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Abstract

It is known that for an arbitrary positive integer n the sequence S(z™) = (1",2",...)
is complete, meaning that every sufficiently large integer is a sum of distinct nth powers
of positive integers. We prove that every integer

m> (b— 12" (r 4 ;(b S )22 1)+ 2(b— 2))" — 2a + ab,

2 3 _ 2_ . . . oy
where a = n!2", b= 2"a""!, r = 2" ""q, is a sum of distinct positive nth powers.

1 Introduction

Let S = (s1,82,...) be a sequence of integers. The sequence S is said to be complete if
every sufficiently large integer can be represented as a sum of distinct elements of S. For
a complete sequence S, the largest integer that is not representable as a sum of distinct
elements of S'is called the threshold of completeness of S. We let s denote the threshold of
completeness of S.

The threshold of completeness is often very difficult to find even for a simple sequence.
For an arbitrary positive integer n, let S(z") denote the sequence of nth powers of positive
integers, i.e., S(z") = (1",2",...). The completeness of the sequence was proved in 1948,
by Sprague [6]. In 1954, Roth and Szekeres [5] further generalized the result by proving
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that if f(x) is a polynomial that maps integers into integers, then S(f) = (f(1), f(2),...)
is complete if and only if f(x) has a positive leading coefficient and for any prime p there
exists an integer m such that p does not divide f(m). In 1964, Graham [2] re-proved the
theorem of Roth and Szekeres using alternative elementary techniques.

However, little is known about the threshold of completeness of S(z"). The value Og(,n)
is known only for n < 6. The values are as follows: g,y = 0, Og(,2) = 128 [7], Og(,3) = 12758
[2], Os(z4) = 5134240 [3], Og(y5) = 67898771 [4], Og(,6) = 11146309947 [1]. Sprague, Roth and
Szekeres, and Graham proved that S(z™) is complete, but they were not interested in the
size of Og(;n). The values Og(,») for 3 < n < 6 were found by methods that require lengthy
calculations assisted by computer, and they do not give any idea on the size of fg(,») for
general n.

In this paper, we establish an upper bound of fg¢,») as a function of n. Using the
elementary techniques Graham used in his proof, it is possible to obtain an explicit upper
bound of the threshold of completeness of S(z™) = (1",2",3",...). Since the case n = 1 is
trivial, we let n be a positive integer greater than 1. We prove the following theorem:

Theorem 1. Let a = n!2"°, b= 2"a""! and r = 2"°~"a. Then
2
Os(ny < (b—1)2" " (r + g(b —1)(2*" = 1) +2(b—2))" — 2a + ab.

The theorem yields the result

Bgian) = O((n)"*~ 1 . 2w 4P en®+ (2= i5hm).

The upper bound of 0g(,») given by the formula is much greater than 4m" while the actual
values of Og(yn) for 2 < n < 6 are less than 4"* . So the upper bound obtained in this paper
is most likely far from being tight.

2 Preliminary results

Let S = (s1, S2,...) be a sequence of integers.

Definition 2. The set P(S) is a set of all sums of the form ) ,° | e;s) where ¢ is 0 or 1, all
but a finite number of ¢, are 0 and at least one of ¢, is 1.

Definition 3. The sequence S is complete if P(S) contains every sufficiently large integer.

Definition 4. If S is complete, the threshold of completeness g is the largest integer that
is not in P(S).

Definition 5. The set A(S) is a set of all sums of the form »"/7 , ds, where d; is —1, 0 or
1 and all but a finite number of 9, are 0.



Definition 6. Let k be a positive integer. The sequence S is a X(k)-sequence if s; < k, and
n—1
Sp §k+28j, n > 2.
j=1

For example, if S = (2,4, 8,16,...) then S is a ¥(2)-sequence since 2" = 2 + Z;:ll 27 for
all n > 2.

Definition 7. Let ¢ and k be positive integers. The sequence S is (c, k)-representable if
P(S) contains k consecutive integers ¢ + j, 1 < j < k.

For example, if S = (1,3,6,10,...) is a sequence of triangle numbers then S is (8, 3)-
representable since {9,10,11} C P(S5).

Definition 8. For a positive integer m, we define Z,,(S) to be the sequence (ay,as,...),
where 0 < a; < m and s; = a; (mod m) for all 7.

The two following lemmas, slightly modified from Lemma 1 and Lemma 2 in Graham’s
paper [2], are used to obtain the upper bound.

Lemma 9. For a positive integer k, let S = (s1, sa,...) be a strictly increasing X(k)-sequence
of positive integers and let T' = (t1,1s,...) be (¢, k)-representable. Then U = (s1,11, S2,t2,...)
1s complete and Oy < c.

Proof. 1t suffices to prove that every positive integer greater than ¢ belongs to P(U). The
proof proceeds by induction. Note that all the integers c+¢, 1 < ¢ < k belong to P(T), and
all the integers ¢+ s1 +t, 1 <t < k belong to P(U). If 1 <t < k then

c+te P(T)C P(U),
andif k+1<t<k+s;,thenl <k—s+1<t—35 <k and we have
c+t=c+ (t—s1)+s € PU).

Therefore all the integers
ct+t, 1<t<k+s

belong to P(U). Now, let n > 2 and suppose that all the integers

n—1
c+t, 1<t<k+)Y s
j=1

belong to P(U), and that for every such ¢ there is a P(U) representation of ¢ + ¢ such that
none of s,,, m > n is in the sum. Since all the integers c+t+s,, 1 <t < k+ 23:11 s; belong
to PU)and c+1+s, <c+1+k+ E;L;ll s;, all the integers

ctt, 1<t<k+d s

=1



belong to P(U). Since S is a strictly increasing sequence of positive integers, this completes
the induction step and the proof of lemma. O

Lemma 10. Let S = (s1,82,...) be a strictly increasing sequence of positive integers. If
S < 281 for all k > 2, then S is a ¥(s1)-sequence.

Proof. For k > 2, we have
Sk < 28p—1 = Sp—1 + Sgp—1

< Spo1+ 28p—2 = Sp_1 + Sp—2 + Sk—2
< Sp1t Sp2t+ 25, 3< -

k—1
S S1 + Z Sj.
7j=1

Therefore, S is a 3(s;)-sequence. O

Lemma 9 shows that if a sequence S can be partitioned into one ¥(k)-sequence and one
(¢, k)-representable sequence then S is complete with g < ¢. What we aim to do is to
partition S(z™) into two such sequences for some ¢ and k.

Let f(x) = 2" and let S(f) = (f(1), f(2),...). Let a = n!2"* and r = 2*°~"a. Partition
the elements of the sequence S(f) into four sets By, By, B3 and By defined by

Bi={flaa+#): 0<a<2" -1 1<8<2"},

(
By={flaa+B): 0<a<2” -1, 2"+1<f<a, aa+f < 2" "a},
By = {f(2" "a), f(2" "a+2), f(2" "a+4),...},
By={f2" "a+1), f(2" "a+3), f(2” "a+5),.. .},
so that
BiUB, ={f(1), f(2),.... f(r = 1)}
and

BSUB4 = {f(T),f(T+1),f(T+2),}
Let S, T, U and W be the strictly increasing sequences defined by

51,52, 5u2), S5 € DBy,
t1,ta,...), t; € Bs,

Uy, Ug,...), uj € ByU Bs,
wy, W, ...), w;€ ByU B,.
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Then the sequences U and W partition the sequence S(f). First, using Lemma 10, we show
that W is a ¥(a)-sequence.



Lemma 11. For a = n!2"" and r = 2" "a,

fr+1)  fla+2"+1) _ f(2m+2)
f(r—1) f(a) f(2r+1)

Proof. Re-write the inequalities as
2 " 2m 4+ 1\" 1
1+—) < (1 < (1
<+r—1) (+ a ) (+2”+1

r—1 a
> > 2"+ 1
2 2n 4+ ] t4h

<2

It is clear that

which proves the first two inequalities. The proof of the third inequality

1 " 1
1 <2 <<= 1<(2»=1)2"+1
(1+557) < <@ -1+

is also straightforward.

Corollary 12. The sequence W is a ¥(a)-sequence.

Proof. Note that w; = (2" + 1)*. For every k > 2, o i satisfies one of the following

equalities:

. :f(a+1)’ for a>2"+1;
Wg—1 f(a)

Wy f(Ba+2"+1)

= , for > 1

Wg—1 f(Ba) 0

il :f(7+2), for v>r—1.
Wk—1 )

Also, for every aa > 2"+ 1, > 1 and v > r — 1 we have
flat1) _ 2 +2)
fo) = fere)
f(Ba+2"+1)  fla+2"+1)
f(Ba) fla) 7
fy+2) _ fr+1)
fo — fr=1)

<

Thus, by Lemma 11, - < 2 for k£ > 2, and therefore by Lemma 10, W is a X((2" + 1)")-

Wg—1 —

sequence. To complete the proof, it remains to prove that (2" + 1)" < a for all n > 1. The

inequality is true for n = 2 and n = 3, and for n > 3 we have
(2" +1)" < (2" 4 27)" = 272" < 12" =q.

Therefore, W is a ¥(a)-sequence.



Now, we prove that U is (d,a)-representable for some positive integer d. By Lemma 9,
the value d is the upper bound of 0g(n). Note that the sequences S and 1" partition U.
Lemma 13 shows that P(S) contains a complete residue system modulo a, and Lemma 14
and 15 together show that P(T') contains arbitrarily long arithmetic progression of integers
with common difference a. The properties of S and T are used in Lemma 16 to prove that
P(U) contains a consecutive integers.

Lemma 13. The set P(S) contains a complete residue system modulo a.

Proof. 1t suffices to prove that {1,2,...,a} C P(Z,(95)). Let S, S, ..., San be the sequences
defined by
Sj:(jn7jn7"-7jn>7 1§]§2n

where |S;| = on* =1 for all j. Since for each 0 < a < on?—n _ 1,1 < <2™ we have

flaa+ ) =B" (mod a),

and S is the sequence of such f(aa + ) in increasing order, the sequences Sy, Sa, ..., Son
partition the sequence Z,(S). Note that

P(S) ={1,2,...,27"7"}, P(S,) ={2",2-2",3-2",..., 2" ". 2"},

Since for every integer 1 < m < 2"2_"(1 + 2™) there exist 0 < o < 2"2_”, 1 < 3 < 2" such
that
m=a2" + [,

we have .
P(S1USy) ={1,2,3,...,2" ™™(1+2")}.

Likewise, for every j > 3, the inequality
(G-t < 2T A2 e (- D))

holds, and therefore for every 1 < m < 2”2_”(1 + 2" + - 4+ j™) there exists 0 < o < 2”2_”,
1<pB <2 (142" +---(j — 1)) such that m = aj” 4+ 3. Therefore

P(Z4o(S)) = P(S1U S U-+-USon) ={1,2,3,...,2" (1 + 2"+ 3" 4 - +27)}.
It remains to prove that
a=nl2" < 2”2*”(1 +2" 43"+ + 2n2).

Since

1
<1+2”+--~+2"2>"> 1+2+---427
2n - 2n ’



we have on(o
nion 1 n
2"2”(1+2"+...+2"2)2(1+2+...+2”)n:<%) .

Since 2™ 4+ 1 > 2j for every positive integer j < n, we have

27 (L 42" 4 4 27 - <2n(2n+1))" 1

n!2n? 2 pl2n?
nl2n
2+l
P
> 1.
Therefore, a = nl2n* < 2”2_"(1 + 2" 4+ 2”2) and it completes the proof. O
Lemma 14. For every positive integer m,
2
a € A((fm). f(m+2), fm+4)..... fm+ 32" ~1))).

Proof. Define Ay, : Q[z] — Q[z] b

Ai(g(x)) = g(4x +2) — g(4z),
Ar(g(x)) = Ai(Ap-a(g(x)), 2<k<n,

so that for 1 <k <n, Ag(f(z)) is a polynomial of degree n — k. For example,
Ao(f(x)) = Ai(f(4o +2) — f(42))
- (f(16a: +10) + f(16x)> - (f(16x +8) + f(162 + 2))

and

As3((f(x) = Ar(Aa(f(2)))
<f (642 + 42) + f(64x + 32) + f(64x + 8) +f(649:+2)>

- <f(64a: +40) + f(64z + 34) + f(64z + 10) + f(64:c)).

It is easy to check that there are 28~1 positive terms and 2871 negative terms in A, (f(z)),
and all of the terms are distinct. Therefore, for each 1 < k < n, there exist 2 distinct
integers Oék(l) > Oék<2) > > Oék(2k_l), Bk(l) > ﬁk(Q) > e > Bk(2k_l) with Oék(l) > ﬁk(l)
such that

ok—1 ok—1

Ax( Zf (2% 2 + o (i) Zf (2°" 2 + Bi(1))-



Since a;(1) = 2 and (1) = 4ag_1(1) + 2 for k > 2, we have

2

(1) = 5(22’“ —1).

Also, we have {ax(2"71), Br(2"1)} = {0,2}. Therefore

Aw(f(@)) € A((F(2%0), F(2%2 +2),..., f(2*a+ 2(2% -1))).
On the other hand, since

Ai(f(@)) = fdx +2) — f(4x)
= (4z + 2)” (4x)"

+ terms of lower degree,

we have
An(f(x) =n(n—1)(n—2)---1.22"19n=392n=5 9l
= nl2"*
= a.
Therefore,

a€ A((f(?”m), f(2*r +2),..., f(2%"z + 2(22" - 1)))).

Since the A, (f(z)) is a polynomial of degree 0, the value a = A, (f(x)) is independent of z.
Therefore, we can replace 22"z with an arbitrary positive integer m and we have

ac A((f(m),f<m+ 2), f(m +4),..., f(m+ §<22n - 1)))). O

Lemma 15. For every positive integer t, there exists a positive integer ¢ such that all the
mntegers
ct+ja, 1<j5<t

belong to P(T) and
2
c<(t—1)2"r+ g(t — 12 —1)+2(t—2))" -
Proof. Let a = %(22” — 1), and let T}, T, ..., T;_1 be the sequences defined by

(f r), f(r +2), f(r+4),...,f(r+a)>,

=
= (
=

flr+a+2), (r+a+4),...,f(r+2a—|—2)>,

(
(
f(r+2a+4), f(r—|—2a+6),...,f(r+3a+4)>,
(r+

f

Nav+2(t —2)), ..., flr+ (t - 1)a+2(t—2))).



By Lemma 14, a € A(T}) for every 1 < j <t — 1, and there exists
Aj, Bj € P(T})

such that A; — Bj = a, both A; and B; consist of 2"~! terms, and all 2" terms of A; and B,
are distinct. Let

Ci=Bi+Bo+By+--+ By,
Co=A1+By+ B3+ -+ By,
C&3:441+mA2%—£%'+"'+‘£ﬂ_h e

j—1 t—1
Cyzzjz:f%—%jz:l%,...

i=1 i=j
Ci=A1+ A+ A3+ + A1

Then each C; belongs to P(T), and (Cy, Cy, ..., C;) is an arithmetic progression of ¢ integers
with common difference a. Thus, they are exactly the integers ¢ + ja, 1 < j < t with
c=Cy—a=DBy+By+-+-+ B;_1 —a. Since each B, 1 < j <t—1isasum of 2" terms
in T, and all of the terms are less than or equal to

fr+t—1Da+2(t—2))=(r+ ;(t —1)(2* — 1) +2(t — 2)",

we have )
c=Ci—a<(t—-12"r+ g(t — 12" -1)+2(t-2)" —a. O

Finally, we show that P(U) contains a consecutive integers ki + t1, ko + to, ..., ko + ta,
where {ki, ko, ..., k,} is a complete residue system of a in P(S) and t1,ts,...,t, are taken
from the arithmetic progression in P(T).

Lemma 16. Let b = 2"°a" L. The sequence U is (d,a)-representable for a positive integer
d such that

2
d< (b—1)2"" (r+ g(b —1)(2* - 1) +2(b—2))" — 2a + ab.
Proof. By Lemma 15, P(T') contains an arithmetic progression of b integers,
ct+ja, 1<j<b

with
c<(b—1)2""1(r+ g(b -1)E*™ -1 +2(0b-2)" —a.

By Lemma 13, there exist positive integers 1 = k; < ky < -+ < k, in P(S) such that
{k1,ko,..., ko} is a complete residue system modulo a. For 1 < j < a, let

[
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Then for each 1 < j < a,
ko — k;
a

Also, if i # j then na + k; # nja + k; (mod a). Therefore

ko — k;

<7”Lj§ +1<:>ka<nja+kj§ka+a.

{c+ma+ky,c+noa+ky,...;c+nea+ky}
is the set of a consecutive integers
{c+ki+1lc+ke+2,...;c+k,+a}.

It remains to prove that each ¢ + nja + k; is in P(U). Let X(S) denote the sum of every
element of S. Since |S| = 2", and

5 < (@5 = Dat2) = (r—a+ 2" <" (a = 2" <o -l

for each s; € S, we have
S(S) < 27 (r" — nl) = 270" —a.

Therefore, for each 1 < 7 < a we have
kg 1 1
1 S nj < — + 1 S —E(S) + 1 < _2n2rn — 2n3an71 — b
a a a

and thus all of ¢ + nja belong to P(T). Since all of k; belong to P(S), all of ¢ + nja + k;
belong to P(U). Therefore, U is (¢ + k,, a)-representable. Let

d=c+k,.

Since k, < %(S) < 2”°r" —a = ab — a,
2
d=c+k,<(b—1)2""1(r+ §(b —1)(2* - 1) +2(b—2))" — 2a + ab. O

Now we have everything we need to prove the theorem.

3 Proof of the theorem

Recall that U and W are disjoint subsequences of S(f). By Corollary 12, W is a ¥(a)-
sequence and by Lemma 16, U is (d, a)-representable with

2
d< (b—1)2""1(r+ g(b —1)(2* 1) +2(b—2))" — 2a + ab.
Therefore by Lemma 9, S(z™) = S(f) is complete and

2
Oy < d < (b—1)2""'(r + g(b —1)(2*" — 1) +2(b—2))" — 2a + ab. O
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