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Abstract

An n-color odd composition is defined as an n-color composition with odd parts,
and an n-color composition with parts # 1 is an n-color composition whose parts
are > 1. In this paper, we get generating functions, explicit formulas and recurrence
formulas for n-color odd compositions and n-color compositions with parts # 1.

1 Introduction

In the classical theory of partitions, compositions were first defined by MacMahon [1] as or-
dered partitions. For example, there are 5 partitions and 8 compositions of 4. The partitions
are 4, 31, 22, 212, 1* and the compositions are 4, 31, 13, 22, 212, 121, 122, 1.

Agarwal and Andrews [2] defined an n-color partition as a partition in which a part of size
n can come in n different colors. They denoted different colors by subscripts: ny, ng, ..., ny,.
Analogous to MacMahon’s ordinary compositions Agarwal [3] defined an n-color composition
as an n-color ordered partition. Thus, for example, there are 21 n-color compositions of 4,
viz.,

41,49, 43,44,

3111, 3211, 3311, 1131, 1139, 1133,

2121, 2129, 2929, 2924,

21101, 251414, 142014, 111420, 142514, 111425,
11,141,
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More properties of n-color compositions were found in [4, 5]. In 2006, G. Narang and
Agarwal [6, 7] also defined an n-color self-inverse composition and gave some properties. In
2010, Guo [8] defined an n-color even self-inverse composition and proved some properties.

In this paper, we shall study some n-color compositions. We first give the following
definitions.

Definition 1. An n-color odd composition is an n-color composition with odd parts.

Thus, for example, there are 7 n-color odd compositions of 4, viz.,

3114, 3214, 3314,
1131,1132, 1133, 111114 15.

Definition 2. An n-color composition with parts # 1 is an n-color composition whose parts
are > 1.

For example, there are 17 n-color compositions with parts # 1 of 5, viz.,

517 527 537 547 557
21317 21327 21337 22317 22327 22337
31217 32217 33217 31227 32227 3322-

In section 2 we shall give generating functions, recurrence formulas and explicit formulas
for n-color compositions above.
Agarwal [3] proved the following theorem.

Theorem 3. (/3]) Let C(m,q) and C(q) denote the enumerative generating functions for
C(m,v) and C(v), respectively, where C(m,v) is the number of n-color compositions of v
into m parts and C(v) is the number of n-color compositions of v. Then

C(m,q) = ﬁ, (1)
Clg) = 5 _3Z+q2, 2)
Clm, v) (”;m”: 1), (3)
Cw) = Fa. (@)

2 Main results

We denote the number of n-color odd compositions of v by C'(o, v) and the number of n-color
odd compositions of v into m parts by C(m, o, V), respectively. In this section, we first prove
the following theorem.



Theorem 4. Let C(m,o0,q) and C(o,q) denote the enumerative generating functions for
C(m,o,v) and C(o,v), respectively. Then

C(m,o0,q) = % (5)
Clong) = — 450 (6)

1—q—2¢— ¢ +q"

cmon= £ (550

S )]

MY =

where (v —m) is even, and (v —m) > 0; 0 < ,j are integers.

Proof. Similar to the proof of Agarwal [3], we have

C(m,o0,q) ZCmou =(q+3¢+-+) IW.
This proves (5).

S qm1+q q+q
= C(m,o,q) = .

We get (6).
On equating the coefficients of ¢” in (5), we have

2m +1— 1 m
cman= 3 (356)
itj="5"

Since v is even if m is even, and v is odd if m is odd, then v — m is even. This proves

(7).
Obviously m < v, so (8) is also proven.
We complete the proof of this theorem. m

In this section, we also prove the following recurrence formula.

Theorem 5. Let O, denote the number of n-color odd compositions of v. Then
O01=1,0,=1,03=4,0,=7

and

OV = Oy—l + QOV_Q + OV_3 — OV_4, fO’f’ v > 4.



Proof. (Combinatorial) To prove that O, = O, _; 420, _5+4O,_3—O,_4, we split the n-color
compositions enumerated by O, 4+ O, _4 into four classes:

(A) enumerated by O, with 1; on the right.

(B) enumerated by O, with 35 on the right.

(C) enumerated by O, with h; on the right, h > 1, 1 <t < h — 2 (where, h is odd).

(D) enumerated by O, with h; on the right, h > 1,h — 1 < t < h except 33 and those
enumerated by O,_4.

We transform the n-color odd compositions in class (A) by deleting 1; on the right. This
produces n-color compositions enumerated by O,_;. Conversely, for any n-color composition
enumerated by O,_; we add 1; on the right to produce the elements of the class (A). In this
way we prove that there are exactly O,_; elements in the class (A).

Similarly, we can produce O,_3 n-color odd compositions in the class (B) by deleting 33
on the right.

Next, we transform the n-color odd compositions in class (C) by subtracting 2 from h,
that is, replacing h; by (h — 2);. This transformation also establishes the fact that there are
exactly O,_y elements in class (C). This correspondence being one to one.

Finally, we transform the elements in class (D) as follows: Subtract 25 from h; on the right
when h >3, h—1 <t < h, that is, replace he by (h —2)—2); in this way we will get n-color
odd compositions of v — 2 with part ht on the right, where, b > 1, > h' — 1. After that
we replace hy by (h — 2)4—1) when h = 3, t = 2. This produces n-color odd compositions
of v — 2 with part 1; on the right. To get the remaining n-color odd compositions from
O,_4, we add 2 to the right parts, that is, replace h; by (h + 2); to get the n-color odd
compositions of (v — 2) with part h;, on the right, where, b’ > 1,1 <t < h' —2. We
see that the number of n-color odd compositions in class (D) is also equal to O,_5. Hence,
Ol/ + Ol/74 = Oufl =+ 201/72 + Ol/73- ViZ.,O,, = Oufl + 201/72 + Oll*?) - Ol/74'

Thus, we complete the proof. O

We also give another proof of Theorem 5.

Proof. We have
o 2.2 (0
R 0

m<VZ+]—V m

J
-1 —1
(by the binomial identity<n> = ( ) + (n ))
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B Z Z (2m+i—1) (m) N (21/—2) <I/>
mEv-2,; e=2om 2m —1 Ji 20 —1/\0

2 2 ()02 2 (G 50)

m<v it+j=

o2z ("))

m<l/ Z+]— me




22 (50)0)-(U500)

m<v— 4+

(a0 )

= 2 (50)0)

MY =

BPTRINE S ol Catat i T

MV 4= p

ZE - (L0)-E s

m<v it+j= m<v i+j=

= 20, 5 — u4+2 Z (27721731;3)(??)
= 20,,-0,4+Y Z <2 _JZT)(mJ_l)

m<V ’L+

S o A [ ()

m<v =

= 20,5~ O,4 + _Z _Zm (27;; i 1> (T)
DD (27;7:: 1> (TD

m<v—3 ; itj= _ (= 32)

= Oufl + 201/72 + OV73 - Ouf4'

So we have O, = 0,_1 4+ 20, 5+ 0,3 —0,_4.

From recurrence formula above we have the following corollary easily.

()



Corollary 6. Ifv >4, then

> ()0 2 C)0)

m<y—4 jqj_v-m i jmy=l=m
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Next, we shall study n-color compositions with parts # 1. We denote the number of
n-color compositions with parts # 1 of v by C4; () and the number of n-color compositions
with parts # 1 of v into m parts by C.1(m, v), respectively. In this section, we present the

following theorem.

Theorem 7. Let C1(m,q) and Cxi(q) denote the enumerative generating functions for

C(m,v) and Cx(v), respectively. Then

2m m
" (2 —q)
C#l(ma Q) = (1 — q>2m )
2¢° — ¢

Caulmv)= Y (= 1>J2m]<2n;n:111)(j)’

i+j=v—2m

cam=3 2 oo (00)

m<” i+j=v—2m
where (v — 2m) is an integer, and (v —2m) > 0; 0 < i,j are integers.
Proof. Similar to the proof of Agarwal [3], we have

"2 —q)"

C1(m,q) 207&1 m,v)q" = (2¢> + 3¢+ +)" = 1—q2m

This proves (9).
X  2m m 2 3
Z -y " (2 —q) 2¢° —q
0751 C;él m q om 2 3"
—= (1-9q) 1-2¢9—¢*+gq

This proves (10).
On equating the coefficients of ¢” in (9), we have

Caulmv)= Y (= 1)J2mj<2n;r:izl)(j)'

i+j=v—2m

(9)

(10)

(11)

(12)



Since v > 2m, then v —2m >0, i+ j > 0, and 0 < 7, j are integers. This proves (11).
Obviously m < %, therefore (12) is also proven.
We complete the proof of this theorem. m

In this section, we also prove the following recurrence formula.

Theorem 8. Let C.1(v) denote the number of n-color compositions with parts # 1 of v.
Then
Ca(2) =2,Ca(3) =3,Cn(4) =8,

and
Cu(v) =204 —1)+Cu(v—2)—Cx(v—3) for v>4.

Proof. (Combinatorial) To prove that Cz;(v) = 2C 4 (v — 1)+ Cy(v — 2) — Ca(v — 3), we
split the n-color compositions enumerated by C.(v) + Ci (v — 3) into three classes:

(A) enumerated by C(v) with 2; on the right.

(B) enumerated by C;(v) with h; on the right, h > 2,1 <t < h —1.

(C) enumerated by C4(v) with hj, on the right, h > 2 and those enumerated by C (v —
3).

We transform the n-color compositions in class (A) by deleting 2; on the right. This
produces n-color compositions enumerated by C; (v — 2). Conversely, for any n-color com-
position enumerated by C. (v — 2) we add 2; on the right to produce the elements of the
class (A). In this way we prove that there are exactly C. (v — 2) elements in the class (A).

Next, we transform the n-color compositions in class (B) by subtracting 1 from h, that is,
replacing hy by (h — 1);; this transformation also establishes the fact that there are exactly
C41 (v — 1) elements in class (B). This correspondence being one to one.

Finally, we transform the elements in class (C) as follows: Subtract 1; from hj on the
right when h > 2, that is, replace hj by (h — 1)4-1); in this way we will get n-color
compositions of ¥ — 1 with part h;t,(h/ > 1) on the right. We also replace hy, by (h — 1)1
when h = 2. This produces n-color compositions of v — 1 with part 1; on the right. Now
we delete 1; and add 1 to the preceding part of it. For example, 212929——212511—2139;
4,29—411;—51. Then we have n-color compositions of v — 1 with part h; on the right,
where, b’ > 2,1 <t < h — 1. To get the remaining n-color compositions from Cy (v — 3),
we set 27 on the right. This produces n-color compositions with parts # 1 of v — 1 with
2; on the right. We see that the number of n-color compositions in class (C) is also equal
to C(v —1). Hence, C.1(v) + Ci(v —3) = 204 (v — 1) + Ca(v — 2). viz., Cx(v) =
20751(V — 1) -+ C;,gl(l/ — 2) — C#(l/ — 3)

Thus, we complete the proof. O

We also give another proof of Theorem 8.

Proof. We have
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Thus we have C (v) =204 (v — 1)+ Cy(v —2) — Ca(v — 3). O
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