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Abstract

Let p(n) be the number of partitions of a positive integer n. We derive a new
identity for complete Bell polynomials based on a generating function of p(7n + 5)
given by Ramanujan.

1 Introduction

Let (21,9, ...) be a sequence of real numbers. The partial exponential Bell polynomials are
polynomials given by

o n! T1\I1 /X9 T2 Tp—kt1 In—k+1

where m(n, k) is the positive integer sequence (ji,j2,. .., Jn_k+1) satisfying the following
equations:

i+ g+t gk =k,
j1+2j2+"'+(n_k+1)jn—k+1:n-


mailto:hohon.leung@uaeu.ac.ae

For n > 1, the n*-complete exponential Bell polynomial B, (z1,...,z,) is as follows:

Bn<x17 e ,$n) = Z Bn,k(xla e axnfk+1)-

The complete exponential Bell polynomials can also be defined by power series expansion as
follows:

(X nrg) = D Bulos )y "
m=1 n=0

where By = 1. Bell polynomials were first introduced by Bell [2]. The books written by
Comtet [4] and Riordan [6] serve as excellent references for the numerous applications of Bell
polynomials in combinatorics.

Let (a; q), be the g-Pochhammer symbol for n > 1. That is,

n—1

(a;q)n == H(l —agd®) = (1 -a)(1 —aq)(1 —ag®)--- (1 —ag™™").

k=0

Considered as a formal power series in ¢, the definition of g-Pochhammer symbol can be
extended to an infinite product. That is,

oo

(a; @)oo == [ (1 = ag®).

k=0

We note that (¢; ¢)eo is the Euler’s function. Let p(n) be the number of partitions of n. The
generating function of p(n) can be written as

> p(n)g" = ( -1

Qoo

Andrew’s book [1] serves as an excellent reference to the theory of partitions.
Ramanujan’s congruences are congruence properties for p(n):

p(bk +4) =0 (mod 5); p(7Tk+5)=0 (mod 7); p(11k+6) =0 (mod 11).

In 1919, Ramanujan [5] proved the first two congruences by the following two identities:

Zp5k+4 JUEES ©)
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Bouroubi and Benyahia-Tani [3] proved an identity for complete Bell polynomials based
on (2). As an analogue to their result, we give an identity for complete Bell polynomials
based on (3). In other words, we derive formulas that relate p(7n 4 5) and certain complete
Bell polynomials.



2 Main theorem

Let o(n) be the sum of divisors (including 1 and n) for n. It is well known that o(n) is a
multiplicative function. That is, if n and m are coprime, then

o(mn) =o(m)o(n). (4)
If m > 1, then

pm—i-l —1

o) =1+p+-+p" T " = e

Lemma 1. Let n = 7"n’ such that m > 1 and ged(n,n’) = 1. Then,

71 n
o(n) = w1 0’(?).
Proof. By (4) and (5),

m+1 1

7(n) = o(M)o(n) = o (), ©)
MY~ (o () 2 T

U(?)_0<7 )0<7m)_ 6 U(?m)' (7)
By a combination of (6) and (7), we get the desired result. O

Theorem 2. Let n > 1. We write n = 7"n’ where m > 0 and ged(n,n’) = 1. Let d,, and
en be the following sequences of numbers respectively:

dn_a(n)<1+ 18 )’

n 7m+1 -1
o(n) 42
- <1+7m+1—1)'

Then we have the following identity:
7B, (1ldy,2!ds, ..., nld,) +49nB,_1(1le1, 2ley, ..., (n — 1)le,—1) = nlp(Tn + 5).

Proof. Let G(x) and H(x) be the following functions:

213'7' ZE7 3
G(z) = 7% (8)
H(z) = 49x%. 9)



The functions G(x) and H(z) are well-defined on the interior of the unit disk in the complex
plane by analytic continuation. We get the following two equations by (8) and (9),

In(G(z)) =In7+ 3§:1n(1 — ") — 4iln(1 — '),
In(H(z)) =In49+Inz + 7i1n(1 — 2™ — Siln(l —1').

i=1 i=1

By using the power series expansion of In(1 — x), we get

1n(G(x)):1n7—3ZZ$T”+4ZZI%, (10)

i=1 j=1 i=1 j=1
In(H(z) =49+ -7 Y —+8> > —. (11)
i=1 j=1 J P
Let fi(xz) and fa(x) be the following two functions:
(e olNNe ) :L'7ij
hw) =S 322 (12)
i=1 =1 J
=35 (19
i=1 j=1

The function f;(z) has non-zero coefficients for 2™ if and only if m is a multiple of 7. More
precisely, let

[e.9]

filx) = Zaixi.

i=1

Then,

2D - if 7l
a= g o (14)
0, otherwise.

We write the function fo(x) as
i=1

where



By (10), (12), (13), (14), (15), we get

In(G(x)) =7+ da'
=1

where

otherwise.

By Lemma 1, we write (17) as

b= agi) (1+ 7m+118— 1)

for ¢ = 7', m > 0. Similarly, by (11), (12), (13), (14), (15), we get

In(H(z)) =In49 + Inx + Z e’

i=1

where

el — ) Y ?

otherwise.

By Lemma 1, we write (20) as

ei:a<i)<1+ 42 )

7 Tm+l ]
for i = 7", m > 0. By (1), (16), (18), we have

o0

G(z) = exp(InG(x —7exp(2dx):7exp(z (nld,) )

n=1
- 7<;Bn(1!d1,2!d2, . ,n!dn)%).

By (1), (19), (21), we have

n

)

H(z) =exp(In H(z)) = 49x exp <§: ent ) = 49z exp (i nle,)

n=1 n=1

n

:491‘( E Bn(1!€1,2!62,...,n!en)_x'>
n:
n=0

o0 :L.n
= 49<2Bn_1(1!61, 2leg, ..., (n—1)le, 1) (n— 1)!>.

n=1

(20)

(21)

(22)

(23)



By (3), (8), (9), (22), (23), we have the following identity:

Zp ™+ 5)z" =
n=1

as desired. ]
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