,, = U,/Q", D,, = V,/Q", E, = U?/Q",
F,=U\V,/Q", G, =V?2/Q". Suppose that the discriminant D is not equal to 0. Then, for
non-negative integers Si, 89, . .., Sp,

- Z Es, + Z Esi—i-sj - Z ESi“rSj“rSk +-t <_1)nES1+S2+~--+sn

1<i<n 1<i<j<n 1<i<j<k<n

n—2
_ D D81+82+--~+an81U82 e Usn7 2 | n,
- n—1
—Dz 081+82+'~~+an81 U82 o Usn, 2 Jf n,
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N Z Fy, + Z F8i+5j a Z F5i+5j+5k toe (_1>n s1+s2+Fsn

1<i<n 1<i<j<n 1<i<j<k<n
n
_ D> 051+S2+“'+5nU81 U52 T USm 2 ‘ n, (9)
- n—1
—D? Dy yspttsnUs\Usy - Us,, 21,

Z Fsz' + Z FSrFSj + Z Fsi"!‘sj"‘sk +ooet F51+52+"’+5n

1<i<n 1<i<j<n 1<i<j<k<n

- 51+52+"'+5n‘/;1 VS2 T ‘/;‘nv <10)

Z GSi + Z G5i+3j + Z G3i+5j+3k +oot G51+82+---+sn

1<i<n 1<i<j<n 1<i<j<k<n

= 2n+1 —4+ DS1+52+“'+Sn‘/S1V92 o ‘/Sn (11)

Proof. Adding and subtracting (4) and (5), and (6) and (7), respectively, we are done by
applying the last two identities of (3). O

Corollary 3. Let n be a positive integer, and let k be a non-negative integer. Suppose that
the discriminant D is not equal to 0. Then

n n ‘
Z <Z.)Q(nz)kUikVik = UnVi' (12)
=0
n n '
(Z)Q(n—z)k‘/zi _ 2n+1an + anvkna (13)
i=0
" /n o D=V, U, 2|,
(0) vy = {2 2 (1)
i=0 g —D UkmUk y 2 Jf n,
‘ —1)¢ (n z)lfU'Z V; _ nin ko s 15
- <z)( Je R D VLU, 24 (15)
Proof. Setting s; = s9 = --- =5, = k in Theorem 2, the desired results follow. O]

Remark 4. By the last two identities of (3), one can easily check that if the discriminant
D # 0 then U,V, = Us,, V? = Vo, +2Q", U? = (Va, — 2Q")/D, which together with
Corollary 3 deduce some interesting results. The case k being an even number in (12) gives
a sophisticated identity for Fibonacci and Lucas numbers which was asked by Hoggatt as
an advanced problem in [1]. The case k = 1 in (14) and (15) give the familiar combinatorial
identities for Fibonacci and Lucas numbers, see for example, [2, 6].



Theorem 5. Let n be a positive integer, let sy, Sa,...,S, be any non-negative integers such
that s; + sy 4 -+ + s, = s, and let Cpopy = UpnUn—iy Dy = Ut Vi, Epn = VidUp—,
Fr = ViV Suppose that the discriminant D is not equal to 0. Then

- Z Csi,s + Z Csi+3j,s - Z Csi+8j+8k,s +et (_1>n0575

1<i<n 1<i<j<n 1<i<j<k<n
n—2
_ [ep=uu, U, 20, (16)
0, 21{n,

- Z Dy, s + Z DSH‘SjvS - Z D5i+5j+5k,3 et (_1)nDs,s

1<i<n 1<i<j<n 1<i<j<k<n

0 2
- 7 n—1 |n7 (17)
—2D 2 U, U, ---Us,, 2J[n,

Z Esi,s + Z Esi—i-sj-,s + Z Esi-i-s]-—i-sk,s + e ‘I’ Eg,g

1<i<n 1<i<j<n 1<i<j<k<n

= (2" = 2)Us,, (18)

Z Fsi,s + Z Fsi—l—s]-,s + Z Fsi—l—s]-—l—sk,s + o+ Fs,s

1<i<n 1<i<j<n 1<i<j<k<n

= (2" =2V + 2V, Vi, -+ Vi, (19)

Proof. Multiplying o in the both sides of (4) and (6), ° in the both sides of (5) and (7), and
then adding and subtracting (4) and (5), and (6) and (7), respectively, the desired results
immediately follow by applying the last two identities of (3). ]

Corollary 6. Let n be a positive integer, and let k be a non-negative integer. Suppose that
the discriminant D is not equal to 0. Then

n

3 (?) Q*U ik = 0, (20)

=0

n n ‘
> @@Z’“vm_zi)k =2V, (21)
=0

" /n - 2D:U”, 2 |n,
(J(—l)@@zkvm_zﬂk:{ o2 (22)

(’T‘)<—1>i@“fv(n_2i>k: {0’ L 2w (23)



Proof. By the last two identities of (3), one can easily check that if the discriminant D # 0
then VixUpm—ip = Ukn + Q*Upm—siyrs ViVin—ipp = Ve + Q" Vin—2ik, UkUn—iyr = (Vo —

Q*Vin—2ik) /D, Uit Vip—isk = Uni — Q*U—2ips. Thus, by setting s; = s, = -++ = s, = k in
Theorem 5, Corollary 6 follows immediately. m
Remark 7.  The equations (21)-(23) extend the powers of Fibonacci and Lucas numbers

as sums, see for example, [2, 6].

3 The proof of Theorem 1

The proof of Theorem 1. Clearly, the case n = 1 in Theorem 1 is complete.

Now, we consider the case n > 2. By (3), it is easy to see that if the discriminant D # 0
then U, = na"™ ! = nB" !, V, = 2a" = 26" for all n € N. Thus, in view of the fact
>y (") =2"—1 and for any integer n > 2,
=Y st Y, (sits) = Y (sitsjts) Fo A (S (s F s +s,) =0,

1<i<n 1<i<j<n 1<i<j<k<n

Theorem 1 is complete when the discriminant D = 0. Next, we use induction on n to
consider the discriminant D # 0. Applying the last two identities of (3), we derive

UmUn:_Um+n—a U, —« Um’ (24)
VD

U U, = & b b : (25)
VD

Vil Vie = Vi + "V, + "V, — 2™, (26)

which imply the case n = 2 in Theorem 1 is complete. Assume that (4) holds for all
2 < n =m. Then, by multiplying U, ., /a® in the both sides of (4), and applying (24),
we obtain

D% USl USQ e Usm U5m+1

QS1Ts2ttsmtsmt1

o § : U5i+5m+l _ Usi . U8m+1
QSitTsm+1 oSi Sm+1

1<i<m
o Z Usi+3j+sm+1 o U3i+3j _ Usm+1
QSitsitsm+1 QSitsj QSm+1
1<i<j<m
+ Z U5i+5j+5k+5m+1 . U5i+5j+5k B Usm+l
QSiT8i T8k T8m+1 QSitsitsk QSm+1
1<i<j<k<m

a51+52+"'+577L+5m+1 a51+52+“'+57n a5m+1

L (_1)m <U81+82+~~~+Sm+sm+1 U81+52+--~+sm Usm+1)
)
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which together with > (7)(—1)" = —1 means (4) holds for all n = m + 1. In a similar
consideration, (5), (6) and (7) hold for all n = m + 1. This concludes the induction step.
We are done. a
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