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Abstract
Given a subset A of the set {1,...,v}? we say that (ai,...,a,) exhibits pairwise
coprimality over A if ged(as,a;) = 1 for all (i,j) € A. For a given positive z and a
given set A we give an asymptotic formula for the number of (aj,...,a,) with 1 <
ai, ..., a, < x that exhibit pairwise coprimality over A. This problem has been studied

before by Hu.

1 Introduction

We study tuples whose elements are positive integers of maximum value x and impose cer-
tain coprimality conditions on pairs of elements. Pairwise coprimality has a long history. It
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is a requirement of the Chinese remainder theorem which has been known for at least 1,700
years (see the book by Katz [9, pp. 131-132]). The Chinese remainder theorem is important
in many areas of modern day mathematics. Some applications in modular multiplication,
bridging computations, coding theory and cryptography can be found in the book by Ding,
Pei, and Salomaa [2, pp. 33-184] and some comments regarding modular multiplication ap-
plications can be found in the book by Knuth [10, pp. 285-292]. To date pairwise coprimality
calculations have also been necessary for quantifying v-tuples that are totally pairwise non-
coprime, that is, ged(a;, a;) > 1 for all 1 <i,j < wv (see articles by Hu and the second author
8, 6], and the comments by Moree [11] regarding the manuscript of Freiberg [4]).

T6th [12] used an inductive approach to give an asymptotic formula for the number of
height-constrained tuples that exhibit totally pairwise coprimality (that is, ged(a;,a;) =1
for all 1 <1i,7 <w). See also the article by Cai and Bach [1, Theorems 4 and 5] for another
approach to asymptotic results regarding total pairwise coprimality. Recently Fernandez
and Fernandez [3] and in subsequent discussions with the second author, have shown how to
calculate the asymptotic proportion of v random positive integers that exhibit coprimality
across given pairs. They give only an asymptotic value without information about the error
term. Their approach is non-inductive. Hu [8] was the first to estimate the number of
(a1,...,a,) with 1 < ay,...,a, < x that satisfy general coprimality conditions on pairs of
elements of a v-tuple. His inductive approach gives an asymptotic formula with an upper
bound on the error term of O(x*~!log" ' z).

Our result gives an upper bound of the error term of O(z*~'log?x) where d is the
maximum number of pairwise coprimality conditions that involve a given index. In many
cases d < v — 1, and in these cases our main result gives a better error term than that in
the article by Hu [8]. Unlike Hu [8], our approach is non-inductive. In this paper we focus
exclusively on pairwise coprimality conditions, but readers interested in the generalization
from pairwise to k-wise coprimality can see another article by Hu [7].

We use a graph to represent the required primality conditions as follows. Let G = (V, E)
be a graph with v vertices and e edges. The set of vertices, V, is given by V = {1,...,v},
while the set of edges of G, denoted by FE, is a subset of the set of pairs of elements of V.
That is, £ C {{1,2},{1,3},...,{r,s},...,{v—1,v}}. We admit isolated vertices (that is,
vertices that are not adjacent to any other vertex). An edge is always of the form {r, s} with
r# s and {r,s} = {s,r}. For each real > 0 we define the set of all tuples that satisfy the
primality conditions by

G(z) = {(ay,...,a,) € N’ 1 a, <z, ged(ar,as) =1if {r,s} € E}.

We also let g(z) = card(G(z)), and denote with d the maximum degree of the vertices of G.
Finally, let Qg(z) = 1+ By2? + - -+ + B,z" be the polynomial associated with the graph G
defined in Section 2.

Our main result is as follows.

Theorem 1. For real x > 0 we have

g(x) = 2°pe + O(z" ' log" z),
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where

PGZpH Qa <%)

prime

The quantity pe gives the asymptotic proportion of v random positive integers that
exhibit the given pairwise coprimality conditions. When combined with Section 2 the formula
is explicit. For example, consider the ‘square’ 4-tuple. That is, 4-tuples with ged(aq, as) =
ged(ag, az) = ged(as, ag) = ged(ay, ar) = 1. Then the asymptotic proportion of such 4-tuples

is given by
4 4 1
re= ] (1——2+—3——4) —0.217778 - - -
p prime p p p

Further details can be found in Section 4.

2 Preparations

As usual, for any integer n > 1, let w(n) and o(n) be the number of distinct prime factors of
n and the sum of divisors of n, respectively (we also set w(1) = 0). We also use p to denote
the Mobius function, that is, p(n) = (—1)*( if n is squarefree, and u(n) = 0 otherwise.
P*(n) denotes the largest prime factor of the integer n > 1. By convention P*(1) = 1.
We recall that the notation U = O(V) is equivalent to the assertion that the inequality
|U| < ¢|V| holds for some constant ¢ > 0. We use A C B to indicate that A is a subset of B.

For each F' C E, a subset of the edges of G, let v(F') be the number of non-isolated
vertices of F. We define two polynomials Qg (z) and Qf(2) by

Qalz) = 3 (-0 Qg(z) = 30 20,

FCE FCE

In this way we associate two polynomials with each graph. It is clear that the only F' C F
for which v(F) = 0 is the empty set. Thus the constant term of Q¢ (2) and Q5 (2) is always
1. If F' is non-empty then there is some edge a = {r, s} € F so that v(F") > 2. Therefore the
coefficient of z in Qg(z) and Q5 (z) is zero. Since we do not allow repeated edges the only
case in which v(F) = 2 is when F' consists of one edge. Thus the coefficient of 22 in Qf(2)
is e, that is, the number of edges e in G. The corresponding 2% coefficient in Q¢(z) is —e.

As a matter of notation we shall sometimes use r and s to indicate vertices. The letter
v always denotes the last vertex and the number of vertices in a given graph. Edges are
sometimes denoted by a or b. As previously mentioned, we use d to denote the maximum
degree of any vertex and e to denote the number of edges. We use terms like e; to indicate
the j-th edge.

We associate several multiplicative functions with any graph. To define these functions
we consider functions £ — N, that is, to any edge a in the graph we associate a natural
number n,. We call any of these functions, a + n,, an edge numbering of the graph. Given



an edge numbering we assign a corresponding vertex numbering function r — N, by the rule
N, = lem(ng,, ..., np, ), where E, = {by,...,b,} C E is the set of edges incident to r. We
note that in the case where r is an isolated vertex we have E, = () and N, = 1. With this
notation we define

fom)=" > plm)---pne), fim)= Y |u(m)---p(ne).

NiN3---Ny=m NiNg---Ny=m

In this and similar summations in this paper, the summation is extended to all edge num-

berings (that is, for all 1 < nq,...,n. < oo) satisfying the condition written under the

summation symbol, usually expressed in terms of the corresponding vertex numberings.
The following is interesting in its own right, but will also be used to prove Theorem 1.

Proposition 2. Let f: N — C be a multiplicative function. For any graph G the function

gre(m)= > f(m)-- f(ne)

Ny Ny--Ny=m
18 multiplicative.

Proof. Let m = mymsy, where ged(my,mo) = 1. Let us assume that for a given edge
numbering of G we have N --- N, = m. For any edge a = {r, s} we have n,|N, and n,|Ns.
Therefore n2|m. Tt follows that we may express n, as n, = ny 4na 4 With ny ,|m; and ng ,|me.
In this case ged(ny 4, n2,4) = 1, and we have

N, =lem(ng,, ..., m,) = lem(nyp,, ..., e, ) lem(nap,, .. nap,),

f(ny) - f(ne) = f(nia) - flnae) - f(nga) - f(nge).

Since each edge numbering n, splits into two edge numberings n; , and ny,, we have
my = N1,1 s Nl,v: mg = N2,1 te NQ,v-
Thus

gra(mima) = gra(m)

= Y ) fln)

NiNg--Ny=m

= Z f(nag) - f(nue) - f(noa) - f(nae)

Ni,1---N1,5-N2 1---Nao y=mima

= Z f(nig) - f(nie) Z f(naa) - f(nae)

Ni,1--N1p=m1 N2 1---N2 ,=m2

= gf,G(ml)gf,G(m2>7

which completes the proof. O



We now draw the link between f (p*) and Q5(z).

Lemma 3. For any graph G and prime p the value fZ(p*) is equal to the coefficient of z*
in Q4(2). In the same way the value of fo(p®) is equal to the coefficient of 2* in Qg(z).

Proof. First we consider the case of fg(p*). Recall that

Qolz) = S ()™ ) = ST ulm) - p(n),

FCFE Ny Ny=pk

where the last sum is on the set of edge numberings of G. In the second sum we shall only
consider edge numberings of GG giving a non-null term. This means that we only consider
edge numberings with n, squarefree numbers. Notice also that if N; --- N, = p¥, then each
ne | p¥. So the second sum extends to all edge numbering with n, € {1,p} for each edge
a € F and satisfying Ny --- N, = p*.
We need to prove the equality

Yoo DI = 3 ) - plne). (1)

FCE, v(F)=k Nyp-+-Ny=pk

To this end we shall define for each F' C E with v(F) = k a squarefree edge numbering
o(F) = (n,) with Ny --- N, = p*, n, € {1,p} and such that (—1)*4UE) = y(ny)--- u(n,).
We will show that o is a bijective mapping between the set of F' C E with v(F) = k and
the set of edge numberings (n,) with Ny --- N, = pF. Thus equality (1) will be established
and the proof finished.

Assume that F' C E with v(F) = k. We define o(F) as the edge numbering (n,) defined
by

ng=pforanya e F, n,=1forae E~F.

In this way it is clear that p(ni)---pu(n.) = (—=1)4#) Also N, = p or N, = 1. We have
N, = p if and only if there is some a = {r,s} € F. So that N;--- N, = p*¥) because by
definition v(F) is the cardinality of the union Jy, ocp{r, s}

The map o is invertible. For let (n,) be an edge numbering of squarefree numbers with
Ny---N, = p and n, € {1,p}. If o(F) = (n,) necessarily we have F' = {a € E : n, = p}.
It is clear that defining F in this way we have v(F) = k and o(F) = (n,).

Therefore the coefficient of z* in Qg(z) coincides with the value of fq(p*).

The proof for f} is the same, observing that for o(F) = (n,) we have 1 = |(—1)cad(F)]

() - - pl(ne)].

CIol

3 Proof of Theorem 1

We prove the theorem in the following steps:



1. We show that

o) = 3wt e [T | ]

N1,y Ne r=1

2. We show that

o) =" S ) ) [ 5 + R+ O (+*Hog )

ni=1 ne=1 r=1""
where
e 00 00 00 o v 1
IR| va—1zz Z Z z "'Z“(nl)”'“(”e)nﬁ-
j=1m=1 nj—1=ln;>rn;p1=1 ne=1 r=1""

3. We show that |R| = O(z" ' log® z).
We start with the following sieve result which generalizes the sieve of Eratosthenes.
Lemma 4. Let X be a finite set, and let Ay, Ay, ..., A, C X. Then
k
card (X\ U Aj> = Z (—1)@d) card(A,),
Jj=1 Jc{1,2,....k}

where Ag = X, and for J C {1,2,...,k} non-empty

A=A

jed
To prove Theorem 1 let X be the set
X:{(ala"-vav) eN:a, <uz,1 STSU}-

Our set G(z), associated with the graph G, is a subset of X. Now for each prime p < z and
each edge a = {r, s} € G define the following subset of X.

Ap,a - {(ala s 7a”U) € X: p|a7'7p|a5}'

Therefore the tuples in A, , are not in G(z). In fact it is clear that

G(z) = X\ [ 4y,

acl
p<z

where E denotes the set of edges in our graph . We note that we have an A, , for each
prime number less than or equal to  and each edge a € E. Denoting P, as the set of prime
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numbers less than or equal to  we can represent each A, , as A; with j € P, x E. We now
apply Lemma 4 and obtain

gle) =Y (1) card(A,). (2)

JCPyxFE

We compute card(A,) and then card(.J). For card(A;) we have

J:{<p1,61),...,(pm,6m)}, AJ: ﬂApj,ej-

j=1
Therefore (ay, ..., a,) € Ay is equivalent to saying that pj|a,,, pj|a,, for all 1 < j < m, where
e; = {rj,s;}. We note that if p; ,...,p;, are the primes associated in J with a given edge

a = {r, s}, then the product of p;, ---p;, must also divide the values a, and as associated
with the vertices of a. Let T, C P, consist of the primes p such that (p,a) € J. In addition

we define
Ng = H b,
pETq
observing that when T, = () we have n, = 1. Then (a4, ...,a,) € Ay is equivalent to saying

that for each a = {r, s} appearing in J we have n, | a, and n, | as. In this way we can define
J by giving a number n, for each edge a. We note that n, is always squarefree, and all its
prime factors are less than or equal to . We also note that (ay,...,a,) € A, is equivalent
to saying that n,|a, for each edge a that joins vertex r with another vertex.

Then for each vertex r, consider all the edges a joining r to other vertices, and denote the
least common multiple of the corresponding n,’s by N,.. So (ay,...,a,) € Ay is equivalent to
saying that N,|a,. The number of multiples of N, that are less than or equal to z is [z/N, |,
so we can express the number of elements of A; as

card(Ay) = Ul {%J . (3)

We now compute card(.J). This is the total number of prime factors across all the n;.
As mentioned before n; is squarefree, so

(1)) = (—1)25:1 w(ng) _ p(ny) - - pu(ne), (4)

where the summations are over all squarefree n; with P*(n;) < z. Substituting (3) and (4)
into (2) yields

o) = 3 3wty T |

ni=1 ne=1 r=1 r



At first the sum extends to the (ng,...,n.) that are squarefree and have all prime factors
less than or equal to . But we may extend the sum to all (ny,...,n.), because if these
conditions are not satisfied then the corresponding term is automatically 0. In fact we may
restrict the summation to the n, < z, because otherwise for a = {r, s} we have n, | N, and
|z/N,.] = 0. Therefore

o= 3 X o)) [T 5|

1<nm <z 1<n.<z r=1

We now seek to express g(z) as a multiple of 2V plus a suitable error term. Observe that for
all real 21, 29, 23 > 0,

[21][22] [23] = 212023 — z120{23} — 21{22} 23] — {21} [22] 23],

where {y} denotes the fractional part of a number y.
Applying a similar procedure, with v factors instead of 3, we get

g =3 Y u(nl)---M(ne)HN%

1<n1<x 1<ne<zx

SR SN ReTAlEas | (E8

1<ni <z 1<ne<z

-y -y u(nl)wu(ne)]\%{% ;3 {%J

1<n1<x 1<n.<zx

1<n1<x 1<n.<zx

N’U
=t 3 Y ) ) [T+ D e (5)

1<ni <z 1<ne<z r=1

_Z Y u(n1)-~-u(ne)Nil-~ r {Niv}

where for 1 < k <,

Be=e Y 0 % u(n)u(m%Nf{%HNiJ%J

1<n1 <z 1<ne<z

with the obvious modifications for 7 = 1 and j = v. We then have

x x X xr

1<ni <z 1<ne<z

< - Z Cgr(m)

m

)
Pt(m)<z



where

Car(m) = > () - - pl(ne)].

mzHlSrSv,r#k N

By similar reasoning to that of Proposition 2 the function Cgx(m) can be shown to be
multiplicative. The numbers C¢ j(p®) = Cg .o do not depend on p, and Ce 1 (p*) = Ca o =
0 for @ > v. So we have

Z Car(m) < H (1 n Ca i n Ca 2 L CG,k,v)

2 v
Pt(m)<z m p<z p p p

= O(logCG*“ x),

where Cg i (m) is the number of solutions (n4, ..., n.), with n; squarefree, to
H N, =m.
1<r<v,r#k

Let hj, denote the degree of vertex k. It is easy to see that for a prime p we have Cg 1 =
Ce x(p) = hg. The solutions are precisely those with all n; = 1, except one n, = p, where ¢
should be one of the edges meeting at vertex k. Therefore the maximum number of solutions
occurs when k is one of the vertices of maximum degree. So if we let d be this maximum
degree, then the maximum value of Cg x(p) is d. Therefore

|[Ri| = O(2"" log" ). (6)

Substituting (6) into (5) we obtain

v

oa) =" 3w 3 )l [] 5 + O g ), (7

1<ni1 <z 1<ne<z r=1
We require the following lemma.

Lemma 5.

1<ni <z 1<ne<zx r=1

Proof. We have

D DIED DRI RETCRT) ) [y prciies ®)

1<m <z 1<n.<w r=1"" m=1

where

femy="3"  lu(m)---p(ne)).

m=[[,_, N
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We note that fZ(m) is multiplicative by Proposition 2. It is clear that f£ (1) = 1. Also,
each edge joins two vertices r and s and thus n;|N, and n;|N,. This means that

n3| H N,.
r=1
It follows that )
1 #».
r=1

for any prime p and so fZ (p) = 0. We also note that a multiple (ny,...,n.) only counts in
f&(m) if [u(ny) - - - p(ne)| = 1. Therefore each n; is squarefree. So each factor in

[T (9)

brings at most a p. So the greatest power of p that can divide (9) is p*. So f&(p®) = 0 for
a > v. Recall that f7(p®) is equal to the coefficient of 2 in Q%(z). So, by Lemma 3, we
note that fZ (p®) depends on a but not on p. Putting all this together we have

© ot + (2 + (v
ch(m): H (1—|—fc(f>+...—|—f0(f)>><+oo. (10)
m ; p
m=1 p prime
Substituting (10) into (8) completes the proof. O

Returning to (7) it is now clear from Lemma 5 that

v

po=Jim 37 o 37 wom)nno) [ 57

1<ni1<x 1<ne<zx

is absolutely convergent. In fact,

g(z) = 2"pe + R+ O(z" *log® 2), (11)
where . . i
pa=) ZM(”l)"'M(%)HNL,
ni=1 ne=1 r=1 r
and € oo (0.9} o0 o0 v
LETEED 35 DTS DD i DI DI MCH RETCR]) |
j=1n1=1 nj_1=1ln;>xn;1=1 ne=1 r=1 r
Now . .
pe=3 = 3 ) pln = 30 19
m=1 Nip---Ny=m m=1
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We note that fg(m) is multiplicative by Proposition 2. In a similar way to Lemma 5 we
have fg(1) =1, fa(p) = 0 and fo(p®) = 0, for all @ > v. Thus, by the multiplicativity,

PGZZIfG;mL 1 (1+fG]§§)+m+sz§f)>’

p prime

Therefore, by Lemma 3, we have

pe= ][] Qe (%) : (12)

p prime

Substituting (12) into (11), it only remains to show that |R| = O(z*~"log® ).
We have

v

LEFED 3D SHTD DI DI) SIS SN IRCRI) |

j=1n1=1 nj_1=1n;>xn;1=1 ne=1 r=1

All terms in the sum on j are analogous; so assuming that the first is the largest, we have

LIRS S5 DD DN SITINENIIA} | b

ni>rne=1n;jp1=1 ne=1

where (] is a function of e and not x. So it suffices to show that

Riim 3033 lutmn)- ()] [ - = Ollog ) (13)

n1>x na=1 ne=1

We treat an edge e; = {r, s} differently from the other edges. For a given (ny,...,n.) of
squarefree numbers we have two special N,.,

N, =lem(ny, nay, .- Moy, ), Ns =lem(ng, ng,,...ng,).

We also remark that we may have N, = lem(n;) or Ny = lem(ny).
For any edge e; with 2 < j < e we define d; = ged(ny, n;). Since the n; are squarefree,
we have

g
n; = d;nj,

djlny, ged(ng,nj) = 1.

Then it is clear that
N, = lem(ny, dy,n. do,1y, ) =y lem(ng, ... 0y ),

a1yt Pag P ag Qg

Ny =nylem(ng,, ... ,ng).
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For any other vertex with ¢t # r and t # s, we have

Ny = lem(nyg,, ..., ng,) = lem(dyny, ... dy,ny )

=lem(d,,, ..., dy,)lem(ny ... 0y ),

where m varies with t. Substituting the equations for N,, Ny and N; into the definition of
Ry in (13) we obtain

=D 3D D DI TCHERIURTREE I, § gRes

Ny
n1>x na=1 ne=1 t;ﬁ%t%;g
_ |/~6 ny)| Z Z Z Z [(ng) - - - p(ne)|
=D : /
= n? ey e s lem(n ;1) lcm(nﬁl, o 7”61)
1
X
1<t11 lem(dy,, ..., dy,)lem(ng,,...,n; )
t#r, t#s
B [p(na)]
IR D SRR D |
ny>x dglnl dglnl t;léft?7é5 m
pi(dany) - - - pu(deny)| 1
X
nZ_:l Z lem(n,,...,n},) lcm(nbl, eyl 1<z&11v lem(nj,,...,n; )
2 t#r, t#s
|p(na)| m)\ 1
< (dy)
2 2 2 e 2 Intda) - p(d)l 11 lem(dy,,. ... dy,.)
ni>r da|n1 de|ni t;léét%;s
(oo} o
[u(ng) - - - pu(ny)| 1
X e .
; ; lem(nl, ,...,n,,) lcm(nfgl, . ,ng,l) 1<t11v lem(nj,,...,n; )
t#r, t#s

The product

f: i () - - ()| 1 1
ny=1 ne=1 lcm(n/ n;k) lcm<n231’ o / lcm<n21> to 7n;m>

Tor s ) S
t#r, t#£s

is finite by Lemma 5 (but this time considering the graph G without the edge {r, s}). Thus,
for some constant C, we have

1
o Z’”’“’Z D lnlde) - pldol 1] o=

ny>x dg‘nl de\n1 1<t<wv
t#£r, t#s
Hn
=0y 3 ), (14
ni>x

12



where the arithmetic function fg . is defined as follows.

1

o(n) = o do) -+ - u(d, ‘
foem) =30 S luta) -t [ e
da|n de|n 1<t<v m
t#r, t#s
We note that there is a factor lem(dy,,...,d,;, ) for each vertex other than r or s. The

function fg . is a multiplicative function. We have fo.(p*) = fg.(p) for any power of a
prime p with & > 2, because in the definition of fg .(p*) only the divisors 1 and p of p* give
non-null terms. When n = p we have

A
fc,e(p):1+—1+---—l—
p
where A; is the number of ways that

H |:U“(d2) '":U’(de)“(jm(dtu'”)dtm) :pia
1<t<w
t#r, t#s

where every divisor in the product dj, | n = p can only be 1 or p. Clearly A; < 2°°! do not
depend on p, and so there must be a number w, independent of p, such that

fae@®) = faelp) < (1 + %)w .

Since fq . is multiplicative we have, for any squarefree n,

o <1 (1+3) = (%) Juwl =1 (19

n>x

It is well known that o(n) = O(nloglogn) (see, for example, the article by Gronwall [5]),
and thus

T

Ri— o (HEREn) (16)

Comparing (16) with (13) completes the proof of Theorem 1.
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4 Calculations

We calculate the asymptotic proportion that 4 random positive integers exhibit ‘square’
pairwise coprimality conditions. That is, 4-tuples with

ged(aq, az) = ged(ag, az) = ged(as, ag) = ged(ay, ar) = 1.
Here G(V, E) be given by
V ={1,2,3,4}, E={{1,2},{2,3}, {34}, {4,1}}.
As shown in Theorem 1 and using Section 2,

0o (1) = S (1)

FCE

where v(F) is the number of non-isolated vertices of F'.
Next we examine each F' C E to compute its contribution to Q¢(z). This is shown in
the following table:

Table 1: Subsets of edges and the polynomial Q¢ (2)

FCFE card(F) | v(F) term = (—1)card(F) zv(F)
0 0 0 1
{{1.2}}, {{2,3}} {{38.4}}, {{4.1}} 1 2 —42?

({1.2).{2:3}}
{2.3),(3.4}}
{(3.4). (4.3}
({4.1).{1.2})
({12}, (3.4} . | .

2 3 423

{{2,3}, {4, 1}}, 2
{12}, {2,3}, (3,41},
(2,3}, {3, 4}, {4,1}}, .| s

{{3,4}, {4, 1}, {1,2}},
({4, 15, {1,2},{2,3}}
E 4 4 2

Qa(2) =1 —42% + 423 - *

14



Putting this all together we have
4 4 1
e ()
T (s

This gives pg as an Euler product. As shown in the article by Wrench [13], Euler products
such as pg can be computed to high precision.
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