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Abstract
In this paper, we discuss the properties of hyperfibonacci numbers and hyperlucas
numbers. We investigate the sums of reciprocal hyperfibonacci numbers and hyperlucas
numbers. In addition, we establish some identities related to reciprocal hyperfibonacci
numbers and hyperlucas numbers.

1 Introduction

Fibonacci and Lucas sequences {F,} and {L,} have fascinated both amateurs and profes-
sional mathematicians for centuries. They are generalized to many forms. Dil and Mezo [4]

introduced the definition of “hyperfibonacci” numbers F and “hyperlucas” numbers L

F = N BV with FO =F, F”=0, F’ =1,
j=0

L = "o with L0 =L, LY =2 L =2 +1,
7=0

where 1 is a positive integer. It is well known that the Binet forms of {F,,} and {L,} are
a” — (—1)"04_n
\/5 ;
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Fn = Ln =a" + (_1)na—n’ (1)
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where a = (1 4+ v/5)/2. The sequences {F,} and {L,} satisfy the linear recurrence relation
Wp=W, 14+ W, o, n>2. (2)

It is clear that
FY=F,,—1, LY =1L,,-1 (3)

Some values of {E(Ll)} and {L,(ll)} are given below.

n (001 2 3 4 5 6 7 & 9 10 11 12 13 14

ED 1o 1 2 4 7 12 20 33 54 8 143 232 376 609 986

LW 192 3 6 10 17 28 46 75 122 198 321 520 842 1363 2206

These are sequences A000071 and A001610 in Sloane’s Encylopedia [11]. Some properties
of {F\"} and {L{’} are studied in the paper of Ning-Ning Cao and Feng-Zhen Zhao [3].
In this paper, we investigate the sums of reciprocal hyperfibonacci numbers and hyperlucas
numbers.

Now we recall some definitions involved in this paper. The Fibonacci and Lucas zeta
functions are defined by

= 1 = 1
Cr(s) = ; 7 and  (r(s) = ; oo
where {F, } and {L,} are the Fibonacci and Lucas sequences, respectively. Recently, prop-
erties of (p(s) and (. (s) are investigated in several different ways, see for instance [5, 6, 7, 9].
In [5], the partial infinite sums of reciprocal Fibonacci numbers were studied by Ohtsuka
and Nakamura, [10]. They proved that
{(i 1 )_1J | Fas, if n is even and n > 2; (1)
 Fy | E,2—1, ifnisoddandn> 1,
where |-| denotes the floor function. In [8], Holliday and Komatsu generalize (4) to the
generalized Fibonacci sequence. They showed that
{( i 1)_1J_ G, — Gp_1, if n is even and n > 2;
L To0m en G, —Gui—1, ifnisoddand n > 1,
where {G,,} is generalized Fibonacci sequence defined by Gyio = aGry1 + Gi(k > 0) with
Gy = 0,G; = 1, and a is a positive integer. In this paper, we discuss the partial infinite
sums of reciprocal hyperfibonacci numbers and hyperlucas numbers. In the next section, we
investigate the sums of the following forms

(i) | 1(Zp) |

In addition, we establish some identities related to reciprocal hyperfibonacci numbers and
hyperlucas numbers.
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2 The partial infinite sums of reciprocal hyperfibonacci
numbers and hyperlucas numbers

In this section, we discuss the partial infinite sums of reciprocal hyperfibonacci numbers and
hyperlucas numbers.

Lemma 1. For {F,} and {L,}, the following formulas hold:

Foi1Fois — FuFnpg = 2<_1)n7 (5)

Ln+1Ln+3 - LnLn+4 = 10(_1)n+1’ (6)

F73+2 - Fn+1Fn+3 = (_1>n+17 (7)

L’?L+2 - Ln+1Ln+3 = 5(_1)@ (8>

Proof. From (1), we can verify that (5)-(8) hold. O

Theorem 2. For {Fﬁ”} and {Lg)} (n > 3), we have

(Ek) ] - ne

k=n
oo

k
Proof. By using (2)—(3) and (5), we get
1 1 1 1 11 1 1

A N S N Y O S N Foo BV EY Foo

FA)(Fuy1Foys — FuFoys — Fupt) — FnszFﬁl
FF PO EY,

FM2(=1)" + FuFoys — Fap] = FuFapa iy

FnFnHFél)Fé%

FVR(=1)" = Fy] + FulF" Foys — Fo FO)]
FoFn oV FY,

FR(=1)" = Fua] = FuFoia

= , n>2,
FoFnnFVED,
and
1 - 1 _ 1 B 1 _ Fn+1F7(L}|*)1_(Fn_]‘>F7$1)_<Fn_1)FT(L}F)1
£V FT(Ll,)l -1 RV Fﬁr)l F’IE?Q - F?Eit)l —1 (Fn — 1)F751)F7(L£1



Fn+1Fn+3_Fn+1_FnFn+3_Fn+1+2Fn_FnFn+2+Fr(Ll)+F7E}|_)1
(F, — )PV EY,

FnFn+4+2(_1)n_FnFn+3_FnFn+2_Fn+1+2Fn+Fn+2+Fn+3_2
(F, - )EOEY,

2((-1)"+ F,+ Fia — 1)

= , n>3.
(F, — 1)FSVEY,
By using (2)—(3) and (6), we get
1 1 1 1 (10(=1)"* = Ly VLY — Ly Ly
1 N S0 70 G n (1
L -y Lol Ll - Ll LnLns2Li L,
for n > 4 and
1 11 1 _10(=1)" 4 2(Ly + Loy — 1)
R N N (G- DD,
for n > 2.
From the inequalities
2(-1)" = Fup)FV = FyFppr < 0, n>2,
(10(_1)n+1 - Ln-‘rl)L?(zl) - LnLn-H < 07 n > 47
(-)"+F,+Foa—1 > 0, n>3,
10(=1)"" 4+ 2(L, + Lo —1) > 0, n>2,
we obtain
1 = 1 1
_— < < , n > 3,
D Y S s
o] 1 —1
E,—1< (ZW) < F, n>3,
k=n ~ k
1 = 1 1
< , n >4,
TP DY L
o0 1 —1
L,—1< (ZW) <L, n>4
k=n 'k
Hence the relations (9)—(10) hold. O

Theorem 3. For {Fﬁl)} (n > 2) we have

L(i 1 )J B Fél_)lF,gl) + F7§1—)1 —1, ifn is even and n > 2; (11)
B F,Elle,E” +rW if nis odd and n > 1.

n—1»

— 1
{(Z )J = LSZlLS) + LS_)l -1, if n is odd and n > 1. (12)



Proof. By applying (2)—(3) and (7), we get
1 1 1 1 1 1

FOFRY + Y —1 (R FVED +FY —1 FEVFae—1 (V)2 FVFu -1
(Fa 2 (F Fays = By Fuga) = (Y Fos = D(F Frys — 1)
(FY) s — D(ES)2(F Frys — 1)
2
Y (Fro— Fopa) — Fé?lFél)Fn+an+3 + Fél_)1Fn+2 + Py Frys — 1
(F751_)1Fn+2 - )(Fél))2(F7‘(Ll)Fn+3 - 1)

(Frps + (1) F, ) B + BV Fy + Yy — 1

- FOFra - DEPE Fra—1)

Thus, we have

=~ 1 1

2 ey O R T
Similarly, we can prove that

= 1 1

; FO2 ~ FO D 0
On the other hand, we have

1 R 1 B I

FOFD +FD FVye FVFD + R FO R, (FY2 FUR.L

(P2 Frps — BV Fps — B\ Foa s
FO(FO2E, 0F, s

Fél) (F7’(L1)Fn+3 - Fél_)an+2) - Fr,s/l_)an+2Fn+3
FO (FY2F, o F s

(=1)""F 0+ Fopa

F(lf)l (FT(Ll))2Fn+2Fn+3 '

n

When n > 2 is even, we can verify that

1

> 1
> ,
2 0 7 O

3

and when n > 1 is odd
1 1

< .
7 FO R R

NE

b
Il

n
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Hence when n is even, we obtain

00 1 -1
PO+ R =12 (L) < BLED + R

and when n is odd, we have

o] 1 —1
FOED + Y < (Z (F(l))2) <FVFO 4+ FY 41
= k

k=n

Then (11) holds.
By applying (2)—(3) and (8), we get

<1 1
< ,
Z (102 OOy

k=n n—1+-n + Ln—l -
=1 1
> , nis odd.
TN
Then (12) holds. O

In the final part of this section, we consider the generalized hyperfibonacci numbers

{UT(LT)}:
o o= YUY with U0 =0, U =0, U =1.
j=0
where
7_n o (_1)n7_—n

N

and p is a positive integer. It is evident that

U, = T:(p—i—\/Z)/Q, A =p*+4,

g — Un + Upi1 — 1. (13)
" p
And {U,} satisty that
Wn = an—l + Wn—27 n Z 2. (14)

When p =1, U,(ll) = Fn(l).
Now we discuss the partial infinite sum of reciprocal generalized hyperfibonacci numbers.

Lemma 4. For {U,}, the following formulas hold:

U2y~ Ulinee = (~1)", (15)



From the definition of {U,} , we can prove that (15) holds.

Theorem 5. When n > 2,

(S - e

Proof. Tt follows from (13) and (14)—(15) that

1 1 1 1 pUnis UV + UL,

v -ul ol ol vl -ul, Ghlee o0,

Un+1(Un + Un+1 - 1)(Un+1 + Un+2 ) U Un+2(Un + 2Un+1 + Un+2 B 2)
pUn Un+2Un Un+1
(Un + Un+1 B 1)((_1>n + Un+1Un+2 - Un—l-l) UnUn—‘rZ(Un—i-l + Un+2 B 1)
PUnUp UM USY,
(Un + Uny1 — 1)((_1)n - n+1) + Un+2(Un+1 Un+1 = UnUnya + Un)
pU U, UM USY,
(Un + Unt1 — 1)((_1>n — n+1> + Un+2(( 1)n — (p — 1>Un — Un—1>
pUnUn+2U Ur(zi-l

< 0,

1 1 1 1 Ui 1 1

o v 1o ol ol ol -1 Un =D =1) v U,

U Uiz + U = Upia — 1+ (= 1>">+U£”(Un+Un+2—1>+ Un(Usth Unis — Uél>Un+2>
(Un —1>< wi = DUULY, (Un = 1) (Ui = DUUL,
_ UhUnsr + Un = Unin = 14 (D)) + U U+ Unis = 1) | Ual(=1)" = Uns + Une)
(U, —1)( — oMoty p(U, — 1) (Upyo — DU UY,
> 0.

Then we obtain

Hence (16) holds. O



3 Some identities related to reciprocal hyperfibonacci
numbers and hyperlucas numbers

In this section, we give some identities related to inverse of hyperfibonacci and hyperlu-
cas numbers. There are some identities containing the reciprocals of Fibonacci and Lucas

numbers (see [1, 2]):

V/5s

s odd,

- 1
ZF2n+1+Fs

n=0

2L,

S

n=0

- 1
ZF12n—i—1_‘_Ls/\/§_Q‘FS7

For hyperfibonacci and hyperlucas numbers JaR A , we have

Theorem 6. Let m be a positive integer. For FT(LI) and Lg), we have

0 4m
Z Ln+2m+2 . 1 Z 1
1) (1 1)

n—1 Fy )F1§,+)4m Fom k=1 Fk( :

o) 4m

Z Fn+2m+2 _ 1 Z 1

0,1 1°

n=1 Lgl )Lq(H)-4m 5F2m n=1 Ll(c)
00 Fn+2m+3 B 1 4m—+-2 1
Z F(l)F(1) L Z F(l)’
n=1 L'n " Fp i amyo 2mAl gy Ly
o0 Ln+2m+3 B 1 4m+-2 1
Z WM 7 Z W
n=1 tn Ly amio 2mAl gy Ly

Proof. 1t follows from (2) that

SR S e

Fél) Frg}‘r)élm F7(L1)F’r§}|—)4m ,

R S o Oy 2

Il s

1 . 1 _ Fn+4m+4 - Fn+2

1 1 1) (1 )
F7(l ) FT(L+)4m+2 FT(L )FT(LJr)4m+2

1 1 Ln+4m+4 - Ln+2

1) S
LY L

From

Fn+4m+4 - Fn+2

Ln+4m+4 - Ln+2

D,
L L o

FQan+2m+2a
5F2an+2m+2a
Fn+2m+3L2m+1;

Ln+2m+3L2m+1 .

s > 0 is even.



we obtain the formula (17)—(20). O

We can give other identities for Fél) and LS). The following lemma will be used (see

[12]).

Lemma 7. Let t be a real number with |t| > 1, s and a be positive integers, and b be a
nonnegative integer. Then one has that

s—1
— — + 21
— {2an+b | t—2an—b (tas t as) t—as HZO 1 — t2an+b as ( )

Theorem 8. Suppose that a,b and s are positive integers with b > as. For F ) and Lg),
we have:
(i) when a,b and s are odd,

o0 s—1
1 5 1
Z 1 = \/__ Z T anti—as’ (22)
F( ) F Las — 1 — 2an+b—as

n=0 * 2an+b—2 as—2

(ii) when b and s are both even,

s—1

1 1 1
Z L(l) L( ) - \/gFas Z 1 — aQan—l—b—as' (23)

n=0 ~2an+b—2 as—2 n=0

[e.e]

Proof. By means of (22) and FY = Foio—1, LY = L2 — 1, we can easily prove that (22)
and (23) hold. O
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