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Abstract

Any integer n > 2 can be written in a unique way as the product of its powerful
part and its squarefree part, that is, as n = mr where m is a powerful number and r a
squarefree number, with ged(m,r) = 1. We denote these two parts of an integer n by
pow(n) and sq(n) respectively, setting for convenience pow(1) = sq(1) = 1. We first
examine the behavior of the counting functions anx, sq(n)<y 1 and anx,pow(n)gy 1.
Letting P(n) stand for the largest prime factor of n, we then provide asymptotic values
of Ay(z) =", <4 pny<y POW(n) and By(z) := 3, . p(,)<,Sd(n) when y = 2" with
u > 1 fixed. We also examine the size of Ay(x) and By(x) when y = (logz)" for
some 7 > 1. Finally, we prove that A,(x) will coincide with By(x) in the sense that
log(Ay(z)/x) = (1 + o(1))log(By(x)/z) as x — oo if we choose y = 2log .

1 Introduction and notation

A powerful number (or square-full number) is a positive integer n such that p* | n for every
prime factor p of n. In 1934, Erdds and Szekeres [5] were the first to study the distribution
of these numbers. In 1958, Bateman and Grosswald [1] established a very accurate estimate
for the number N(z) of powerful numbers not exceeding z, namely

N(z) = Cox'/? + Cyz'/3 + 0(:)31/6) (x — 00),
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where Cy = Cé(é)) =2.1732 and C5 = = —1.4879. Here ( stands for the Riemann

Zeta Function.

Further estimates and generalizations concerning powerful numbers were later obtained
by Ivi¢ and Shiu [8].

On the other hand, a squarefree number is a positive integer n such that p* { n for every
prime factor p of n. It is well known (see, for instance, Hardy and Wright [6, pp. 169-170])
that the number Z(x) of squarefree numbers not exceeding = can be written as

Z(x) = Z/ﬂ(n) = %x +0 (a:l/z) :
n<z
where p stands for the Moebius function.

Interestingly, any integer n > 2 can be written in a unique way as the product of its
powerful part and its squarefree part, that is, as n = mr where m is a powerful number and
r a squarefree number, with ged(m,r) = 1. We denote these two parts of an integer n by
pow(n) and sq(n) respectively, setting for convenience pow(1) = sq(1) = 1.

In his master’s thesis, Cloutier [2] obtained asymptotic values for >~ _ pow(n)*sq(n)’,
where a and b are fixed integers. Particular cases of his results yield the following estimates.

Spow(n) = L+ 0@H) )
n<lx 3
Ssan) = La? 4 0@, 2)
n<x 2
1 _ 1/2
,LZSIPOW(H) = dyx + O(z'/?), (3)
1
= diz'? + 0(2'?), 4
g sq(n) 1 ( ) ( )

where
2 1 )
dy = H(1+W—W)—3.52, (5)

1 1 _
dy = H(l_ﬁer):O'%' (6)

In particular, it follows from (1) and (2) that B(z) := }_, _, sq(n) is much larger than
A(z) = ), ., pow(n) for large values of x. However, letting P(n) stand for the largest
prime factor of n, with P(1) = 1, one can easily check that if we set

Ay(x) = Z pow(n) and By(x) = Z sq(n), (7)

n<x n<z

P(n)<y P(n)<y



then, for small values of y = y(x), we have By(x) = o(A,(z)) as x — oo, while for large
values of y = y(z), we have A,(z) = o(B,(x)).

Here, after examining the comparative sizes of #{n < z : sq(n) < y} and #{n <
z : pow(n) < y}, we show that #{n < z : pow(n) > sq(n)} is asymptotic to cx®* for
some computable constant ¢ > 0. We then provide asymptotic values for A,(x) and B, (z)
when y = 2'/* with u > 1 fixed. We also examine the size of A,(z) and B,(z) when
y = (logx)" for some 1 > 1. Finally, we establish that if y = 2logx, then log(A,(z)/z) =
(14 0(1))log(By(z)/x) as © — oo.

Throughout this paper, we let ¢ stand for the Euler totient function, w(n) for the number
of distinct prime factors of n (with w(1) = 0), 2(n) for the number of prime factors of n
counting their multiplicity (with (1) = 0) and p(n) for the smallest prime factor of n (with
p(1) = 1). We shall also be using the function ¥(z,y) := #{n <z : P(n) < y} defined for
2<y<u

Denoting by 7(x) the number of prime numbers not exceeding x, we shall be using the
prime number theorem in its various forms, in particular as follows:

w@) = (o) (@) ©)

[Ir = expl(1 4012} (), )
Zlogp = (14+o(1))x (x — 00), (10)
e = (4o()kloghk (k= o), (11)

where py stands for the k-th prime number.

2 The distribution of the values of pow(n) and of sq(n)

We examine the distribution of the values of pow(n) and of sq(n) separately in the following
two theorems.

Theorem 1. For2 <y <z,

Yo o1= 20,° /))\/_+O(1/3 *logy) , (12)

n<x
sq(n)<y

Co = 1;[ (1 + ]9(11%1/;/2)) (1 - %) = 0.38. (13)

Remark 2. 1t is clear that estimate (12) has some interest only if the error term is of smaller
order than the main term, that is, when ylog®y = o(x) as © — ooc.

where
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Theorem 3. For2 <y <z,

> 1:35% > ! +0 (Valogy). (14)

TLS:I: m m<y melm (1 ‘I‘ é)

pow(n)gy m  powerful

Remark 4. Observe that the main term on the right hand side of (14) is asymptotic to z as
y — 00. Indeed, this follows from the fact that

6 ) Lt ! L
LY -1 2)H<”p2<1+§>+p3<1+;,>+ )

mIy mnp|m (]‘ + %) p p P

mpo;/erful
1 1
- H(l_?)ﬂ(lerQ—l) -

p p

In order to prove these two theorems, we first establish some preliminary results.

Lemma 5. Given an arbitrary positive integer r,

#{n <z :n powerful, (n,r) =1} = @% H (1 + #) Vi+0 (2w(r)$1/3) , (15)
plr

where the constant implied by the Landau symbol is absolute.

Proof. Using the estimate

Z 1= @X +0 (2‘”(”) uniform for r > 1, (16)
r

n<X
(n,r)=1

we have, using the fact that any powerful number n can be written in a unique way as
n = a?b® with p2(b) = 1,

Yool = > g = D> p) Y, 1

n<z a?b3<z <z a’<z/b3
n pOWfirful (a,r)=1 (b,r)=1 (a,r)=1
(n,r)=1 (b,r)=1
o 2 ¢(T) ZL‘1/2 w(r)
L <—T L0
(b,'r7§1
2(b
— gl o(r) /ﬁg(ﬁ) L0 (2w(r)x1/3) . (17)
" b<gl/3 b
(br)=1



Using the fact that

we obtain from (17) that

_ L 1290) 1 R () 173
Z L= r (p’['r <1+p3/2 +0 x1/6 +O(2 . )

n<z

n powerful
(n,r)=1
1/2415 7) w(r),.1/3
— . 1;[(1+W>+0(2 z/?)
1+ L)
1/29(7) I, ( p3/12 1O (2400219
" Hp‘r ]‘ _I_ p3/2>
which proves (15). O
Lemma 6. Given an arbitrarily small 6 > 0, as x — oo,
2
Z lu (T)¢<T) — COI + O (‘T§+6> ’ (18)
r<z er|r <1 + #)

where Cy is the constant defined in (13).

Proof. For s > 1, we have

i p(n)o(n)/(n L1+ 5=) 1 (1 L1 l)

n=1 ne 1_‘_#295
B 1 1-1/p 1
B C<8)1;[(1_E)1;[<1 1+#2¥>
= G(s)H(s),

say. Observing that, for any fixed s > 1, the infinite product H(s) is absolutely conver-

gent, then (18) follows by using Wintner’s theorem (see, for instance, [4, Theorem 6.13 and
Problem 6.3]). O



As an immediate consequence of this lemma, we obtain the following.

Lemma 7. Given an arbitrarily small 6 > 0,

;T/ SQ(TEQXT) 3/2) _ 200\/_4—0( 4+5)

Lemma 8. Given an arbitrary powerful number m,

> i) =a(m)z+0 (&6@1)) :

a(m):%n(l—k%)l and ﬁ(m)zﬂ(l—%>l.

plm

where

Proof. This is relation (1) in the paper of De Koninck, Katai and Subbarao [3] with a

correction by Cloutier [2].
We now have the necessary tools to prove Theorems 1 and 3.

Proof of Theorem 1. As a consequence of Lemma 5, we have, as x — 00,

doot= > g => ) >, 1

n<z mr<z r<y m<z/r
sq(n)<y m powerful m powerful
r<y (m,r)=1
(m,r)=1
~1
200 [ (1) €(3/2) 1 w(r) ( >1/3
= U (1 + = o2
Z;u Ol ey H tom) et -
r< plr

RSCIE) p2(r)o(r) s
= Vil ( (/21/3,)
)

r<y 7’3/2 Hp|r 1 + #) r<y
2
_ \/EC(?);)Z) Z w?(r)o(r) 1 1/3 2/310gy)
C< ) r<y 7’3/2 Hp|r ( W)
w(r) C2(S> .
where we used the fact that, since Z = C(25) say for s > 1, it follows that
s

D ol = ﬁy logy + O(y),

r<y

O



implying by partial summation that

ow(r)
Z Y < y*3logy.

r<y

Using Lemma 7, the proof of Theorem 1 is thus complete. O]

Proof of Theorem 3. Using Lemma 8, we may write

Si= Y Y en=r Y amo| X /s

n<wz m<y r<z/m m<y m<y
pow(n)<y m powerful (r,m)=1 m powerful m powerful

_ 8 ! -y B
= 1 mz me|m(1+%)+O NG Z v | (20)

m powerful m pogverful

Using the estimate

> A <H(1+ 2/2 §§72)+'.')—H(1+219+O(P1 )><<logy

my P<y p<y

m powerful

in (20) completes the proof of Theorem 3. O

3 How often is pow(n) larger than sq(n)

In this section, we show that the set of positive integers n such that pow(n) > sq(n) is of
zero density. In fact, we show much more.

Theorem 9. As x becomes large,

#{n <z :pow(n) >sq(n)} = Dez®* + O (x2/3 log x) , (21)
where Dy = %C’o Cgé?) = 1.10.

Proof. We clearly have

#{n <z :pow(n) >sq(n)} = Z p?(r) Z 1

rsve ettt
(75,7‘):1
D ILACED IR D DO RD DS
TS\/E mw;%vf'e/:ful TS\/E m g:;»gvgrful
(m,r)=1 (m,r)=1
= Ti(z) = T(2), (22)
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say. On the one hand, using Lemma 5 and (19), we have

(372 2(r)(r) s
T = Vi L e, e+ O e

(3/2) 23/ 21300 2
200> g "'t + O log o). (23)

On the other hand, using (16) and following the same reasoning as in the proof of Lemma

6, we obtain
Yo=Y =D w0 > 1

r<yz

m<r a2p3<r b3 <r a?<r/b3
m powerful (a,r)=1 (b,r)=1 (a,r)=1
(m,r)=1 (b,r)=1
1/2
2 Qb(’l") r w(r)
= p(b) | —— 55 +0277)
ro b3/2
b<rl/3
(b,r)=1

_ o) 1% (D) L0 (2400173

r1/2 b3/2
b<rl/3
(b,r)=1
o(r) ¢(3/2) Ly CRY:
_ 1 ou(r .
172 ((3) H +p3/2 +0 ( ')
Using this last estimate, we obtain that
3/2 2(r
Ty(z) = Cé(é)) Z p2(r)o(r) Z ouo(r),1/3
2L, (1+ ) r<vE
2
= C ¢G3/2) 240 (x2/3 logz) . (24)

(B
Using (23) and (24) in (22), estimate (21) follows thus completing the proof of Theorem9. [J

4 The sums A,(z) and B,(z)

Recall the definitions of A,(z) and By (x) given in (7) as well as the following.

Definition 10. The Dickman function p(u) is the continuous function satisfying p(u) = 1
for 0 <wu <1 and up'(u) =—p(u—1) for u> 1.

It follows from this definition that



Theorem 11. Let y = x'/*, with u > 1 fized. Then, as x — oo,
dy 4

> sa(n) = (14 o(1))p(w) e (26)
P?ng)gy
and
S powln) = (14 o(1))plus/2) > @7)
P(n)<y

Proof. The proof of Theorem 11 is very similar to the proof of the estimate
U(w,a'/) = (L+o(L)p(wz  (x— o0),

as performed, for instance, in the book of Tenenbaum [10]. We start by studying the expres-

sion
> sam) = ) ) sa(n)
n<z y<p<zx nlz
y<P(n)<z P(n)=p
= D 2 satmp)+ Y D> salmp)
y<p<zx m<z/p y<p<z m<z/p
P(m)<p P(m)=p
= Yi(z) + Ea(2), (28)
say.

We first show that Yo () is relatively small and can thus be neglected. Writing m = r-p,

we obtain
.

DD ICEED S SCED SID SEPLD SRR ey

y<p<z rp<z/p y<p<z r<z/p2 y<p<z r<z/p? y<p<z
P(r)<p

We now turn our attention to the estimation of ¥;(x), which we can write as

= > » Y sam

y<p<z m<z/p
P(m)<p

In the range 1 < u < 2, the condition m < x/p implies P(m) < z'/2 < p, so we can drop
the condition P(m) < p. Hence, using equation (2), we obtain, as x — 00,

= Y Y salm) = (1+0(1) p%(];)

y<p<z m<z/p y<p<z
dy 1 dsy 2/33 1
= (1 1 -=(1 1 —
(oGt 3o~ = (o) Fa? [ o
y<p<z Y
d
= (L+0(1)5 (logu)®. (30)



Again using (2) and after substituting (30) and (29) in (28), we obtain that, in the range
1 <u<?2,

S sam) = Ysam - S sa()

n<w n<x n<w

P(n)<y y<P(n)<z
d 2
= (1+ 0(1))32(1 —logu)a® + O (%)
ds 9
= (1+o0(1)5plu), (31)

where we used the fact that p(u) = 1 — logu when u € [1, 2].
In order to extend the range of validity of (31) for u > 2, we proceed recursively. Let
M > 2 be a positive integer and assume that the asymptotic estimate

Z sq(n) = (1 + 0(1))%/}(14):1:2 holds for any u € [1, M| as x — oc. (32)

n<x
P(n)<azl/v

We will then show that it also holds for u € [M, M + 1].
First observe that, in light of (29), we have

Z sq(n) = Z Z sq(mp)

n<z zl/v<p<gl/M mS%
/< P(n)<azl/M P(m)<p

— Z D Z Sq(m)+0(x2_3/“)

/v <p<gl/M mS%
P(m)<p

= > p| X sam = T sa(m) | +0 (@)

:Bl/“<p§x1/1\/1 m<z m<

wl/u<p§xl/]\4 m<

10



Using our induction hypothesis (32), we obtain, as x — oo,

ds 2\ > log x
S r X sam = avem? X p(2) (1B
Il/u<pgzl/]\1 mg% wl/“<p§:r1/M
P(m)<p

dy 4 1 <log:c )
= (I1+4+o0o(1))== — -1
(RO M =

! p<1°gx 1) dt.  (34)

ml/u<p§$1/M
dQ 21/M
= (1 1))—z?2 —
(1+of ))Zx /xl/u tlogt logt

Setting z = log x/logt, we obtain dz = t{lg(g)gt)g dt, so that @dt = —% and

21/M

d 1 1 d “ —1
—2332/ p 8T 1 )at= (14 0(1))—2332/ Mdz.
2 s tlogt  \ logt 2 M z

Gathering (33), (34) and (35), we obtain

; sq(n) = (1 + 0(1))%952 /]\: @dz.

/< P(n)<gt/M

From equation (36) and our induction hypothesis (32), we then obtain

S osam) = Y sam - Y sa)

n<x n<x n<x
P(n)gazl/u P(n)<al/M 21/u < p(n)y<al/M
d “o(z—1
M z

which, in light of (25), can be replaced by

S saln) = (1+ o(1) Zap(u),
Plmy<at/s

thus completing the proof of (26).
We now turn to the proof of (27). We begin by writing

> pow(n) = %i(z) + Da(z) + Ts(x),
n<x
xl/“<}3(n)§z

11
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where 3 (z), Xo(x), 33(z) stand respectively for the three expressions

Z pow(n), Z pow(n), Z pow(n).

n<lx n<x n<x
zV/v<P(n)<z /v <P(n)<z 2/t < P(n)<zx
P(n)[n P(n)?|n P(n)’|n

First observe that, in light of (1),

Six) = > > pow(mp)= Y Y pow(m)

zt/u<p<y m<o zt/u<p<z m<o
P(m)<p P(m)<p
3/2
< Z €r < 132 Z L -0 ($3/271/2u)
D $3/2 ’
zt/u<p<z t>zl/u

On the other hand, again using (1), we have

S = 3 Y Y vowtm) <30 Y S powlm)

az3 gl/v<p<g mgp% az3 gl/v<p<g m<-Z

P(m)<p o
1 a
< Y Y e el M S o @),
a>3 gl/ucp<g P a>3

It follows from these two estimates that
Yi(x) +33(x) =0 (x3/2_1/2“) ) (38)

Now estimating ¥5(x) in the range 1 < u < 2, we have, since P(n)? > =,

Sofw)= Y pow(n)=0. (39)

n<x
z/ < P(n)<z
P(n)?|n

Recalling (1) and using both (38) and (39) in (37), it follows that, in the range u € [1, 2],

S pown) = Yopowl)— 3 pow(n)

n<x n<x n<x
P(n)<z!/v 21/ < P(n)<z

= (1+ 0(1))%x3/2 — (Z1(z) + Xa(z) + X3(x))
= (L4 o(1) S plu/2)a"” (40)
where we used the fact that p(u/2) =1 for u € [1,2].

12



where again we used estimate (1)
pothesis (41), it follows that

n<x

d
Z pow(n) = (1+ 0(1))31;)(1)/2)953/2 holds for any v € [1,2M] as x — o0
P(n)<az'/v

and then showing that it also holds for w € [2M,2M + 2|. Indeed we have

> pow(n)

B Z Z pow(mp?) + O (a3/>71/2)
xl/“<Pn(§)x§11/2M zl/u<p<gl/2M PW(Li)%p
B Z p2 Z pOW(m) + 0 (1»3/2—1/211,)
/v <p<gl/2M mgp%
P(m)<p
B ’ 3/2—1/2u
— Z D Z pow(m) — Si(z) + O (x ) (42)
:Jcl/u<p§x1/2M mgp%
P(m)<p
where
Si(x) = Z P? Z pow(jp)
zl/u<p<gl/2M jgp%
P@)<p

,pg
o 3/2 T 3/2
2 e a+1
< > (5 ()
xl/u<p§xl/2M a>1
< $3/2_1/u,

D

pow(n) = (1 + o(1)) La¥/?

1 log x
2. 5\ G10ep 1)
< zl/u<p<gl/2M p ogp
xl/u<P(n)§xl/21\/1 -

(43)
Combining (42) and (43) along with our induction hy-

13

In order to extend the range of validity of (40) for u > 2, we will proceed recursively,
namely by assuming that the asymptotic estimate

(41)



which we can rewrite in its integral form as

3 pow(n):<1+o<1))%x3/2 /:WM ! (10“ —1) dt.  (44)

1w tlog "\ 2 logt

n<x
wl/u<P(n)§wl/2kI

Setting z = 2%5% in (44), we obtain

2logt
d w2
E pow(n) = (1 + 0(1))—1353/2/ —p(z—1)dz.
n<x 3 M <
xl/u<P(;)§x1/2NI

From this we get

u/2 5 —
> powln) = (1+o(1)) e (p<M> -/ udz) ,

y4
n<z M

P(n)<z'/v
which, in light of (25), yields
d
> pow(n) = (1+0(1))Fa"p(u/2).
n<x

P(n)<z'/v

thus proving (27) and completing the proof of Theorem 11. ]

5 The sizes of A,(r) and B,(x) for small y

In this section, we establish the size of A,(x) and By,(x) when y = (logz)" for some n > 1.
We prove the following.

Theorem 12. Let n > 1 be fixed. Then, as v — oo,
> pow(n) = im0 (45)
n<lx

P(n)<(loga)"

and

Z sq(n) = 22 ted), (46)
n<z

P(n)<(logz)"

As we will soon see, Theorem 12 is a consequence of the following lemmas.

14



Lemma 13. Given a real number A > 1,
U(z,log" x) = g~ 1/A+e®) (x — 0).
Proof. This is relation (1.14) in the paper of Granville [7]. O
Lemma 14. Let n > 1 be fized. Then, as x — o0,
Fy(z) :=#{n <z :P(n) < (logz)", n powerful} = 22 (175) ), (47)
Proof. Since all perfect squares are powerful numbers, we have, using Lemma 13,
F(z) > #{n < 22 : P(n) < (logz)"} = z2(1=3)+e), (48)

On the other hand, using Lemma 13 and writing each powerful number n < z asn = a?b°,
where b is squarefree, we have for any ¢ > 0,

£1/3
Ao s Y #{vs o< Gosy)
a< /7
P(a)<(log )"
xl/B 2
< Z # bﬁmﬂD(b)S(lng)n + Z s
aS:c%_E x%_ <a<\/w
P(a)<(log )" P(a)<(log )"
1/3 i
< X #{v<D5 0 < ogar}+ T U (o8
a<x%’5
P(a)<(log )"
L n % 3(=1)te()
= > # b< g P(b) < (log)" p + 3 220
a<z%75
P(a)<(log z)"
= Si(x) + 2217 TOE), (49)

15



say. Then, using Lemma 13 again, we obtain

T %(1—%)4—0(1) L(1—1)40(1) -3(1-4%)
Si(z) < 2. <E) S 2,

~ < VE
alz2”* P(a)<(log z)"

2 1\ (V% 21
+ 3 (1 - 5) / 73077t (log )7 dt)
1

f+ g (1 _ %) (11(95) + 5(@)) (50)

v —2(1-1y_ Ve 21-1)—
Li(x) :/ t 3V T T U(t, (logx)")dt  and 12(33'):/ t 3 "W (t, (log z)") dt.
1 T

€

say, where

On the one hand,

15

Li(z) < / 300 g < (xg)_g(l_%) = 200, (51)
1

On the other hand, using Lemma 13,

vz 1q_1y.,
L(z) = / e e A Ol I (V/ KA (52)

5

Then, combining (51), (52), (50) and (49) as well as using Lemma 13 one more time, we
obtain

Fn(x) < I%(k%)ﬂ)(l) ((\/E)é(ljlwo( (1__) 3(1 +o(1)) _{_xé(lf%)JrO(s)
<Lz

3(1=5)+0(e)

b

B e

an estimate which in combination with estimate (48) completes the proof of Lemma 14. [

Lemma 15. Let n > 1 be fized. Then, as x — o0,
o 1—=+o(1)
)= #{n < o pow(o) > . Pl < (g < ()

16



Proof. Writing each integer n < x as n = m-r, where m and r represent their powerful part
and squarefree part, respectively, and using Lemma 13, we get for any € > 0

Gy < Y Y s X v(x(osa))

y<m<z r<z/m y<m<z
m powerful P(r)<(logz)" m powerful
P(m)<(logx)" P(m)<(log z)"

— > W(%,(logz)")—l— > W(%GOM)")

y<m<azl—e zl—f<m<z
m powerful m powerful
P(m)<(logx)" P(m)<(logx)"
1—-1 1 1
< Tty — ) 1.
y<m<zgl—e mo l—f<m<z
m powerful m powerful
P(m)<(log z)" P(m)<(logz)"

Recalling the definition of F,(z) given in (47), we then have, using Lemma 14,

Gylz,y) < a5+ / 7145 dF (1) + 2°F ()

y
., (1 1 / R ) dt) L p30-2400)
Y Y
_ x1f%+o(1) (té(lf,) x . (1 B 1) xtg+21ndt> +x%(1f%)+0(5)
Y n y

< pledHe) (_y—éu—%) X 2y—é+ﬁ) 1 p2(1=5)+0()

" 1—%4—0(1)
<(Gm)

thus completing the proof of Lemma 15. O]

_ xl—%+o(1) (tH’liFn(t)

We now have the necessary tools to prove Theorem 12.

Proof of Theorem 12. First observe that, using Lemma 14,

E pow(n) > E n:/ tdF,(t)dt = tF,,(t)”f—/ F,(t)dt

n<x n<x 1 1
P(n)<(logx)" P(n)<(logz)"
n powerful

tl—}—%(l—%)—}—o(l)

1 1

17



Similarly, using Lemmas 13 and 14, we have

Sopewtn) < S om0 Y mu (S (oga))

n<x m<z r<z/m m<z

R m powerful N< T m powerful
P(n)<(log )" Plm) <logmyn | slose)? Pm) < (log 2)1
1
x\ 1=+ x
= E m (—> + E mW (—, (log x)”)
m m
m<azl—¢ zl=e<m<a
m powerful m powerful
P(m)<(logx)M P(m)<(log )"
1—-1 1 1
< 2Ty mn+at > m
m powerful m powerful
P(m)<(log x)" P(m)<(log ©)"
1 1+ (1) T 1 x
_ —pTO n €
= x 7 / tndF,(t)+ / tdF,(z)
1 1
1 1,1 1 3 1 3 1
< Tt W g TiTe 4ot g T o) 272 O, (54)

Combining (53) and (54) and taking e arbitrarily small, estimate (45) of Theorem 12 follows.
It remains to prove estimate (46). First, using Lemma 13, we have

Z sq(n) < Z n= /x tdV(t, (logx)")

n<x n<x 1
P(n)<(logz)" P(n)<(logz)"

— (e, (loga))if — [ (e, (o)) dt
1
< x-xlvlerO(l)—/ U(t, (logz)") dt

< 2Pt (55)

On the other hand, given an arbitrary small number € > 0, we have, using Lemma 15,

Z sq(n) = Z pov:(n) > ¢ Z n>ax ¢ Z e

n<w n<x p<n)2<51§ ) xl_emgxﬂ
P(n)<(log )" P(n)<(logz)" povv(n)gng E(S%Eff;is
B (\IJ(;U, (logz)") — Gy (z,2°) — (2" %, (log2)") + G, (z' %, g;z—:))
> gleglmarol) _ p2mg—2etol), (56)

Since € can be chosen arbitrarily small, combining (55) and (56), estimate (46) follows,
thus completing the proof of Theorem 12. m
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6 Determining y such that A,(z) and B,(z) are of the
same order

In this section, the functions

g(x) :=zlogz — (x — 1) log(xz — 1)

h(z):= max (zlogz — (v —b)log(x —b) —2blogb+ (1 —b)log(1l —b) — (1 — 2b) log(1 — 2b)),

0<b<1/2
both defined for real x > 1, play an important role.
Our goal is to show that when y = C'log z the expressions log(A,(z)/z) and log(B,(x)/z)
are equal to (1+0(1))h(C) 22 and (1+ 0(1))g(C)~2Z_ respectively, so that by choosing

loglog x loglog x
C' as the solution of A(C) = g(C'), both expressions will be asymptotic as z — oco.

Theorem 16. The estimate

log(Ay(z)/x) = (L4 o(1))log(By(z)/x)  (z = o0)
holds for y = y(z) = 2log x.
The proof of Theorem 16 will follow from a series of lemmas.

Lemma 17. The only solution x > 1 to g(x) = h(z) is © = 2, in which case g(2) = h(2) =
2log 2.

Proof. Clearly, g(2) = 2log2. We will prove that g(2) = h(2) and then show that the
solution is unique. First observe that

h(2) —g(2) = Onblai(/2 (—(2—"0)log(2 —b) — 2blogb+ (1 —b)log(1 —b) — (1 — 2b) log(1 — 2b))
<b<
= b
omax f(b),
say. Differentiating f(b) with respect to b yields
f'(b) = log(2 —10b)—2logb—log(1 —b) + 2log(1 — 2b).
We then have

(2 — b)(1 — 2b)?

) =1<= (3b—2)(b* —3b+1) =0,

f'(b) =0 =

from which we get b = by := 3’2‘/5 as the only solution to f’(b) =0 in (0,1/2).
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It remains to show that f(by) = 0. This follows directly from the fact that
f(0) =bf'(b) — 2log(2 — b) + log(1 — b) — log(1 — 2b),
which implies that

f(b) =0 <= —2log(2 — by) +log(l —by) —log(1 —2by) =0

1= by ,
=1 2bg — — 1) =
< (2 — 60)2<1 — 2b0) < ( bD 3) (bo 3b0 + ) O7

completing the first part of the proof. We also have

g (x)=h(z) > (logz — log(z — 1))— max (logz — log(x — b)) > log (x - %) —log(z—1) > 0,

0<b<f

so that ¢g(z) is increasing at a faster rate than h(z) and thus proving the solution z = 2 to
be unique. O

Lemma 18. Given any real number k > 0,

log 1
U 1 = 1 140 —— . a7
(w, klog x) = exp (g(/@+ )loglogaz < - <loglogx))) (57)
Proof. This is the first relation in Granville [7, p. 271]. O
We now introduce the function
log
L = )
(z) log log x

Lemma 19. Given arbitrary numbers C > D > 0 and integer valued functions a(x) and
b(x) satisfying a(x) = (1 + o(1))C L(x) and b(x) = (1 + o(1))D L(z), then, as x — oo,

(Z((;)) =exp{(1+0(1))(ClogC — DlogD — (C'— D)log(C — D))L(z)} .

Proof. Using the well known Stirling formula n! = (1+0(1))n"e "v/27n as n — oo, we have,
as T — 00,

(a(a:)) _ a(zr)!
b(x) b(x)! (a(x) — b(x))!

= (1+o0(1)) 2”“( Ja(z)"

2nb()b(x)") - /2 (a(x) = () (a(x) — b(z))" ™
= (1+0(1)) 1 \/_ ((1+0(1))0)“(x
V21 VDA/(C = D)L(x) (1 + o(1)) D)*)((1 + o(1))(C — D))t =4

= exp{(l+o0(1))(ClogC — Dlog D — (C — D) log(C' —D))L(x)}.
0
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Lemma 20. As z — o0,

S sq(n) = aell ML),
n<x

P(n)<Clogx

Proof. To prove this result, we proceed in two steps, establishing upper and lower bounds.
We start with the upper bound. Let € > 0 be an arbitrarily small number. It is clear that

Z sq(n) < a#{n <z : P(n) < Clogx, sq(n) > '~} + 2 °W(x,Clogz). (58)
P(n)ng%logm
It follows from Lemma 18 that

27U (z,Clog x) = o(x). (59)

Since n = sq(n) pow(n), we have

#{n <z :P(n) <Clogr, sq(n) > 2"} < Ei(z) - By(x), (60)
where
Ey(xz) = #{m <2 :m powerful, P(m) < Clogz},
Ey(z) = #{2'° <m <z :m squarefree, P(m) < C'log r}.

Using Lemma 18, we get
Ei(z) < W(2f,Clogz) = ePELE), (61)

To estimate Fs(x), we will need information on the size of w(m) for those integers m counted
by Es(z). On the one hand,

217 < sq(m) = H p < (C'log z)~®4(m)

plSq(m)
which leads to
w(sq(m)) =2 (1 —¢€) (1 +0(1)) L(x). (62)
On the other hand, it was proved by Robin [9] that, for n > €€,
L(n)
<L 1.4574
w(n) < L(n) + 1.457 310g10gn’

47
with equality when n = H p;. Hence it follows that for all n < z,
i=1

w(sq(n)) <w(n) < (1+o0(1))L(x)  (z = o0). (63)
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Combining equations (62) and (63), we obtain
w(sa(n)) = (1+ 0 (¢)) L(x). (64)

We can now get an upper bound for Es(z). Equation (64) tells us that there exists
d = d(e) > 0 tending to 0 with ¢ such that

Ey(z) < Z #{n<z:P(n)<Clogz,w(n) =r,p*(n) =1}
(1-8)L(z)<r<(14+3)L(x)
< > (M) = e {0+ o) L)} (65)

(1=8) L(z)<r<(14+6) L(z)

where the last equality follows as in the proof of Lemma 19 after observing that, in light of

) 1
m(Clogz) = (1+0(1)) 08T

loglogz (1+0(1)C L(z).

Using (61) and (65) in (60), and then taking into account (59) and (58), we have proven
the upper bound implied in Lemma 20.

It remains to prove the lower bound. Let us first choose a squarefree number ¢ < x such
that elogz < p(t) < P(t) < C'logz and also satisfying

wt) = 0y (z) == L<1 - g) L(x)J .

For such an integer ¢, using (9) and then (11), we have

t= Hp > H p > evBlog@®)(1+o(1)) > p1-3+o(1) (66)
plt P<Pu(¢)
and
t < (Clogz)*® < 2!~ g0 that t = z' "2+, (67)

Now define p, as the largest prime number such that

t'Hpgx. (68)

Note that such a prime p; exists because of (67). It follows from (68), using (10), that, as «
(and thus t) tends to infinity,

logt + Zlogp <logz,

logt + [()Ip—tl- o(1))p: < logz,
(14+o0(1)p: <logzx — (1 —¢/2+0(1))logx = (¢/2+ o(1)) log z,

22



where we used (66), thus implying that, if = is sufficiently large,
Pe < (g + 0(1)) logz < elogx.

This allows us to choose an integer s; defined by s; := H p such that, in light of (68),

P<pt
n =s; -t <x. Observe that we also have

T

<n=s-t 69
logx_n o (69)

because if we had s;-1 < @, then multiplying both side by ¢ log z would give us € log x-s;-t <
ex < z, which would contradict the definition of p;. Using (69), we therefore have

S san) > lozx#{m:u%t)=17elogm<p<t><P<t>smogx,w<t>=fl<x>}
P(n)ngggloga:

>

z [(7(Clogx) — m(elog))
log x ( 0, (z) ) (70)

Finally, observing that as a consequence of (8),
w(Clogz) —m(elogx) = (14 o(1))CL(x)
and that ¢,(z) = (1 + o(1))L(z), it follows from (70) and Lemma 19 that

Y sq(n) > weld(@+oLE),

n<x
P(n)<Clogx

thus completing the proof of the lower bound and thereby that of Lemma 20. ]

Lemma 21. As z — oo, we have

Z pow(n) _ x€(1+o(1))h(C)L(m). (71>

n<x
P(n)<Clogx

Proof. We begin by proving the implied lower bound by using the trivial inequality

Z pow(n) > g# {g <n<z:P(n)<Clogz,n powerful} : (72)
n<x

P(n)<Clogx
In this last set, if we focus only on those n = 2% - m with m odd and a > 2, we may write
# {g <n<z:Pn)<Clogz,n powerful}
> # {m < % : P(m) < Clogz, m odd, powerful} :
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Letting £ > 0 be a small number, we further focus our attention on those integers m < x/8
such that Q(m) = ly(x) := [ (1 — ¢)L(z)], implying that we may write

# {m < % : P(m) < Clogx, m odd and powerful}
> #{m < g : P(m) < Cloga, Q(m) = ly(x), m odd and powerful}. (73)
Note that the two conditions 2(m) = ly(z) and P(m) < C'logx imply that
m < (C'log :C)MI) < e te(D)

thus allowing us to replace m < ¢ by m > 1 in the last set appearing in (73).

We now write each integer m in that set as m = s* - t where s = [Ipandt= m/s?.
Observe that for each such integer m, we have

Q(t) = Q(m) — Q%) = Q(m) — 2w(s) = Q(m) — 26Q(m) = (1 — 2b)ly(x)
for some b € (0,1/2). It follows from these observations that
#{m >1:P(m) < Clogx,Q(m) = ly(x),m odd and powerful}
> max Z #{t >1:Q(t) = (1 — 2b)ly(x),p|t = pl|s}. (74)
s>1
Pl

w(s)=bla(x)
s odd

Since w(s) = bly(x), we obtain

H{t>1: Q) = (1 = 2b)ly(x), p|t = p|s} = (Q(t) Bc(ut()s) — 1)

( (1 —=20)t5(x) )

(= b)ly(r) — 1
- ( (1 - 2)ta(x) ) (75)

and we also have

H{s>1:p*(s) =1,P(s) < Clogz,w(s) = bly(z),s odd} = (W(C;Zg(g B 1). (76)
From estimates (74), (75) and (76), we obtain
#{m >1: P(m) < Clogx,Q(m) = l3(x),m odd and powerful }
- (1 =0b)ly(x) — 1\ (w(Clogzx) —1
= ( (1= 2b)0o(2) ) ( bl () )
= exp ((1+0(1))h(C)L(x)), (77)
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where the last equality follows from Lemma 19. The proof of the lower bound in (71) then
follows from (72) and (77).

We now prove the upper bound implied in Lemma 21. Let € > 0 be small. We start with
the trivial inequality

Z pow(n) < a#{n <z :pow(n) > z'¢ P(n) < Cloga}+2'*W (z,Clogx). (78)
P(n)ng%loga:
First observe that, using Lemma 18 and provided that x is large enough, we have

175 (x, Clogx) < a2/ = o172, (79)

On the other hand, writing each integer n € {n < x : pow(n) > z'7¢, P(n) < Clogz} as
n = pow(n) -sq(n) = m - r, we have

#{n <z :pow(n) > 2'%, P(n) < Clogx} < A(x) x B(z), (80)

where

A(x) == #{r <a2°,p*(r) =1, P(r) < Clogx}

and
B(z) := #{m < z : m powerful, P(m) < C'log z}.

Using Lemma 18, we obtain

A(z) < VU(z°,Clogz) = exp (O(e)L(x)) . (81)
Concerning B(x), we have
B(z) < #Bi(z) x #Bs(x), (82)
where
By(z) = {m <z :m powerful, P(m) < eclogx},
By(z) = {m <z :m powerful,elogz < p(m) < P(m) < Clogz}.

On the one hand, using Lemma 18, we have

1) " le) log x
< < |- = .
#Bi(x) < ¥(x,elogz) < (z—:) exp <O(5)10g logm) (83)

On the other hand, for each m € By(z), we have (clogz)*™ < m < z, and therefore, for

some small § > 0,

log x
Q < =(1+6)L
(m) < loglogx + log e (1+0)L(x),
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provided z is large enough. It follows that

#By(x) < #{m <x:P(m)<Clogz,Q(m) < (1+9)L(x)}
< (I490)L(zx)x #{m <xz:P(m) < Clogz,Q(m)=[(1+0)L(z)|}
< L(z)
X Og}gi(ﬂ#{m <x:P(m)<Clogz,Q(m)=|(140)L(z)|,w(m)= [bL(x)]}.

As we did in the proof of the lower bound, namely when establishing (77), it follows from
this last series of inequalities that

max #{n <z:P(n) <Clogz,Q(n)=|(1+0)L(z)]|,w(n) = |bL(z)]}

0<b<1/2
= exp((1+0(1)h(C)L(x)). (84)
Gathering estimates (82) through (84), we obtain that
B(z) <exp ((14 O(e))h(C)L(x)) . (85)

Collecting estimates (78) through (81) and also (85), the proof of the upper bound implied
in Lemma 21 then follows, thus completing the proof of Lemma 21. O]

Proof of Theorem 16. The proof of Theorem 16 is an immediate consequence of Lemmas 20
and 21. ]

Remark 22. While Lemma 21 is valid only if y = C'logz with C' > 1, the domain of validity
of Lemma 20 can be extended to y = C'log x for any C' > 0.

Remark 23. As is shown in [2], considering, for instance, only powers of 2, for any y > 2, we
have A,(x) > x/2.

Remark 24. For any € > 0, if C' <1 —¢ and y < C'log x, then

By(ZL‘) < (Hp) W(ZL‘,y) < 6C’logz-ﬁ-o(l) _ ZEC+O(1)‘

p<y

7 Final remarks
Collecting our results from Sections 4, 5 and 6, it is interesting to observe that the behaviors

of Ay(x) and By(x) vary greatly depending on the relative size of y = y(x). Indeed, we
obtained asymptotic estimates for A,(z) and B,(r) when y = z%/*, as  — oo, namely

Ay(&) = (L4 o(1)p(u/2) Da? and By(a) = (1+ o(1))plu) 2o
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In other ranges, we obtained less precise but nevertheless interesting estimates. In particular,
when y = (logx)" for some 1 > 1, we obtained asymptotic formulas for log(A,(z))/logx
and log(By(x))/logz, that is,

Ay(x) = 2272 M and By(z) = 2o (x — 00).
For even smaller values of y, that is, when y = y(z) = 2log z, we obtained

log(Ay(z)/x) = (14 o(1))log(By(z)/x)  (z — o0),

since we proved that both A,(z) and B,(z) are equal to z exp ((1 +0(1))2log 2102)5);) as
T — 00.

Gathering our results, we obtain that given any € > 0, if y < (2 — ¢) logz, then By(z) >
Ay(x). On the other hand, although we did not prove it, we believe that A,(x) > B,(z)
when y > (2 + ¢)logz. While this is the case in every range investigated in the paper, a
rigorous proof would require studying A,(x) and B,(z) in the ranges not covered by the
present work, an interesting challenge.
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