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Abstract

We study sums where the multiplicities of the primes in the prime factorization of
n! appear, and obtain a strong connection between these sums and the Riemann zeta
function.

Introduction

Consider the prime factorization of a positive integer a,

— S1 .52 Sk
G =DpP1 Py DPp s

where pq, po, . . ., pi are the distinct prime factors of @ and s1, s9, . .., s are their multiplicities.
We let Q(a) denote the total number of prime factors [3], that is,

Qa) =851+ 82+ + sk

Consider the prime factorization of n!. We let E(p) denote the multiplicity of a prime p
appearing in this factorization. Consequently, we can write the prime factorization of n! as
follows:

n! = H pP®),

2<p<n
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The following asymptotic formula is well-known: (e.g., [3, 5])

Q(n!) = Z E(p) = nloglogn—l—An+0(

2<p<n

where the constant A is

1
A=M A~ 1.034653
+§p(p— 1) ’

and M is Mertens’s constant.

Let £ > 1 an arbitrary but fixed positive integer. We study the sequences

1
2 E(p)*’

2<p<n

logn

and prove a strong connection between these sequences and the Riemann zeta function ((s).

We also study the sequences

> Bt (k=2

2 Main Results

Theorem 1. Let k > 1 be an arbitrary but fixed positive integer. For any sufficiently large

integer n we have

2<p<n

where

k+1

Cr = (=D)F + ) (=1D)M77¢().
j=2
Proof. By the prime number theorem, we have

x x
= 1= .
() Z log x o (log2x)

2<p<z

1 n n
=C Op | ——
5 5 = g O (i)

(2)

(4)

Consider the prime factorization of n!. The multiplicity F(p) of the prime p is, by Legendre’s

theorem, equal to

- [2)
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If p satisfies the inequality
"<l
i+ oP=7
where j is a fixed positive integer, and the inequality

p>/n,

then we obtain

Now we have

where

z:Eéﬁzogﬂ¢m)20<&i>20(b;n)'

p<yn

Let J = |/n]. If p > /n then E(p) = L%J Hence, we have

Note that, by Eq. (4), we have

low i
w(2>:,nn+0 ,n2 = +O<Og.‘7 nQ>+O —
J ]10g7 jlog ? jlogn J log“n jlog ?

where we use the formula
1 1
= (1 - f(n)) Jw.

In the same way, we find that

n n log(7+1) n ) n
| = = - +O< . +0 | —
(j—l—l) (7 +1)logn (j+1) log*n (j—i—l)log?(ji—l)

)

(9)



Egs. (8) and (9) give

5C()- (-

S

(log(j +1)

J*( +1) log”n

Note that

>k

~

.

where

n
J+1

))-7(-7)
E >+0($>—0<

n

On the other hand, we have

1
> o5

Analogously, we find that

j=1

Besides, we have

J=1
since
J—1 n
; jk+1 10g2 %

o

n ):O n
log?n log?

1 1 n _ L
j j+1)logn klogn

log(7+1) n

n

J—-1 n J—-1
2o (i) -0 (5

In the same manner, we obtain

Jj=1

j=1

7 +1) log’n

n

"o
ogn J

k1 1og? n

logj n

jk—i—l IOg

O
(log2 n

):O(lo;n)'
i) =

)

J-1
0 © (Z jF 1 log? 2

n

log?n

n

logn

)

kel 2 n :
3*(j +1)log m)

n)’

).

)

(10)

(11)

(12)

(13)

(14)

(15)

(16)



Substituting equations (11), (13), (14), (15) and (16) into (10) (see (7)) we find that

1 n n
Z E(p)* N Cklogn +0 (logzn) ' (17)

Vn<p<n

Equations (5), (6), and (17) give (2).
We have the equation

1 /1 1 1 1 /1 1
F\G G+1) g\t \y i+1))°

Therefore, by (12)

Cr =((k+1) = Cpr. (18)
On the other hand, we have
=3 (%) =@ (19)
BE=AV VR |
since
f: 1 _53(1 1 )_
=i+ m A\ g+l
Equations (18) and (19) give (3). O

Example 2. If £ =1 then Theorem 1 is

() o ()
S Lo (o) o)
o E(p) 6 logn log“n

Theorem 3. The sequence of positive numbers Cy, is strictly decreasing and

Besides, we have the following limit

, 1
ML=y
Proof. Clearly the sequence of positive numbers Cj, is strictly decreasing (see Eq. (12)).
Therefore the limit of this sequence exists and is either positive or zero. Eq. (18) then
implies that the limit is 1/2, since limy_,, ((k) = 1.



To obtain a more precise result we need the following formula [4]:

o

§rs 1
S G - =5

=2
Therefore, we have, for k£ > 1, that

@zGWG—ZFWWO=FNG—ZPW—ZPWMﬂ4O

=2

j=2 j>k+1

— (=) (% - % (1 (D" + 3 (1) (¢G) - 1)> =5 +0(27")

j>k+1

Theorem 4. Let k > 2 a fized but arbitrary positive integer. For every sufficiently large
integer we have

1
Z E(p)f =n" Z PERYE + Oy, (n"'logn) .
= ~ (-1
Proof. The following equation is well-known [1]. If p < n then

E(p) = p” +0 (log”> .

log p

Therefore, we have

et o (1) - S o ()

p<n p<n p<n
= nkz; +0 (MZL) +0 <nk_1lognz_;>
~ (p—D* o o pFlogp
To complete the proof we need the bounds
1 1

and

1

p; Filogp S

since k > 2. 0



Remark 5.

1. Theorem 4 is a natural generalization of Eq. (1), since we have the well-known formula

1 1
p<n

2. In the case k = 2, the constant in Theorem 4 is closely related to the constant A in
Eq. (1), since

=
— Z QT(L”> log C(n) ++v — A = 1,375064994748635 . . .

n=2

where Jy(n) = n*[],, (1 —p~?) is the second Jordan arithmetic function [2].
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