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Abstract

We study the shifting property of a matrix R = [ry, x]n x>0 and a sequence (hy)nen,
i.e., the identity

n n
E Tnkhke1 = § Tt k10
k=0 k=0

when R is a Riordan matriz, a Sheffer matriz (exponential Riordan matrix), or a con-
nection constants matriz (involving symmetric functions and continuants). Moreover,
we consider the shifting identity for several sequences of combinatorial interest, such as
the binomial coefficients, the polynomial coefficients, the Stirling numbers (and their
g-analogues), the Lah numbers, the De Morgan numbers, the generalized Fibonacci
numbers, the Bell numbers, the involutions numbers, the Chebyshev polynomials, the
Stirling polynomials, the Hermite polynomials, the Gaussian coefficients, and the ¢-
Fibonacci numbers.

*The work is partially supported by MIUR (Ministero dell’Istruzione, dell’Universita e della Ricerca).
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1 Introduction

We say that a matrix R = [rp, x|nr>0 and a sequence (hy,)nen satisty the shifting property
when they satisfy the shifting identity

n n
E Tnphir = E T k10 (1)
k=0 k=0

for every n € N. This relation turns out to be satisfied by several combinatorial sequences,
as already noted in the Abstract. In this paper, we will consider the following classes of
matrices.

e Riordan matrices [12] (see also [13, 14, 15, 16]): R = [rpilni>0o = (g(t), f(t)) is an
infinite lower triangular matrix whose columns have generating series

ri(t) = ZTn,k " =g(t)f ()",

n>k

where ¢(t) and f(t) are ordinary formal series with go = 1, fo = 0 and f; # 0.

o Sheffer matrices [9, 10, 16] (or ezponential Riordan matrices): R = [rpilprso =
(g(t), f(t)) is an infinite lower triangular matrix whose columns have exponential gen-
erating series

" f(0)*
nlt) = Y ras o = gy 20
n>k
where ¢(t) and f(t) are exponential formal series with gy = 1, fo = 0 and f; # 0.
e Connection constants matrices [4, 3]: R = CP) = [C’,(f ,’f)] is an infinite lower
P k>0

triangular matrix whose entries are the connection constants between the two persistent
sequences of polynomials (p'” (2))n>0 and () (2))n>0, i.e., are the coefficients for which

P (@) =Y O (@), (2)
k=0

where p = (r1,79,...) and 0 = (s1, S2,...), and pgp)(a:) =(x—r)(x—ry) - (x—1p).

Notice that, in the case of Riordan and Sheffer matrices, ¢(¢) is invertible with respect
to the product of series and f(t) is invertible with respect to the composition of series. The

compositional inverse of the series f(t) is denoted by f(¢). Moreover, Riordan and Sheffer
matrices form a group with respect to the matrix product. In particular, we have

(g(t), F®)) (G(t), F(1)) = (9()G(f (1), F(f (1)) and (g(t), f(t)"" = (g(i@), A(t)> :



For the connection constants matrices, we have the closure property
co) o) — olp)

Moreover, all connection constants matrices are invertible, and the inverse matrices are given
by
(CPoly=t = glor) (3)

2 General properties

Given a matrix R, we can have infinite sequences (h;,)nen for which the shifting property
is satisfied. However, for a normalized sequence (hy)nen, i.€., a sequence with hy = 1, we
have the following

Lemma 1. For every invertible infinite lower triangular matriz R = [y k]n x>0, there exists
a unique normalized sequence (hy)nen for which the shifting property holds.

Proof. Since R is invertible, all its diagonal entries are non-zero. So, by identity (1), we
obtain the recurrence

n n—1
1
hpg1 = — (Z Tntt1 k1l — ZTn,khk+1> -

B\ k=0 k=0
This recurrence, with the initial value hy = 1, defines an unique sequence. O

In particular, for n = 0 in identity (1), we have roohy = r11ho, So, if the sequence is
normalized and roo = 71 1, then hy = hy = 1.

Lemma 2. Let R = [ruilnkso0 be an invertible infinite lower triangular matriz and let
(hn)nen be a mormalized sequence satisfying the shifting property. If there exist a matrix
S = [Snk)nk>0 such that

n

Trl k41 = Z T'niSik (4)

i=k
for every n, k € N, then the elements of the sequence (hy)nen satisfy the recurrence

n

hn+1 - Z Sn,khk . (5)

k=0

In particular, if R = [Ipi1kt1]nks0, then

S=R'R. (6)



Proof. Consider the normalized sequence defined by recurrence (5). This sequence and the
matrix R satisfy the shifting property (1). Indeed, by recurrences (4) and (5), we have

Zrn—i-l,k—‘rlhk = Z (Z Tn,iSz',k) hy, = Zm,i (Z Si,khk> = Zrn,ihi—l-l .

k=0 k=0 \i=k 1=0 k=0 =0

Since by Lemma 1 there is only one normalized sequence satisfying the shifting property (1)
for a given invertible matrix R, the first part of the lemma follows. To obtain the second
part of the lemma, just note that identity (4) is equivalent to R = RS. Since R is invertible,
we have identity (6). O

3 Shifting property for Riordan matrices

Recall that the incremental ratio is the linear operator R : R]x] — R[z] defined by

u(t) = Zunt” — Ru(t) = @ = Zu"“ t".

n>0 n>0

Moreover, the A-series of a Riordan matrix R = (g(t), f(t)) is the series

a(t) = nzzoan t 0

Theorem 3. A Riordan matrizc R = (g(t), f(t)) and a normalized sequence (hy)nen, with
ordinary generating series h(t), satisfy the shifting property, if and only if

f(t)
h ==
W=7 (7
or, equivalently, if and only if @
-~ th(t
f(t) = Rh@)’ (8)

or, equivalently, if and only if
hn+1 - Z akhn—kz (9)
k=0

where the numbers a; are the coefficients of the A-series of the matriz R. If the shifting
property holds, then the generating series for the shifting sums is

s(t) = o) RA(F0) = 90T n(r(0). (10)



Proof. Let R = [rpilng>0 = (g(t), f(t)) be a Riordan matrix. Then, for every formal series
u(t) =) ,50 unt", we have the identity

gt)u(f(t) = Z [Z Tn,kuk] "

n>0 Lk=0

and the Riordan matrix

R = Fussasihaso = (5072500

Hence, identity (1) is equivalent to the identity

/(@)
oORA(F(0) = o0\ n(s(0)
(and this gives series (10)). Since g(t) is invertible with respect to multiplication, we have

the equivalent identity
M) -1 f),

(f(#)

f& ot
Finally, since f(t) is invertible with respect to composition, we have the equivalent identity
-1
MO=L1 L wey o RA() = a(t)h(t)
t f(t)

from which we obtain (7), (8) and (9). O

Theorem 4. A Riordan matriz R = (g(t), f(t)) and a normalized sequence (hy)nen, with
ordinary generating series h(t), satisfy the shifting property, if and only if they satisfy the

absorbing identity
Zrn,khk = Zrn+k,2k- (11)
k=0 k=0

Proof. First, we have

n 1 t 2k t
Z (Z T"+k,2k) t" = Z tk (Z Tn,2k tn> - Zg(t)f(tlg 1 —g;((z)Q/t .

n>0 \k=0 n>0 n>k n>0

So, identity holds if and only if

tg(t)
Dh(f(t) = — "~ -
s = s
Since f(t) is invertible with respect to composition and g¢(¢) is invertible with respect to
multiplication, this relation is equivalent to

~

t
wt) = 2
ft) =t
and, by Theorem (3), this condition holds if and only if the shifting property holds. O

5



Next lemma will be useful to prove Theorem 6 and to obtain some examples.
Lemma 5. Let R = [rp|nx>0 = (g(t), f(t)) be a Riordan matriz.

1. For every a € N, we have the Riordan matrix

1 = (0 (K2 10) = Fucnaridussn (12

t

2. Let g(t) = 1. Then, for every a € N, we have the Riordan matrix

Proof. Since

] gte) (120 50 = 1] 9050 = s

we have identity (12). Moreover, if g(¢) = 1, then

#17() (@)aﬂt)k = [ ) F) = [ (L)

t a+k+1
at+n+l a+n a a+n—+1
- . Tkl " H]f(t) T = Py Tatn+1la+k+1
and we also have identity (13). O

By Theorem 3 (resp. Theorem 4), the shifting property (resp. absorbing property) for
a Riordan matrix R = (g(t), f(t)) depends only on the series f(¢), but not on the series
g(t). So, for any sequence (hy,)nen, there are infinite Riordan matrices satisfying the shifting
property (resp. absorbing property). In particular, we have

Theorem 6. If a Riordan matriz R = [ryi]nk>0 = (9(t), f(t)) and a normalized sequence
(hn)nen satisfy the shifting property, then

n n

E Ta+nﬂ+khk+1:: E ra+n+l@+k+1hk (14)
k=0 k=0

n n

E Ta—i—n,a-‘,—khk - E Ta4+n+k,a+2k (15)
k=0 k=0

for every a € N. In this case, the generating series for the shifting sums is

S(t) = g(t) (@) RI(F(1)) = 9(0) (@) W) (16)

t t

6



and
n

Sp = Z Tatn+k+1,a+2k+1 - (17)
k=0
Moreover, if g(t) =1, then
“a+n+1 “a+n+2
Z ———— Tagntlatkr1 g1 = Z ————— Tatni2,atkt2/lk (18)
kzoa—l—k—l—l k:0a+k+2
“a+n+1 " a+n+k+1
Z ———— Tatnilatkii e = Z ————— Tatntk+l,a+2k+1 (19)
k:0a+k—|—1 —~ a-+2k+1

for every a € N. In this case, the generating series for the shifting sums is

)= 70 (52} =aro) = o (2] s (20
and .
Sp = Z % Ta+n+k+2,a+2k+2 - (21)

k=0

Proof. In the Riordan matrices (12) and (13) the second series is always f(¢), for all a € N.
So, both matrices (12) and (13), with the sequence (hy)nen, satisfy the shifting property
and the absorbing property, for all @ € N. Moreover, series (16) and (20) derive from
Riordan matrices (12) and (13) and identity (10). Finally, identities (17) and (21) are just
a reformulation of the absorbing property. O]

Examples

1. If h,, is the generalized Fibonacci number! Jlm], with m € N, m > 1, then, by Theorem

3, we have
ity =Y fimer = ! and  f(t) = t ,
—" l—t—t2—-..—tm IL+t4+t2+---+tmt
In particular, for m = 2, we have the Fibonacci numbers f, 2= fn = Fuy1 and
M)=1——p = =1 = f0=r
1t 14t 1t

L For m = 2,3,4,5,6,7,8, we have the Fibonacci numbers fE] (A000045), the Tribonacci numbers
f}f’] (A000073), the Tetranacci numbers fr[;” (A000078), the Pentanacci numbers f1[15] (A001591), the Hez-
anacci numbers fr[f] (A001592), the Heptanacci numbers fy] (A122189,A066178), the Octanacci numbers
f}zs] (A079262), and so on. See [7].



http://oeis.org/A000045
http://oeis.org/A000073
http://oeis.org/A000078
http://oeis.org/A001591
http://oeis.org/A001592
http://oeis.org/A122189
http://oeis.org/A066178
http://oeis.org/A079262

Moreover, for m = 3, we have

1 N /
=1 — O=-1T77%
1—t—/1—2t 3¢
— f(t)= )

2t

Let us consider the Riordan matrix R = (1, f(¢)). Since the polynomial coefficients?
2] are defined by

by the Lagrange inversion formula we have
k t
s = [P0 = 5 <A—)
n f(@)

; k
I+t 4+t F ) <n )

SRS

for every n,k € N, n > 1. So, identities (14) and (18) become

“fa+n m\a+k (m] “fa+n+1;m\a+k+1 ml
= _ 22
Z( n—k )a+nfk+1 Z( n—k )a~|—n+1fk (22)
k=0 k=0
" fa+n+1;m (m] ““fa+n+2;m (m]
:E ) 23

In particular, for m = 2, these two identities are equivalent and become
" fa+n " fa+n+1
E = E . 24
s (a+k)f’““ e (a+k+1)f’“ (24)

Moreover, and for a = 0, we have the identity

n

S (i =2 (17 1) (25)

k=0 k=0

2For m = 2,3,...,10, we have the binomial coefficients A007318, the trinomial coefficients A027907,
the quadrinomial coefficients A008287, the pentanomial coefficients A035343, the hexanomial or sextino-
mial coefficients A063260, the heptanomial or septinomial coefficients A063265, the octonomial coefficients
A171890, the 9-nomial coefficients A213652, the 10-nomial coefficients A213651.



http://oeis.org/A007318
http://oeis.org/A027907
http://oeis.org/A008287
http://oeis.org/A035343
http://oeis.org/A063260
http://oeis.org/A063265
http://oeis.org/A171890
http://oeis.org/A213652
http://oeis.org/A213651

Finally, by (17), we also have the identities

" fa+n:m\a+k [m] “fa+n+k+1;m\ a+2k+1

2 A=Y OEST (26)
n—%k Ja+n n—=k a+n+k+1

k=0 k=0

" fa+n+1;m\a+k+1 [m] ““fa+n+k+1m\ a+2k+1

> K= 0 D

pr n—k a+n+1 p n—k a+n+k+1

and by (21), we have the identities

~ (a+n+1;m\ pm " la+n+k+2;m
S (I e () 29

k=0 k=0
" fa+n+2;m (m] “fa+n+k+2:m
= . 2

. If h, is the Catalan number C, = (27,7)71%1 (A000108), then, by Theorem 3, we have

h(t) = 1-vi-4 \/2115_475 and  f(t) =t 1+vi-4 V21_4t

~

Notice that h(t) =t/f(t) = a(t).

Consider the Riordan matrix R = (1, f(¢)). By the Lagrange inversion formula, we
have

for every n,k € N, n > 1. So, replacing a with a + 1, identities (14) and (18) become

i a+3n=2k+1\ a+k+1
n—k a+3n—2k+1 "

k=0 . (30)
a+3n—2k+2 a+k+2
:E O
k=0

n—k a-+3n—2k+2

Clc+1 =

" fa+3n—2k+1 a+n+1
‘ n—k a+3n—2k+1

i

C .

_Zn:(a+3n—2k+2> a+n-+2

— n—=k a+3n—2k+2


http://oeis.org/A000108

Moreover, by (17), we have the identities

i a+3n=2k+1\ a+k+1l
n—k a+3n—2k+1 "

k=0

n (32)
_Z(a+3n—k+2) a+ 2k 42
prt n—k a+3n—k+2
"\ (a+3n—2k+2 a+k+2 Cn
s n—k a+3n—2k+2 F -
B 33
_i(a—i—?m—k—i—?) a+ 2k + 2
prd n—k a+3n—k+2
and by (21), we have the identities
"\ fa+3n—2k+1 a+n-+1
Z k Ck+1:
— n— a+3n—2k+1 (34)
_z”: a+3n—k+2\ at+tn+k+2
_k—O n—k a+3n—k+2
"\ (a+3n—2k+2 a+n+2 Cn
Pt n—k a+3n—2k+2 F
B (35)

_i<a+3n—k+2> a+n+k+2

— n—=k a+3n—k+2

In this case, we obtain a closed form for the shifting identities. Indeed, since the
generating series for the sums (30) is given by (14), we have

) (@) M) = [ (@) 10 _ o (&> _

t t t
_ et (et — (a+3n—|—2) a+2 (a+3n—|—1) a+2
So, we also have the identities

n a+3n+2: a-+2n+2
" /fa+3n—2k+1 a+k+1 a-+3n+2 a+3
> ) = ("0 s @

n

prt n—k a+3n—2k+1 n a+2n+3

i a+3n—2k+2\ a+k+?2 _(a+3n+2\ a+3 (37)

i n—k a+3n—2k+2 n o Ja+2n+3

i a+3n—k+2\ a+2k+2  [(a+3n+2\ a+3 (38)
n—k a+3n—k+2 n a+2n+3"

k=0

10



Fora =0,1,...,7 we have sequences A001764, A006629, A102893, A006630, A102594,
A006631, A230547, A233657.

Similarly, since the generating series for the sums (31) is given by (18), we have
a+1 a+1 a+2
e (B2) wrey = o (B2) 20— e (B2) -

__ [ta+n / a — [saTm f(t)a+3 /—&+n+3
—[t++2]f(t)f(t) +2_[t++2](a+3)  a+3

B a+3n+3 a+n—|—3_ a+3n+2\ a+n+3
N n a+2n+3°

[ta+n+3] f (t)a+3

a+3n+3 n

So, we also have the identities

zn: a-+3n—2k+1 a+n+1 c B a+3n+2\ a+n+3
pr n—k a+3n—2k-+1 i n a+2n+3

zn: a+3n—2k+2 a+n+2 o a+3n+2\ a+n+3
n—=k a-+2n-+3

a+3n—2k+2 B n

k=0

i(a+3n—k+2)a+n+k‘+2 (a+3n+2)a+n+3

n—=k a—|—3n—l€—|—2: n a+2n+3°

k=0
. If h, is the central binomial coefficients (277) (A000984), then, by Theorem 3, we have
1 t1+\/1—4t d 1 (@)
) - an = .
NG 4 1—4f(t) 4t—f(t)

So, the situation is very similar to the one we have already considered for the Catalan
numbers. In particular, for the Riordan matrix R = (1, f(¢)), we have

3n — 2k k
_ 2" k >1).
ok <n—k)3n—2k (nkeN,n=1)

So, after some simplifications of identities (14) and (18), we obtain

z": a+3n—2k\ a+k 2k +1\ _
n—k a+3n—2k \k+1)

k=0

h(t) = fit) =

0 (39)
B a—+3n—2k+1 a+n+1 2k
& n—k a+3n—2k+1 \ k
~(a+3n—-2k+1\ a+n+1 2k +1\
— n—k a+3n—2k+1\k+1)
) (40)

~(a+3n—2k+2\ a+n+2 2k
& n—k a+3n—-2k+2 \ k)

11


http://oeis.org/A001764
http://oeis.org/A006629
http://oeis.org/A102893
http://oeis.org/A006630
http://oeis.org/A102594
http://oeis.org/A006631
http://oeis.org/A230547
http://oeis.org/A233657
http://oeis.org/A000984

Again, by (17), we have the identities
z”: a+3n—2k\ a+k 2k +1\ _
n—k a+3n—2k \k+1)

k=0
RN (a+3n—k+2) a+2k+2 ok
k=0

n—=k a+3n—k+2
~(a+3n—2k+1\ a+n+1 2k\
- n—k a+3n—2k+1\k/)

k=
_i at3n—k+2\ a+2%+2
B n—k a+3n—k+2

k=0
and, by (21), we have the identities

i a+3n—2k+1\ a+n+1 2k +1\
n—k a+3n—2k+1 \k+1)

k=0

_Z”: a+3n—k+2\ atn+tk+2
B n—k a+3n—k+2

k=0

—~ (a+3n—2k+2\ a+n+2 2k\
‘ n—k a+3n—-2k+2\k/)

k=
_i<a+3n—k‘—|—2> atntk+2
k=0

n—Fk a+3n—k+2
These last identities admit a closed form. Indeed, by (20), we have

)= 0 (B8] nsy - i) (£2) s
o (TN )
_f<t)( t ) 4t — f(t)
Then, using the Cauchy integral formula, we have
5, = [t % F(t) = % 42<_z—);~+(2) f'(2) %

o~

Setting w = f(z), we have z = f(w), dw = f’(2)dz and

a+n+2 a+n+2
1 w w dw t t
Sn=5—=¢ | =— - =" [ — _ _
2mi (f(w)> Af(w) —w W (f(t)) Af(t) —t

a+n+2
_ gatntl [ta+2n+1] 1 (1 —v1- 4t> _ (a +3n + 2) ga+ntl

1—4¢ 2 n

12

(42)



So, we have the identities

z”: a+3n—2k+1\ a+n+1 2k+1\  [(a+3n+2 (45)
— n—=k a+3n—2k+1\k+1/) n

z”: a+3n—2k+2\ a+n+?2 2K\  (a+3n+2 (46)
P n—k a+3n—2k+2\k/) n
“la+3n—k+2\ a+n+k+2 & a+3n+2

> ok — : (47)
P n—=k a+3n—k+2 n

For a = 0,1,2,3,4 we have the sequences A025174, A004319, A236194, A236194,

A236194.

4. If h, is the Chebyshev polynomial of the second kind U, (z), then we have

1

hit) = ———
(*) 1 —2xt + 2

So, if we consider the Riordan matrix

(22

then, replacing a with a + 1 in identities (

2xt
1+t

n

n—=k

2xt
1+t

= ft)=

—1

n,k>0

)1t

14) and (18), we obtain

Z (Z J: Z) (=) *(22)f Upys (2) = (a Z i Z 1) (=)™ *22) U () (48)
e e
k=0 (49)
-3 () e,
Moreover, by (17), we have the identities
Z (Z i Z) (1) 22 U (2 (a +n+k+ 1) (—1)"k(22)%+) (50)
k=0
2o (2 e
k=0 k=0

13


http://oeis.org/A025174
http://oeis.org/A004319
http://oeis.org/A236194
http://oeis.org/A236194
http://oeis.org/A236194

and, by (21), we have the identities

S

a+k+2
- k+ 2 k (52)
B Z at+n+k+2\a+n+k+3 (—1)"k(22)%+)
n—=k a—+2k+3
S (AT R) RS kg )
\ n—k Jat+k+3 g
- (53)

2
_Z(a+n+k+ )a+n+k+3 (1) (22

n—=k a-+2k+3

Similarly, if h,, is the Chebyshev polynomial of the first kind T, (x), then we have

1 —xt ~ t — xt?
ht) = —MM— t) =
(t) 1 —2xt + 2 1) r—t
14+t —+/14+2(1—22)t+t2
= ft)= v ( ) :

1+t
Consider the Riordan matrix R = [R,, x(2)]nk>0 = (f(t)/t, f(t)). Then, by the La-

grange inversion formula, we have

Roste) = 120 plo = oyt =

L S n+1_k+1tn_k x—t\'"!
=yl ]% ~ il ](1—xt)

n—k .
2n—k—1 k+1 (_1)ix2nf2i7k+1 _
— n—1i+1

For these polynomials, we have the shifting identities

and so

Z Ratn,atk (2) T (2 Z Rotnitavks1(2)Ti(z) (54)
k=0
a-+n -+ 1 n a+n-+ 2
Ra n,a T = 7 A Ra n+1l,a T, . 55
Z;a+k+1 et i) = 3 S R (BT) . (69)

14



Finally, as we did for (17) and (21), we can also obtain the identities

Z Ra—l—n,a-i-k(x)Tk-&-l (ZL‘) - Z Ra+n+k+1,a+k+1(‘r) (56)
k=0 k=0

Z Roinit,a4k41(2)T(z) = Z Reotntkt1,a+k+1(T) (57)
k=0 k=0

and

n n

kzg ey Rainark(®) T () = ; PTG Ratntirtarit1(T) (58)

n n

a+n+2 a+n+k+2
—————— Rytntia T = —————— R a . (59
kz_o ot ko et +1, +ht1(2) T () kz—() ot 2k 19 +ntk+1, +ht1() (59)

4 Shifting property for Sheffer matrices

First, we consider the particular case of Sheffer matrices with ¢g(¢t) = 1, and then we
consider the general case which is more complex.

Theorem 7. A Sheffer matriz R = (1, f(t)) and a normalized sequence (hy)nen, with expo-
nential generating series h(t), satisfy the shifting property, if and only if

h(t) = efot f/(f(U))du’ (60)

or, equivalently, if and only if

n " h(u)
t) = du . 61
= [ (61)
In particular, the numbers h,, satisfy the recurrence

n

hn+1 - Z Sn,khk (62)

k=0

where
n!

Snk = E

(63)
If the shifting property holds, then the exponential generating series for the shifting sums is

s(t) = f/(t)elo f'du (64)
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Proof. Let R = [rpglnkso = (g(t), f(t)) be a Sheffer matrix. Then, for every exponential
formal series u(t) = Y, -, un’y, we have the identity

g u(f1) =3 [Z u] .
n>0 Lk=0 ’

and (for g(t) = 1) the Sheffer matrix
R/ = [Tn—i-l,k’-i-l]n,kZO = (f/(t)7 f(t)) .

Hence, if g(t) = 1, then identity (1) turns out to be equivalent to the identity

Since f(t) is invertible with respect to composition, we have the equivalent identity

B () = f'(f(8)) h(t)
from which we obtain (60). Since f’ (]?(t)) =1/ ]?’(t), we also have the identity

Fio) =

from which we have (61). Finally, recurrence (62) derives from recurrence (5), where, by
identity (6), the Sheffer matrix S = [s, k|n>0 is defined by

= ~ 1
S=R1'R =(1, (1), = (f )= =1].
(L f@)f @), f(2) = (f'(f(t)),1) <f,(t> t)

This also implies (63). Finally, by (65) and (60), we obtain the exponential generating series
for the shifting sums:

s(t) = F1() h(f (1) = f/(t) i T

Setting u = J?(v), we have v = f(u), dv = f'(u) du and s(t) assumes the form in (64). O

Examples

1. By Theorem 7, we have

1
f) =1n-

16



~

In this case, the numbers h,, are the Bell numbers b, (A000110). Since f(t) =1—e"!
and f'(t) = ™!, we have s, , = Z[t" *le! = (}), and recurrence (62) becomes the usual
recurrence for the Bell numbers:

busi =Y (Z) by

k=0

In particular, for the Sheffer matrix of the Stirling numbers of the first kind [5]

(A132303)
we (] (o).

we have the shifting identity

" n " n+1
{k] b1 = {k N J by, - (66)
k=0 p

By identity (64), we obtain the series

(which is the exponential generating series for sequence A002720). Since

elit:ZEn%

n>0

is the exponential generating series of the cumulative Lah numbers (A000262), we also
have the identities

n

2 m Ohr1 = Zn: {Zi ﬂ b = kX; (Z) (n— k)l . (67)

k=0 k=0

. By Theorem 7, we have

~

Jh=e—1 — fO) =1+t < ht)=c*",

~

In this case, the numbers h,, are the involution numbers i, (A000085). Since f(t) =
In(1+1¢) and f'(t) =

1
s We have

1, ifk=mn;
"R (1+t)=<n, ifk=n—1;

0, otherwise,

n!

Sk =

17
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and recurrence (62) becomes the usual recurrence for the involution numbers: i, =
in +ni,_1 (forn >1).

In particular, for the Sheffer matrix of the Stirling numbers of the second kind [5]

(A008277)
(5

we have the shifting identity

- nj . " (n+1 )
(-l
k=0 k=0

Finally, by identity (64), we obtain the series
S(t) _ et+et sinh ¢
which is the exponential generating series for the Dowling numbers (A007405).

. By Theorem 7, we have

t ~ t

t)= — <= )= —— <= h(t) =S,
£l1) = fiy =+ ()=
In this case, the numbers h,, form sequence A049425. Since A(t) = 1 and ]?/(t) =
m, we have
1, if k =mn;
nlo 9 2n, ifk=n-—1;
Sk = —[t""|(1+1)" =
. k![ I ) nn—1), ifk=n-—2;
0, otherwise ,

and recurrence (62) becomes hy 1 = hy, + 2nh,—1 +n(n — 1)h,_o (for n > 2).
In particular, for the Sheffer matrix of the Lah numbers (A105287)

t
r={fi],... = (or5),
n,k>0 L—t

we have the shifting identity

b1 = Z

k=0

n

k

n

n+1
k+1

n

A hi, . (69)

k=0

Finally, by identity (64), we obtain the series
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4. If h, is the Stirling polynomial S, (x) =

~

h(t) = e" 7Y

—  [ft)=

Sheo {1 }a*, then, by identity (61), we have

1—et 1
t) =1 )
= JO R

So, if we consider the Sheffer matrix

R=1{(1In L — " ,
1—at k k>0

then the shifting identity simplifies in

" n " n+1
Z {k}sk(x) =z [k+1]5k+1(x).
k=0 k=0
By identity (64), we obtain the series
X zzt
t = 1—=xt |
5( ) 1—at ¢
Since
e1 T = Zx”L —
n>0
where the coefficients .
L,(z)= Z Z 2"

k=0
are the Lah polynomials, we also have the identities

2[5

5. If hy is the Hermite polynomial H,(x) [9], then, by identity (61), we have

h(t) = 2P e f(t):—% m(1-2) = f0)=-al

So, if we consider the Sheffer matrix

R=(1—se - 1) = [Tt =

then the shifting identity simplifies in

Zn: {Z}(—l)"kkak(a:) _

— E+1

By identity (64), we obtain the series

s(t) = 2pe 2o (=)

19
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(70)

(71)

~1).

(72)



More in general, we have

Theorem 8. A Sheffer matrix R = (g(t), f(t)) and a normalized sequence (hy,)nen, with
exponential generating series h(t), satisfy the shifting property, if and only if

W) = f(F(£)h gl@m "h(u du | 73
() = F'(F0) <t>+g(f(t))/0 () (73)

Proof. First, denoting with D the derivative with respect to ¢, we have

n " t)r T / £kt / t)"
S st = D sty = 0 o045 | = s F T+

So, we have

Z [Z Tn+1,k+1hn] i_r: = Zhn [Z rn+1,k+1$]
’ ! !

n>0 Lk= k>0 n>k

k+1 k
= JOX oY n Y

|
k>0 + 1)' k>0

= Y h L g onr )

o
T / B(u) du -+ g() (DR (1)).

Consequently, identity (1) becomes

o
gON (f(1) = g'(t) /0 h(w) du+ g(t) f'(H)A(f(2))

Since g(t) is invertible with respect to multiplication and f(¢) is invertible with respect to
composition, this identity is equivalent to identity (73). O

Theorem 9. Let R = [ry, 1|ni>0 = (1, f(t)) be a Sheffer matriz and let (hy,)nen be a normal-
ized sequence with exponential generating series h(t). If R and (h,)nen satisfy the shifting
property, then the Sheffer matriv R = [rpi1p41]nk>0 = (f'(t), f(t)) satisfies the shifting
property with respect to the normalized sequence (H,)n,en whose exponential generating se-
ries H(t) is given by

du

HE) =1+ 1() /O ok (74)
or, equivalently, by
h(t)h"(t) — I'(¢)?

HO =S5y HO = = 5w

(75)
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Proof. The series H(t) is defined by identity (73), where g(t) = f'(¢). By identity (61), we
have

PO =M g oy MO,
Since
i 1 Y f”( )
= = and = ,
F @) ) JF@) = )
we have N R R
g0 _ G0 Py - aow
g(f(®)  fU@)  f@)? h(t)?
So, the series H(t) is defined by the equation
() = 50 - MO [,

Now, let w(t) = fot H(u)du. Then w'(t) = H(t), w"(t) = H'(t), and the above equation

becomes B (1) R (t)? — h(t)h"(t)

//t _ It
CO G O T
It is easy to see that w(t) = h(t) is a particular solution of this equation. So, we can set
w(t) = h(t)z(t). Then, we have

w'(t) = W' (t)z(t) + h(t)z'(t)
w'(t) = h"(t)z(t) + 2h'(1)2"(t) + h(t)2" (1)
and the previous equation becomes
h(t)2"(t) + B (t)2'(t) =0

or, equivalently, (h(t)z'(t)) = 0. Hence, we have h(t)z'(t) = K, with K constant. Since
ho =1 and zy = 0, we have z; = 1. So K =1, and h(t)z'(t) = 1, that is

w(t)=0.

that is

w<t):h(t)/0t@du or /OtH(u)du:h(t)/otﬁdu,

By differentiating this last equation, we obtain identity (74). Finally, by differentiating (74),
we obtain identity (75). O
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Examples

1. By (73), for the Sheffer matrix

n+1 1 t
R = = —\In—
Linl],, - (Ees)

we have that the series h(t) satisfies the integro-differential equation

t
W(t) = e / h(u) du + ¢ h(t)
0
By differentiating, we obtain the differential equation
R'(t) = (1+e" )R/ (t) — e'h(t) = 0

from which we have that the numbers h,, satisfy the recurrence

" /n " /n
hpgo = Ipgr + E (k) Piq1 + E (k:) Ry .
k=0 k=0

Let b(t) = e~ be the exponential generating series for the Bell numbers. Then, by
equation (74) and Example 1 on page 16, we have

h(t) =1+V(t) /td_“ _ 1+eet+t_1/te_(eu_l) "
0 b(u) 0 .

tn
x(et—1) __
e = E Sp(x) ]

n>0

Since

is the generating series for the Stirling polynomials, we have the explicit expression

~ n
hn == n,0 + E <k) Sk(_]-)bn—k+1 .
k=1

These numbers form sequence A040027. By equation (75), we also have
B'(t) = (1+e)h(t) — 1,

from which we obtain the following other recurrence

& n
hn+1 = hn + Z <k?) hk - 571,0 .
k=0

Finally, we have the shifting property

" n+1 " [n+2
h = hy . 76
kzzo{kjtl] rH kzzo{lwﬂ] g (76)

These sums form sequence A002793.
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2. By (73), for the Sheffer matrix

B n+1 ot ot
[ e

we have that the series h(t) satisfies the integro-differential equation

t
h'(t) :/ h(u) du+ (1 +t)h(t).
0
By differentiating, we obtain the differential equation
R"(t) — (1 + )R (t) — 2h(t) =0
from which we have that the numbers h,, satisfy the recurrence
hn+2 = hn+1 + (n + Q)hn

with the initial values hg = h; = 1. These numbers form sequence A000932. Moreover,
by equation (74) and Example 2 on page 17, we have

t
h(t) =1+ (1+ t)e”tz/z/ e~ (vt /2) qy |
0

Finally, we have the shifting identity

i n-+1 i n-+2
h = ha .
z{kH} z{w} (77)

k=0

3. By (73), for the Sheffer matrix

w= [ ()

we have that the series h(t) satisfies the integro-differential equation

n—+1
k+1

t
R (t) =2(1+ t)/ h(u) du+ (1 +¢)*h(t).
0
By differentiating, we obtain the differential equation
(1+t)R"(t) — (2+ 3t + 3> + )R/ (t) — 3(1 +t)*h(t) = 0.
From this equation, we have that the numbers h,, satisfy the recurrence
hpia +nhyis —3(m+3)hpo —3n+3)(n+2)h,1 — (n+3)(n+2)(n+1)h, =0
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with the initial values hg = hy = 1, hg = 5, hg3 = 17. The first few values of this
sequence are: 1, 1, 5, 17, 69, 339, 1677, 9321, 55137, 343659, 2285289, 15910857,
116120781. This sequence does not appear in [11]. Moreover, by equation (74) and
Example 3 on page 18, we have

t
ht) =1+ (1 +t)2et+t2+t3/3/ o (utu?+ud/3) g,
0

Finally, we have the shifting identity

n

>

k=0

n+ 2
k+ 2

n+1

k+1 . (78)

b1 = Z

k=0

4. By (73), for the Sheffer matrix

n\ n! 1 1
n= ()5, = ().
k) k! k>0 1—t'1—t¢

we have that the series h(t) satisfies the integro-differential equation
t
B(t) = (1+02h(t) + (1 + t)/ h(u) du.
0

By differentiating, we obtain the differential equation
(L+HR"(t) — (24 3t + 3t> + )R (t) — 2(1 + 1)*h(t) = 0.
From this equation, we have that the numbers h,, satisfy the recurrence
Bnsa + nhpiz — (30 + 8)hyys — (30 + 7)(n + 2)hpir — (n+2)*(n+ 1)h, =0

with the initial conditions hg = hy = 1, hy = 4, hy = 13. The first few values are: 1,
1, 4, 13, 50, 231, 1106, 5909, 33818, 205055, 1326226, 9014181, 64329034, 480660103.
This sequence does not appear in [11]. In this case we have the shifting identity

2 (1) e =22 (L) Gy e ™

k=0 k=0

5 Shifting property for connection constants matrices

The elementary and the homogeneous symmetric functions [6, 4] are respectively defined

by
T1,T2y...,Tp . .
) = ep(T1, 29, .., 2,) = Tiy - Ty

1< < <ip<n
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and have generating series

Z (331,552,]{-- ’ ’xn)tk = (14 z1t)(1 + 9t) - - (1 + 2,t)

k>0

S )= A== xlgt) (=)

k>0

We proved [4] that every connection constant can be expressed in terms of these sym-
metric functions. More precisely, given the zero sequence 0 = (0,0,...), we proved that

TlyevoyThn e
C = ( B )(—1) ' (80)

(0,0) S1yc 3 Skt1

C’r(fl;o’) _ Z (Tl;z: _ ;Tn) ((51;‘-].-‘_7 2k+1)> (_1)717] ] (82)

j=k

and that

Let us consider, now, the following generalization of the connection constants CT(L’;’ ,’CO) and

C,(L?,f). Given two sequences o = (81, Sg,...) and 7 = (1,12, ...), we define the coefficients

o, 8n 1
V= () A0 ey ke (53)
M(U,T) _ S1y+ vy Sk+1 tito 1o . 84
<< S Nty (84)

The M,(LU,;T) are the generalized De Morgan numbers®. Since the homogeneous symmetric

functions satisfy the recurrence

L1, L2y« s Tyl T1,T2,...,Tp L1,L2y -, Tnti
= n+1 85
(( k+1 >) << k+1 ))+(( k ))x“ (85)

the generalized De Morgan numbers satisfy the recurrence
Mr(zi?kﬂ = tkHMy(;,Tl;T) + Sk+2M7(;1;:L)1 : (86)
Finally, we define the generalized continuants K by the recurrence

K5 = 1o K + 5,02K0) (57)

3Notice that this is a slight generalization of the De Morgan numbers considered in [4].
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with the initial conditions K™ = 1 and K™ = ¢, [5]. For convenience, we also define
K97 =o.
Then, we have

Theorem 10. The matriz R = [MTSU,;T)} and the sequence (K™Yo satisfy the shifting
’ n,k>0 -
property, that is

S MR = 3 M &

k=0

Proof. By the recurrences (86) and (87), we have
ZMTLZI k+1 (UT) _ ZMT(LUkT)t 1 aT) + ZMr(Lo—k?lsk-‘rQK(UT)

= ZMéakT)t per K77 +ZMT(LO-]€T)S]€+1KIS,‘ i
k=1

= ZMé?,;T)(tk+1K( )+Sk+1K(U7—))

Sl

]

Using recurrences (86) and (87), we obtain the following particular instances of the
sifting identity (88). In particular, we obtain the g-analogues of some identities obtained in
the previous sections. Recall that the g-numbers are defined as [n] :=1+q+¢*+---+¢" 1,
and that the ¢-factorials are defined as [n]! = [n][n — 1] --- [2][1].

Examples

1. For s,, = n—1 and t,, = n, we obtain the ordinary De Morgan numbers M, (A131689)
defined by the recurrence

My = (b + 1) My + (B + 1) My joyr -

(

Moreover, the numbers K" = h,, satisfy the recurrence

hpto = (n+2)hyi1 + (n+ 1)k,

with the initial conditions hg = hy = 1. They have exponential generating series
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and form sequence A000255. Finally, we have the shifting identity

> Muphisr =) Musijerihe. (89)
k=0

k=0

. For s,, = ¢" ! and t,, = 1, we obtain the Gaussian coefficients

() - ()

Satisfying the recurrence
q q q

Moreover, we have the g-Fibonacct numbers KT(LJ’T) = fn(q), defined by the recurrence

fas2(@) = fas1(q) +¢" fa(q) with the initial conditions fo(q) = fi(q) =1, [1, 8]. So,
we have the shifting identity

" /n " /n+1
> (,) fer() =) (k . 1) fi(9) (90)
k=0 q k=0 q
Clearly, for ¢ = 1, we reobtain identity (25).

. For s, = [n — 1] and ¢, = 1, we have the ¢-Stirling numbers of the second kind [4]:

(([0],[1};1[2_171;--%])) _ (([1],[2}7_--]%%])) _ {Z}q

satisfying the recurrence

g~ (e

Moreover, we have the g-involution numbers K77 = in(q) satisfying the recurrence
int2(q) = iny1(q) + [n + 1]in(q) with the initial conditions iy(q) = i1(¢) = 1. So, we
have the shifting identity

n

i {Z}qi’“ﬂ@ =2 {Z j: 1}qik(q) : (91)

k=0 k=0

Clearly, for s,, =n —1 (i.e., for ¢ = 1), we reobtain identity (68).
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4. For s, = [n — 1] and t,, = [n], we obtain the g-De Morgan numbers M, (q) = {Z}q[k:]!
satisfying the recurrence

M1 k+1(q) = [k + 1M, . (q) + [k + 1Mo k11(q) -
Moreover, the numbers K™ = h,(q) satisfy the recurrence

hmi2(q) = [0 4 2hni1(q) + [0 + 1hn(g)
with the initial conditions ho(q) = hi(¢) = 1. Finally, we have the shifting identity

> Myg(@hiri (@) = Y Mo (a)hi(9) (92)
k=0 k=0

which is a ¢g-analogue of identity (89).
Lemma 11. Ift, # 0 for every k € N, then the matrices

M(U,T) _ |:MT(LC?T];T)1| and N(a,‘r) — |:N7(:];T)i|

n,k>0 n,k>0

are tnvertible, and their inverses are
(o,7)
5]
(0,7)
5]

Proof. Both M(@™) and N@7) are infinite lower triangular matrices with non-zero diagonal
entries. So, they are invertible. Moreover, by relations (80) and (81) and by property (3),
we have at once the identities

(G I (CEO T
(o) [y

which imply the assertion. O

Theorem 12. The matrizx R = [NT(:,;T)],L;QO and the sequence (h%J’T))n7k20 defined by the
recurrence

-1

— [N -1y

n,k>0 n,k>0

n,k>0 [ nk>0

n

e = DA

k=0

=35 () () »
’ — n—1 i1—k ti+1

satisfy the shifting property.
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Proof. For the matrix R = [N( f )]n,kzo, we have

n,

and R = Mé"{)(—l)"_k

7= [N |
n,k>0 ’ n,k>0

n+1,k+1

Consequently, the entries of the matrix S = R™'R’ are
(O’T o,7) n i nr(o,T)
Z M Nz—‘rl k+1>
which simplify in (93). Now, the theorem follows from Lemma 2.

Examples

1. By Theorem 12, for s,, = ¢" ! and t,, = 1, we have the g-coefficients
1Jq7"'7qk n 17Q7"'7qn_1 n (”71“)
e d — 2
(( n—k )) (k)q a ( n—k k)T

w0 =3 (1) () e

i=k

and

For the g-Fibonacci numbers defined by the recurrence

n

Foia(q) =) snn(q)Filq)

k=0
with the initial condition Fy(gq) = 1, we have the shifting property

n

3 (Z)qq(n2k)Fk+1(Q) - ; (ZI 1)qq(n2k)Fk(q)

k=0
which is another g-analogue of identity (25).

2. By Theorem 12, for s, = [n — 1] and ¢,, = 1, we have the g-coefficients
1,...,[k] _Jn and 1,...,[n] _n |
n—=k k . n—=k k ’

il =S {1} [ 10 o

i=k

and
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For the g-Bell numbers defined by the recurrence

Buii(q) =Y snx(q)Bi(g)

with the initial condition By(q) = 1, we have the shifting property
" n " [n+1
B = B 95
SN ESTES ol 0 (95)
k=0 L"a k=0 q

which is a g-analogue of identity (66). Clearly, identity (66) can also be reobtained for
$,=n—1andt, =1.
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